
ADV  MATH
SCI  JOURNAL

Advances in Mathematics: Scientific Journal 15(1) (2026), 131–147
ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/amsj.15.1.11

REVISITING AND GENERALIZING A CONVEXITY INTEGRAL INEQUALITY

Christophe Chesneau

ABSTRACT. This article revisits a little-studied convexity integral inequality, pre-
senting eleven new propositions and a detailed generalization. Several examples
are provided to illustrate the theory. Together, these results expand the scope of
convex integral inequalities and improve our theoretical understanding of them.

1. INTRODUCTION

The concept of a convex function is fundamental to the fields of optimization
theory, the study of inequalities, and the analysis of functional properties. Before
commenting further, let us present the mathematical basis of this concept. Let
a, b ∈ R ∪ {±∞} with a < b. A function ϕ : [a, b] → R is said to be convex if, for
any x, y ∈ [a, b] and any λ ∈ [0, 1], we have

ϕ(λx+ (1− λ)y) ≤ λϕ(x) + (1− λ)ϕ(y).

Geometrically, this means that the graph of the function ϕ lies below the chord
joining any two points on the graph. If the function is twice differentiable, a
classical sufficient condition for convexity is that its second derivative satisfies the
inequality ϕ′′(x) ≥ 0 for any x ∈ [a, b]; this implies that the first derivative ϕ′ is
non-decreasing.
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The concept of a convex function has been extensively investigated in various
areas of mathematics, as documented in the literature (see [1–4,7–12]).

The inequality properties of convex functions when composed with integrals of
functions are of particular interest. The most well-known example of this is the
Jensen integral inequality. For the purposes of this article, we present a modern
inequality, as described in [5, 6], which provides an alternative to the Jensen in-
tegral inequality. More precisely, it provides an upper bound for the value of a
convex function evaluated at the integral of a bounded function, in terms of the
integral involving the derivative of the convex function. The precise statement is
given in the theorem below.

Theorem 1.1. [5, 6] Let f : [0, 1] → R be a continuous function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → R be a twice differentiable convex function
with ϕ(0) = 0. Then we have

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx.

This inequality is of particular interest as it offers an alternative perspective on
the traditional Jensen integral inequality. Including the derivative ϕ′ within the
integral introduces a subtle yet compelling analytical structure. However, aside
from the original sources, this result appears to have received little attention in
the existing literature.

The aim of this article is to explore and develop this inequality further. First, we
present the new consequences that arise from it, and then we derive ten propo-
sitions. As an original example, the following integral inequality will be demon-
strated under some assumptions on f :∫ ∫ 1

0 f(x)dx

0

f(x)dx ≤
∫ 1

0

f 2(x)dx.

Our results primarily demonstrate the usefulness and scope of this relatively un-
known inequality, thus rehabilitating it to some extent. Next, we derive a more
general version of the theorem by relaxing the boundedness assumption on the
function f and the assumption ϕ(0) = 0. This generalization significantly broad-
ens the applicability of the inequality and deepens our theoretical understanding.
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The rest of the article is organized as follows: Section 2 presents the ten propo-
sitions. The general version of the inequality is presented in Section 3, supple-
mented by another proposition. Section 4 gives a conclusion.

2. CONSEQUENCES OF THEOREM 1.1

The proposition below offers an alternative perspective on Theorem 1.1, making
use of the composition function f(ϕ−1).

Proposition 2.1. Let f : [0, 1] → R be a continuous function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → R be a twice differentiable convex function
with ϕ(0) = 0. Then we have

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ ϕ(1)

0

f(ϕ−1(x))dx.

Proof. It follows from Theorem 1.1 and the change of variables y = ϕ(x) with
ϕ(0) = 0 that

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx =

∫ ϕ(1)

ϕ(0)

f(ϕ−1(y))dy =

∫ ϕ(1)

0

f(ϕ−1(y))dy.

Standardizing the notation, we have

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ ϕ(1)

0

f(ϕ−1(x))dx.

This concludes the proof of Proposition 2.1. □

Some examples of this proposition are given below.

- Taking ϕ(x) = xp with p > 1, then ϕ is convex, and we have ϕ(0) = 0 and
ϕ(1) = 1, so that (∫ 1

0

f(x)dx

)p

≤
∫ 1

0

f(x1/p)dx.

