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ABSTRACT. This paper introduces a (), v) generalization of the Gamma function
and establishes some of its properties. The Holder’s and Young’s inequalities and
analytical techniques were used to establish the results.

1. INTRODUCTION

The gamma function, an extension of factorial notation to non-integer values,
appears in many areas of mathematics. It is arguably one of the most extensively
studied special functions. The gamma function has a wide range of applications
in mathematical analysis, number theory, combinatorics, mathematical modeling,
statistics, probability theory, engineering, and physics, among others. It is typically
defined by [1]

I'(6) = / e dt,
0

for 6 > 0 and s
h!h

() = li .

)=t TG+ o +h)

The gamma function’s extensive use across mathematics has motivated research

into its generalizations, with several extensions already established. For example,
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see [[2-7,9]]. Two Key generalizations relevant to this work include the v -analogue
and the A\- analogue of the gamma function.

The v-analogue (or v-extension/deformation) of the Gamma function, intro-
duced by [2] for v > 0 and ¢t > 0 is given as

The A-analogue of the gamma function, introduced by [3], for A > 0 and z > 0
is given as

a(2) :/ e M= dt.
0

Inspired by the v -analogue and the A- analogue of the gamma function, this pa-
per unifies and extends these concepts by introducing a (), v)-generalized gamma
function and establishing its properties and inequalities.

2. PRELIMINARIES

This section provides essential background materials, including established def-
initions and lemmas, which are fundamental to the proofs of our main results.
These foundational elements are drawn from existing literature.

Theorem 2.1. [8] Let p,q > 1 and 217 + % = 1. If f and g are continuous real valued
functions defined on [a, b] then the inequality

/ 090t < Ji b ol % I b s(0| 3

holds. With equality holding if and only if |f(z)|P = clg(x)|P~ . If p = ¢ = 2 the
inequality becomes Schwarz’s inequality.

Theorem 2.2. [8] If m > 0, n > 0 are nonnegative real numbers and if p > 1 and
q > 1 are real numbers such that % + % =1, then

mP nd
mn < — 4+ —.
p q

Equality holds if and only if mP = n4.
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Definition 2.1. For h > 0and t € R,
h
. t _¢
im (1-5) e

3. MAIN RESULTS

This section introduces a two-parameter generalization of the gamma function
known as the (\,v)-generalized gamma function, and explores some of its key
properties.

Definition 3.1. Suppose 0, \,v € R*. A (), v)-generalized Gamma function is de-
fined as

00 %—1
(3.1) Tyo(0) = / e M (3) dt.
0 U

When both A and v are equal to 1, the T, ,(J) gamma function converges to the
classical gamma function, I'(9).

Proof. Let u = At, then dt = 1 du, and substituting into (3.I) gives

IV ETANE S 1
(3.2) Ty, (6) = /O (E> et 5 du
Simplifying yields
I'\0(0) = Avol e /00 wr e ™ du.
Thus, ’
(3.3) Tyo(6) = A o0 ol (%) .

O

Lemma 3.1. Let §, \,v € R". Then the (), v)-generalized Gamma function satisfies
the property
é
h! (i) v g2t+h
[yo(6) = li A :
ro(0) = i NG+ 20 - 0 1 o)

Proof. Referring to Definition [2.1] and equation (3.3]) we have

5 . h s _q t 4
(3.4) I'f -] = lim tv 1——] dt.
v h—o00 0 h
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By change of variables and letting w = £, A, = foh o1 (1- %)h dt we obtain

1
A =he / (1-— w)hw%’l dw.
0

Using Integration by parts, we obtain

)
> h 1
< R +”—/ (1—w)"w? dw
hv 0 0 0 Jo
1
— % (1-— w)h_lw% dw.
0

Applying integration by parts repeatedly, we have
Ay = hi vh x v(h—1) X v(h—2) x ---v(h— (h—1)) /1 Sth-1 g,
IX(+0)x(0+2)x - (0+(h—1)v) Jo
h hlht!
(0 +v)(0+2v)--- (0 + hv)
Using and (3.5), we obtain

(3.5)

R hlyh
(%) =lim A, = li .
<U> hee " nhee (0 + v)(0 + 20) - (8 + ho)

Applying (3.3) gives

)
s s hw hlohtl
r — N oplTo li
ro(0) = AT i S 90y (0 + )

Simplifying yields

)
. h! (%)Z U?—i—h
Dal0) = Im S G + 20 - (0 £ )

O

Lemma 3.2. For ,\,v € RT, the (), v)-generalized Gamma function satisfies the
property

1
F)\’U(U) = X

Proof. By replacing § with v in (3.3) yields

v v 1
Dyo(v) =A"vol e <B> =AIx1xI(1) = 1

()
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U

Lemma 3.3. For §,\,v € RT, the (\,v)-generalized Gamma function satisfies the
property

)
F)\’v(é + U) = W F)\,U(é).

Proof. By replacing ¢ with (4 + v) in (3.1) and integrating by parts, we obtain

S+v -1

o0 t )
FA,U(5+v):/ e M (—) dt
0 (%
3

5 |o©
@,
A A2 J v
0
5 [ [t
= — - dt
v Jo ‘ <U>
)
:WFA’U((S).

O

Lemma 3.4. For §,\,v € R", the (\,v)-generalized Gamma function satisfies the

property
lim T, (6) = 0.

A—00

Proof. By using (3.3]), we obtain
)
lim Ty ,(6) = lim A~ 5v' 5T (-) = 0.
A—00 A—00 v
O

Lemma 3.5. If 0, \,v € R", the (A, v)-generalized Gamma function satisfies the

property
0o —At %*1 n
rg")(a):/ ¢ (f) <1n (f)> dt, 8, \v > 0.
’ o U \v v




298 M. Hashimu and M. Muniru Iddrisu
where n € Ny,

Proof. By repeating the differentiation of the integrand of (3.1]) with respect to 9,
yields the desired result. O

Theorem 3.1. Suppose A, v € RY, 7 > 1, and * + % = 1. Then the inequality

b 1 1
P)\,v (g + _) S - F)\,v(a> + _F)\,v(b)
T P T 1%

holds for a,b > 0.

Proof. By replacing ¢ with (% + %) in (3.1)) and using Theorem [2.1, we have

o0 s(242)-(3+2) L
:/ (f) e M(E5) gt
L(e—n) 1(b -1)
t 1
Lo o
v v
1(a 1eb_q
T(D 1) i ¢ e )e_)‘t(%) »
v
1 1
™ T 00 l(%_l) P\ o
E VIt / t M) gy
v 0 v
: 00 L ;
( (f) Atdt) < / <3> e”dt)
v 0 v

S | -+

A}

F/\v CL)) F)\ v % .
Applying Theorem [2.2] gives
b 1 1
Ty (9 - —) < = Tau(a) + =Tu(b).
T p T p

Remark 3.1. Putting 7 =p = 2 in (3.1)) gives

211/\71, (& —Qi_ b) S FM(a) + FA7U<b).
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Theorem 3.2. Suppose \,v € R*,7 > 1, £ + % = 1. Then the inequality
Tplaw(a+0) < play(at) 4+ 715, (bp)
holds for a,b > 0.

Proof. By replacing ¢ with (a + b) in (3.1I)) and using Theorem [2.1], we have

FAW(G + b)

o=

= (Mau(a7))” (Tr(bp)) 7 -
Applying Theorem [2.2]yields
TpI'ap(a+0) < pl'y p(aT) + 705, (bp).

Remark 3.2. Putting 7 = p = 2 in (3.2)) gives

QFA,U(G + b) S F)\,v(2a’) + F)\,U(Qb)'
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