- Taking ϕ(x) = exp(x) − 1, then ϕ is convex, and we have ϕ(0) = 0 and
ϕ(1) = exp(1)− 1, so that

exp

(∫ 1

0

f(x)dx

)
− 1 ≤

∫ exp(1)−1

0

f(log(1 + x))dx.
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We then deduce∫ 1

0

f(x)dx ≤ log

(
1 +

∫ exp(1)−1

0

f(log(1 + x))dx

)
.

- Taking ϕ(x) =
√
x2 + 1 − 1, then ϕ is convex, and we have ϕ(0) = 0 and

ϕ(1) =
√
2− 1, so that√(∫ 1

0

f(x)dx

)2

+ 1− 1 ≤
∫ √

2−1

0

f(
√

(x+ 1)2 − 1)dx.

This is equivalent to√(∫ 1

0

f(x)dx

)2

+ 1 ≤ 1 +

∫ √
2−1

0

f(
√
(x+ 1)2 − 1)dx.

- Taking ϕ(x) = 1− cos((π/2)x), then ϕ is convex, and we have ϕ(0) = 0 and
ϕ(1) = 1, so that

1− cos

(
π

2

∫ 1

0

f(x)dx

)
≤
∫ 1

0

f

(
2

π
arccos(1− x)

)
dx.

We thus derive the following original inequality:∫ 1

0

f

(
2

π
arccos(1− x)

)
dx+ cos

(
π

2

∫ 1

0

f(x)dx

)
≥ 1.

- Taking ϕ(x) = tan((π/4)x), then ϕ is convex, and we have ϕ(0) = 0 and
ϕ(1) = 1, so that

tan

(
π

4

∫ 1

0

f(x)dx

)
≤
∫ 1

0

f

(
4

π
arctan(1− x)

)
dx.

- Taking ϕ(x) = − log(1 − x), then ϕ is convex, and we have ϕ(0) = 0 and
ϕ(1) = limt→0[− log(t)] = +∞, so that

− log

(
1−

∫ 1

0

f(x)dx

)
≤
∫ +∞

0

f (1− exp(−x)) dx.

Composing both sides by the exponential function, we obtain

1

1−
∫ 1

0
f(x)dx

≤ exp

[∫ +∞

0

f (1− exp(−x)) dx
]
.
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In the rest of the study, for the sake of simplicity, we will only focus on power
functions for the illustrative examples.

The proposition below provides a refined upper bound for the function ϕ com-
posed by its own integral under specific assumptions.

Proposition 2.2. Let ϕ : [0, 1] → R be a twice differentiable convex function with
ϕ(0) = 0 and, for any x ∈ [0, 1], 0 ≤ ϕ(x) ≤ 1. Then we have

ϕ

(∫ 1

0

ϕ(x)dx

)
≤ 1

2
ϕ2(1).

Proof. Applying Proposition 2.1 to f = ϕ, we get

ϕ

(∫ 1

0

ϕ(x)dx

)
≤
∫ ϕ(1)

0

ϕ(ϕ−1(x))dx =

∫ ϕ(1)

0

xdx =

[
1

2
x2
]x=ϕ(1)

x=0

=
1

2
ϕ2(1).

This ends the proof of Proposition 2.2. □

Taking ϕ(x) = xp with p > 1, this proposition yields

1

(p+ 1)p
=

(∫ 1

0

xpdx

)p

≤ 1

2
ϕ2(1) =

1

2
,

which can be easily shown.
An elegant inequality combining Theorem 1.1 and the Jensen integral inequality

is derived in the proposition below.

Proposition 2.3. Let f : [0, 1] → R be a continuous function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → R be a twice differentiable convex function
with ϕ(0) = 0 and ϕ(1) = 1. Then we have

ϕ

(∫ 1

0

f(x)dx

)
≤ min

(∫ 1

0

ϕ(f(x))dx,

∫ 1

0

f(ϕ−1(x))dx

)
≤
∫ 1

0

f(x)dx.

Proof. Since
∫ 1

0
dx = 1, applying the Jensen integral inequality to the convex func-

tion ϕ, we get

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

ϕ(f(x))dx.(2.1)

On the other hand, applying Proposition 2.1 with ϕ(1) = 1, we obtain

ϕ

(∫ 1

0

f(x)dx

)
≤
∫ ϕ(1)

0

f(ϕ−1(x))dx =

∫ 1

0

f(ϕ−1(x))dx.(2.2)
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Combining Equations (2.1) and (2.2), we find that

ϕ

(∫ 1

0

f(x)dx

)
≤ min

(∫ 1

0

ϕ(f(x))dx,

∫ 1

0

f(ϕ−1(x))dx

)
.

Applying the basic convexity inequality with λ = f(x) ∈ [0, 1] for any x ∈ [0, 1],
and using ϕ(0) = 0 and ϕ(1) = 1, we obtain

ϕ (f(x)) = ϕ (f(x)× 1 + (1− f(x))× 0)

≤ f(x)ϕ(1) + (1− f(x))ϕ(0)

= f(x)× 1 + (1− f(x))× 0 = f(x).

So we have ∫ 1

0

ϕ(f(x))dx ≤
∫ 1

0

f(x)dx,

which implies that

ϕ

(∫ 1

0

f(x)dx

)
≤ min

(∫ 1

0

ϕ(f(x))dx,

∫ 1

0

f(ϕ−1(x))dx

)
≤
∫ 1

0

ϕ(f(x))dx ≤
∫ 1

0

f(x)dx.

This concludes the proof of Proposition 2.3. □

In particular, taking ϕ(x) = xp with p > 1, this proposition yields(∫ 1

0

f(x)dx

)p

≤ min

(∫ 1

0

(f(x))pdx,

∫ 1

0

f(x1/p)dx

)
≤
∫ 1

0

f(x)dx.

Note that we have imposed ϕ(1) = 1 in order to harmonize with the notations of
the Jensen integral inequality and the integral of f only. In full generality, we have

ϕ

(∫ 1

0

f(x)dx

)
≤ min

(∫ 1

0

ϕ(f(x))dx,

∫ ϕ(1)

0

f(ϕ−1(x))dx

)

≤
∫ 1

0

ϕ(f(x))dx ≤
∫ 1

0

f(x)dx.

The proposition below demonstrates how Theorem 1.1 can be extended by relax-
ing the bound of 1 in the assumption made on f .

Proposition 2.4. Let f : [0, 1] → R be a continuous function such that there exists
κ > 0 satisfying, for any x ∈ [0, 1], 0 ≤ f(x) ≤ κ. Let ϕ : [0, 1] → R be a twice
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differentiable convex function with ϕ(0) = 0. Then we have

κϕ

(
1

κ

∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx.

Proof. It is sufficient to note that the function f⋆ = f/κ satisfies 0 ≤ f(x)/κ ≤ 1

for any x ∈ [0, 1]. Applying Theorem 1.1 to f⋆ instead of f yields

ϕ

(
1

κ

∫ 1

0

f(x)dx

)
= ϕ

(∫ 1

0

f⋆(x)dx

)
≤
∫ 1

0

f⋆(x)ϕ
′(x)dx =

1

κ

∫ 1

0

f(x)ϕ′(x)dx,

which can be rewritten as

κϕ

(
1

κ

∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx.

This concludes the proof of Proposition 2.4. □

In particular, taking ϕ(x) = xp with p > 1, this proposition yields

κ1−p

(∫ 1

0

f(x)dx

)p

≤
∫ 1

0

f(x)ϕ′(x)dx.

The proposition below presents an original upper bound for the case when f is
assumed to be differentiable. The proof remains based on Theorem 1.1.

Proposition 2.5. Let f : [0, 1] → R be a differentiable function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → R be a twice differentiable convex function
with ϕ(0) = 0. Then we have

ϕ

(∫ 1

0

f(x)dx

)
+

∫ 1

0

f ′(x)ϕ(x)dx ≤ f(1)ϕ(1).

Proof. It follows from an integration by parts, ϕ(0) = 0 and Theorem 1.1, that∫ 1

0

f ′(x)ϕ(x)dx = [f(x)ϕ(x)]x=1
x=0 −

∫ 1

0

f(x)ϕ′(x)dx

= f(1)ϕ(1)− f(0)ϕ(0)−
∫ 1

0

f(x)ϕ′(x)dx

= f(1)ϕ(1)−
∫ 1

0

f(x)ϕ′(x)dx

≤ f(1)ϕ(1)− ϕ

(∫ 1

0

f(x)dx

)
.
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This can be arranged as follows:

ϕ

(∫ 1

0

f(x)dx

)
+

∫ 1

0

f ′(x)ϕ(x)dx ≤ f(1)ϕ(1).

This concludes the proof of Proposition 2.5. □

In particular, taking ϕ(x) = xp with p > 1, this proposition yields(∫ 1

0

f(x)dx

)p

+

∫ 1

0

f ′(x)xpdx ≤ f(1).

The proposition below highlights a composition integral inequality, in the spirit of
the Steffensen integral inequality.

Proposition 2.6. Let f : [0, 1] → R be a differentiable non-decreasing function such
that, for any x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Then we have∫ ∫ 1

0 f(x)dx

0

f(x)dx ≤
∫ 1

0

f 2(x)dx.

Proof. Since f is a differentiable non-decreasing function, the function ϕ(x) =∫ x

0
f(t)dt is convex, i.e., ϕ′′(x) = f ′(x) ≥ 0 for any x ∈ [0, 1], and we have ϕ(0) =∫ 0

0
f(t)dt = 0. Applying Theorem 1.1 to this function ϕ yields∫ ∫ 1

0 f(x)dx

0

f(x)dx = ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx

=

∫ 1

0

f(x)f(x)dx =

∫ 1

0

f 2(x)dx.

This ends the proof of Proposition 2.6. □

In keeping with the spirit of the Steffensen integral inequality, the proposition
below highlights another integral inequality.

Proposition 2.7. Let f : [0, 1] → R be a continuous function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let g : [0, 1] → R be a differentiable non-decreasing
function. Then we have ∫ ∫ 1

0 f(x)dx

0

g(x)dx ≤
∫ 1

0

f(x)g(x)dx.

Proof. Since g is a differentiable non-decreasing function, the function ϕ(x) =∫ x

0
g(t)dt is convex, i.e., ϕ′′(x) = g′(x) ≥ 0 for any x ∈ [0, 1] and we have ϕ(0) =
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0
g(t)dt = 0. Applying Theorem 1.1 to this function ϕ yields∫ ∫ 1

0 g(x)dx

0

f(x)dx = ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx =

∫ 1

0

f(x)g(x)dx.

This ends the proof of Proposition 2.7. □

Taking g = f , Proposition 2.7 reduces to Proposition 2.6. Proposition 2.7 can
also be viewed as part of the two-sided Steffensen inequality, with a proof based
on convexity.

A generalization of this proposition is given below.

Proposition 2.8. Let f : [0, 1] → R be a continuous function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let g : [0, 1] → R be a differentiable non-decreasing
function. Let h : R → R be a twice differentiable non-decreasing convex function with
h(0) = 0. Then we have

h

(∫ ∫ 1
0 f(x)dx

0

g(x)dx

)
≤
∫ 1

0

f(x)g(x)h′
(∫ x

0

g(t)dt

)
dx.

Proof. Since g is a differentiable non-decreasing function, the function k(x) =∫ x

0
g(t)dt is convex, i.e., k′′(x) = g′(x) ≥ 0 for any x ∈ [0, 1]. Since h is non-

decreasing and convex, the composed function ϕ = h(k) is also convex, and we
have ϕ(0) = h (k(0)) = h

(∫ 0

0
g(t)dt

)
= h(0) = 0. Applying Theorem 1.1 to this

function ϕ, also satisfying ϕ′(x) = g(x)h′
(∫ x

0
g(t)dt

)
, yields

h

(∫ ∫ 1
0 f(x)dx

0

g(x)dx

)
= ϕ

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′(x)dx

=

∫ 1

0

f(x)g(x)h′
(∫ x

0

g(t)dt

)
dx.

This concludes the proof of Proposition 2.8. □

Taking h(x) = x, Proposition 2.8 reduces to Proposition 2.7. Introducing a dif-
ferentiable non-decreasing function ℓ : R → [0,+∞) and taking h(x) =

∫ x

0
ℓ(t)dt,

Proposition 2.8 gives the following original inequality involving a triple integral
composition: ∫ ∫ ∫ 1

0 f(x)dx

0 g(x)dx

0

ℓ(t)dt ≤
∫ 1

0

f(x)g(x)ℓ

(∫ x

0

g(t)dt

)
dx.
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The proposition below provides an alternative proof that Theorem 1.1 has the
ability to extend itself. This is demonstrated by introducing a power parameter p.

Proposition 2.9. Let p > 1. Let f : [0, 1] → R be a differentiable function such that,
for any x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → R be a twice differentiable convex
function with ϕ(0) = 0. Then we have

ϕ

(∫ 1

0

f(x)dx

)
≤ p1/p

(∫ 1

0

f(x)ϕ′(x)ϕp−1(x)dx

)1/p

.

Proof. Since ϕ is convex and p > 1, ϕ⋆ = ϕp is also convex and satisfies ϕ⋆(0) =

ϕp(0) = 0. Applying Theorem 1.1 to ϕ⋆ instead of ϕ yields

ϕp

(∫ 1

0

f(x)dx

)
= ϕ⋆

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′
⋆(x)dx =

∫ 1

0

f(x) (ϕp(x))′ dx

=

∫ 1

0

f(x)
(
pϕ′(x)ϕp−1(x)

)
dx = p

∫ 1

0

f(x)ϕ′(x)ϕp−1(x)dx.

Raising both sides to the power 1/p gives

ϕ

(∫ 1

0

f(x)dx

)
≤ p1/p

(∫ 1

0

f(x)ϕ′(x)ϕp−1(x)dx

)1/p

.

This concludes the proof. □

In particular, taking ϕ(x) = xq with q > 1, this proposition yields(∫ 1

0

f(x)dx

)q

≤ p1/pq1/p
(∫ 1

0

f(x)xpq−1dx

)1/p

.

The proposition below concerns the standard situation in which the "log-convexity"
of the function ϕ is considered.

Proposition 2.10. Let f : [0, 1] → R be a differentiable function such that, for any
x ∈ [0, 1], 0 ≤ f(x) ≤ 1. Let ϕ : [0, 1] → (0,+∞) be a differentiable function with
ϕ(0) = 1 such that log(ϕ) is convex. Then we have

ϕ

(∫ 1

0

f(x)dx

)
≤ exp

(∫ 1

0

f(x)
ϕ′(x)

ϕ(x)
dx

)
.

Proof. Let us set ϕ† = log(ϕ). Then we know that ϕ† is convex. Furthermore, it
satisfies ϕ†(1) = log(ϕ(0)) = log(1) = 0. Applying Theorem 1.1 to ϕ† instead of ϕ
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yields

log

(∫ 1

0

f(x)dx

)
= ϕ†

(∫ 1

0

f(x)dx

)
≤
∫ 1

0

f(x)ϕ′
†(x)dx

=

∫ 1

0

f(x) (log(ϕ(x)))′ dx =

∫ 1

0

f(x)
ϕ′(x)

ϕ(x)
dx.

Composing both sides with the exponential function gives

ϕ

(∫ 1

0

f(x)dx

)
≤ exp

(∫ 1

0

f(x)
ϕ′(x)

ϕ(x)
dx

)
.

This ends the proof. □

These consequences of Theorem 1.1, along with the proposed examples, can be
applied in diverse settings, including sharper integral-mean estimates in convex
analysis, stability bounds in optimization, concentration results in probability the-
ory, and error analysis in numerical integration. We leave these applied aspects
for future work.

3. GENERALIZATIONS OF THEOREM 1.1

After analyzing the proof of Theorem 1.1 in [5], it appears that it can be gener-
alized in several ways. The theorem below formalizes this by introducing interval
bounds a and b, a general function G, a new variable y, and a general integral
inequality assumption relating f and G.

Theorem 3.1. Let a, b ∈ R ∪ {±∞} with a < b, and f : [a, b] → R be an almost
everywhere continuous function such that, for any x ∈ [a, b], f(x) ≥ 0. Let G :

[a, b] → R be a differentiable function such that, for any x ∈ [a, b],∫ x

a

f(t)dt ≤ G(x).(3.1)

Let ϕ : [0,+∞) → R be a twice differentiable convex function. Then, for any y ∈ [a, b],
we have

ϕ

(∫ y

a

f(x)dx

)
≤ ϕ(0) +

∫ G(y)

0

f(G−1(x))
1

G′(G−1(x))
ϕ′(x)dx.
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Proof. For any z ∈ [a, b], let us set

ψ(z) = ϕ

(∫ z

a

f(x)dx

)
.

Then, differentiating with respect to z and using standard differentiation rules, we
have

ψ′(z) =

(∫ z

a

f(x)dx

)′

ϕ′
(∫ z

a

f(x)dx

)
= f(z)ϕ′

(∫ z

a

f(x)dx

)
.(3.2)

Since ϕ is convex, ϕ′ is non-decreasing. This and Equation (3.1) imply that

ϕ′
(∫ z

a

f(x)dx

)
≤ ϕ′(G(z)).(3.3)

It follows from Equations (3.2) and (3.3), and the fact that f(x) ≥ 0 for any
x ∈ [a, b], that, for any z ∈ [a, b],

ψ′(z) ≤ f(z)ϕ′ (G(z)) .

Integrating both sides for z ∈ [a, y] and any y ∈ [a, b], we get

ψ(y)− ψ(a) =

∫ y

a

ψ′(z)dz ≤
∫ y

a

f(z)ϕ′ (G(z)) dz.

Using the definition of ψ and
∫ a

a
f(x)dx = 0, we obtain

ϕ

(∫ y

a

f(x)dx

)
= ψ(y) ≤ ψ(a) +

∫ y

a

f(z)ϕ′ (G(z)) dz

= ϕ(0) +

∫ y

a

f(z)ϕ′ (G(z)) dz.

Making the change of variables w = G(z), i.e., z = G−1(w), in the last integral and
using standard differentiation rules, we find that

ϕ

(∫ y

a

f(x)dx

)
≤ ϕ(0) +

∫ G(y)

0

f(G−1(w))ϕ′(w)

(
1

G′(G−1(w))
dw

)
.

Standardizing the notation, we have

ϕ

(∫ y

a

f(x)dx

)
≤ ϕ(0) +

∫ G(y)

0

f(G−1(x))
1

G′(G−1(x))
ϕ′(x)dx.

This concludes the proof. □
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Note that f is assumed to be almost everywhere continuous on [a, b], meaning
that there can exist a finite number of points into [a, b] such that it is not continu-
ous. As a result, it is not necessarily bounded. We may think of the function 1/

√
x

which is integrable on [0, 1], but not continuous at a = 0.
Taking a = 0, b = 1, y = 1, G(x) = x for any x ∈ [0, 1] and ϕ(0) = 0, Theorem

3.1 contains Theorem 1.1.
Taking a = 0, b = 1, y = 1, G(x) = κx, we get

ϕ

(∫ 1

0

f(x)dx

)
≤ ϕ(0) +

1

κ

∫ κ

0

f
(x
κ

)
ϕ′(x)dx.

In particular, this relaxes the special choice of κ = 1, as made in Theorem 1.1, as
well as ϕ(0) = 0.

Taking f = h′ for a differentiable function h satisfying the required assumptions,
G(x) = x for any x ∈ [0, 1], ϕ(0) = 0, we obtain, for any y ∈ [a, b],

ϕ (h(y)− h(a)) ≤ ϕ(0) +

∫ y

0

h′(x)ϕ′(x)dx.

We can also use the function G in Equation (3.1) to overcome the restrictive
boundedness assumption on f in Theorem 1.1. We support this claim in the propo-
sition below, dealing with an integrability assumption.

Proposition 3.1. Let p > 1, a, b ∈ R∪{±∞} with a < b, f : [a, b] → R be an almost
everywhere continuous function such that, for any x ∈ [a, b], f(x) ≥ 0, and∫ b

a

fp(x)dx <∞.(3.4)

Let θ =
(∫ b

a
fp(x)dx

)1/p
. Let ϕ : [0,+∞) → R be a twice differentiable convex

function. Then, for any y ∈ [a, b], we have

ϕ

(∫ y

a

f(x)dx

)
≤ ϕ(0) +

p

θp/(p−1)(p− 1)

·
∫ θ(y−a)1−1/p

0

f

((x
θ

)p/(p−1)

+ a

)
x1/(p−1)ϕ′(x)dx.

Proof. It follows from Equation (3.4) and the Hölder integral inequality that, set-
ting q = p/(p− 1), for any x ∈ [a, b],
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∫ x

a

f(t)dt ≤
(∫ x

a

fp(t)dt

)1/p(∫ x

a

1dt

)1/q

=

(∫ x

a

fp(t)dt

)1/p

(x− a)1/q

≤ θ(x− a)1/q.

Therefore, we can apply Theorem 3.1 with

G(x) = θ(x− a)1/q.

Noting that G−1(x) = (x/θ)q + a and G′(G−1(x)) = (θ/q)(x/θ)1−q, this yields, for
any y ∈ [a, b],

ϕ

(∫ y

a

f(x)dx

)
≤ ϕ(0) +

∫ G(y)

0

f(G−1(x))
1

G′(G−1(x))
ϕ′(x)dx

= ϕ(0) +
q

θ

∫ θ(y−a)1/q

0

f
((x

θ

)q
+ a
)(x

θ

)q−1

ϕ′(x)dx

= ϕ(0) +
p

θp/(p−1)(p− 1)

∫ θ(y−a)1−1/p

0

f

((x
θ

)p/(p−1)

+ a

)
x1/(p−1)ϕ′(x)dx.

This concludes the proof. □

Thus, the proposition holds for functions that are not necessarily bounded. This
proposition demonstrates the versatility of Theorem 3.1 and illustrates how it ex-
tends the applicability of Theorem 1.1 to a broader context.

4. CONCLUSION

In conclusion, this work provides new information about a convexity integral
inequality that has not received much attention. It offers a deeper theoretical
framework through examples and generalization. Future research could explore
applications in functional analysis, probability, and numerical methods, as well
as analogous inequalities under weaker regularity conditions or in higher dimen-
sions.
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APPENDIX

As an appendix, the theorem below proposes a simple and general lower bound
in relation to Theorem 3.1.

Theorem 4.1. Let a, b ∈ R ∪ {±∞} with a < b, and f : [a, b] → R be an almost
everywhere continuous function such that, for any x ∈ [a, b], f(x) ≥ 0. Let ϕ :

[0,+∞) → R be a twice differentiable convex function. Then, for any y ∈ [a, b], we
have

ϕ

(∫ y

a

f(x)dx

)
≥ ϕ(0) + ϕ′(0)

∫ y

a

f(x)dx.

Proof. For any z ∈ [a, b], let us set

ψ(z) = ϕ

(∫ z

a

f(x)dx

)
.

Then, differentiating with respect to z and using standard differentiation rules, we
have

ψ′(z) =

(∫ z

a

f(x)dx

)′

ϕ′
(∫ z

a

f(x)dx

)
= f(z)ϕ′

(∫ z

a

f(x)dx

)
.(4.1)

Since ϕ is convex, ϕ′ is non-decreasing. This and the fact that f(x) ≥ 0 for any
x ∈ [a, b], we have

ϕ′
(∫ z

a

f(x)dx

)
≥ ϕ′

(∫ z

a

0dx

)
= ϕ′(0).(4.2)

It follows from Equations (4.1) and (4.2), and again the fact that f(x) ≥ 0 for any
x ∈ [a, b], that, for any z ∈ [a, b],

ψ′(z) ≥ f(z)ϕ′(0).

Integrating both sides for z ∈ [a, y] and any y ∈ [a, b], we get

ψ(y)− ψ(a) =

∫ y

a

ψ′(z)dz ≥
∫ y

a

f(z)ϕ′(0)dz = ϕ′(0)

∫ y

a

f(z)dz.

Using the definition of ψ and
∫ a

a
f(x)dx = 0, we obtain

ϕ

(∫ y

a

f(x)dx

)
= ψ(y) ≥ ψ(a) + ϕ′(0)

∫ y

a

f(z)dz = ϕ(0) + ϕ′(0)

∫ y

a

f(z)dz.
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Standardizing the notation, we get

ϕ

(∫ y

a

f(x)dx

)
≥ ϕ(0) + ϕ′(0)

∫ y

a

f(x)dx.

This concludes the proof. □

In particular, for a = 0, b = 1, ϕ(0) = 0 and y = 1, we establish that

ϕ

(∫ 1

0

f(x)dx

)
≥ ϕ′(0)

∫ 1

0

f(x)dx.

This provides a simple lower bound counterpart to Theorem 1.1. Theorem 4.1 can
be used as a starting point for further work in this area.
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[11] D.S. MITRINOVIĆ, J.E. PEČARIĆ, A.M. FINK: Classical and New Inequalities in Analysis,

Kluwer Academic Publishers, Dordrecht/Boston/London, 1993.
[12] A.W. ROBERTS, P.E. VARBERG: Convex Functions, Academic Press, New York, 1973.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF CAEN-NORMANDIE

UFR DES SCIENCES - CAMPUS 2, CAEN

FRANCE.
Email address: christophe.chesneau@gmail.com


	1. Introduction
	2. Consequences of Theorem 1.1
	3. Generalizations of Theorem 1.1
	4. Conclusion
	Appendix
	Acknowledgment
	Conflict of interest statement
	References

