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STUDY OF A HYPERBOLIC PROBLEM WITH POLYNOMIAL NONLINEARITY

Dieudonné Ampini1, Challoum Mouanda, and Simeon Ndikoumana Ngouya

ABSTRACT. This article presents a rigorous mathematical analysis of a nonlin-
ear hyperbolic problem with a continuous potential. Using the Faedo-Galerkin
method, we establish the existence and uniqueness of the solution within an ap-
propriate functional framework. Tools such as energy inequalities, compactness,
and weak-* convergence are employed to demonstrate the main results.

1. INTRODUCTION AN PROBLEM PRESENTATION

Hyperbolic partial differential equations arise in numerous physical models, par-
ticularly in continuum mechanics and acoustics. Studying their behavior under
complex nonlinearities is essential for understanding the stability and dynamics of
solutions.

Let Ω be a bounded open subset of Rn and ∂Ω its boundary, which we assume is
sufficiently regular. We consider the following problem:

(1.1)
∂2u

∂t2
−∆u+ b(u) = f(x, t) in Q = Ω× (0, T ),

(1.2) u(x, 0) = u0(x),
∂u(x, 0)

∂t
= u1(x), x ∈ Ω ⊂ Rn.
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Here, f , u0, and u1 are given functions. Let ρ > 2 and b(u) = c(1 + |u|ρ−1) with
c > 0. The goal of this study is to prove the existence and uniqueness of a real-
valued solution u = u(x, t) for x ∈ Ω and t ∈ [0, T ].

2. WEAK FORMULATION OF THE PROBLEM

Let φ be a test function, i.e., φ ∈ D(Ω). Multiplying equation (1.1) by φ and
integrating over Ω, we obtain:

(2.1)
(
∂2u

∂t2
, φ

)
− (∆u, φ) + (b(u), φ) = (f, φ) .

Using Green’s formula:

(2.2) (∆u, φ) = −
∫
Ω

∇u · ∇φdx+
∫
∂Ω

∂u

∂n⃗
φ dx

(2.3) ⇒ (∆u, φ) = −
∫
Ω

∇u · ∇φdx.

Substituting (2.3) into (2.1), we get:

d2

dt2
(u, φ) +

∫
Ω

∇u · ∇φdx+ (b(u), φ) = (f, φ)

(2.4) ⇒ d2

dt2
(u, φ) + (∇u,∇φ) + (b(u), φ) = (f, φ).

Equation (2.4) is meaningful if, and only if:

φ, u, ∇u ∈ L2(Ω).

This implies that u ∈ Ḣ1(Ω), where:

Ḣ1(Ω) =

{
u ∈ H1(Ω)

∣∣∣∣ ∂u∂n⃗ = 0

}
.

2.1. A Priori Estimate. Let us multiply (1.1) by
∂u

∂t
and integrate over Ω. We

obtain:

(2.5)
(
∂2u

∂t2
,
∂u

∂t

)
−
(
∆u,

∂u

∂t

)
+

(
b(u),

∂u

∂t

)
=

(
f,
∂u

∂t

)
.



STUDY OF A HYPERBOLIC PROBLEM WITH POLYNOMIAL NONLINEARITY 221

Let us examine each term in (2.5):(
∂2u

∂t2
,
∂u

∂t

)
=

∫
Ω

∂2u

∂t2
∂u

∂t
dx =

1

2

∫
Ω

2
∂2u

∂t2
∂u

∂t
dx

=
1

2

∫
Ω

∂

∂t

(
∂u

∂t

)2

dx =
1

2

d

dt

∫
Ω

(
∂u

∂t

)2

dx,(
∂2u

∂t2
,
∂u

∂t

)
=

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 ,(2.6)

(
∆u,

∂u

∂t

)
= −

∫
Ω

∇u · ∇∂u

∂t
dx+

∫
∂Ω

∂u

∂n⃗

∂u

∂t
dx

= −
∫
Ω

∇u · ∇∂u

∂t
dx since

∂u

∂n⃗
= 0 on ∂Ω

= −1

2

∫
Ω

2∇u · ∇∂u

∂t
dx

= −1

2

∫
Ω

2∇u · ∂
∂t

(∇u) dx

= −1

2

∫
Ω

∂

∂t
(∇u)2 dx

= −1

2

d

dt

∫
Ω

(∇u)2 dx,(
∆u,

∂u

∂t

)
= −1

2

d

dt
∥∇u∥2 ,(2.7)

|u|ρ−1 =

uρ−1 if u ≥ 0,

(−1)ρ−1uρ−1 if u < 0.

Case 1: If u ≥ 0:(
b(u),

∂u

∂t

)
=

(
c(1 + uρ−1),

∂u

∂t

)
= c

∫
Ω

∂u

∂t
dx+

∫
Ω

uρ−1∂u

∂t
dx

= c

∫
Ω

∂u

∂t
dx+

c

ρ

∫
Ω

ρuρ−1∂u

∂t
dx

= c

∫
Ω

∂u

∂t
dx+

c

ρ
∥u∥ρLρ(Ω) .(2.8)
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Case 2: If u < 0.
If ρ is even, then ρ− 1 is odd. This implies that: (−1)ρ−1 < 0 and (−1)ρ−1uρ−1 >

0. Thus, we have:(
b(u),

∂u

∂t

)
= c

∫
Ω

∂u

∂t
dx+

c

ρ

∫
Ω

(−1)ρ−1uρ−1∂u

∂t
dx,(

b(u),
∂u

∂t

)
= c

∫
Ω

∂u

∂t
dx+

c

ρ
∥u∥ρLρ(Ω) .

By substituting (2.6), (2.7), and (2.8) into (2.5), we obtain:

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

∫
Ω

∂u

∂t
dx+ c

∫
Ω

uρ−1∂u

∂t
dx =

(
f,
∂u

∂t

)
.

According to the Cauchy–Schwarz inequality, we obtain:

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

∫
Ω

∂u

∂t
dx+

c

ρ

d

dt
∥u∥ρLρ(Ω) ≤ ∥f∥

∥∥∥∥∂u∂t
∥∥∥∥ .

Using Young’s inequality, we obtain:

(2.9)
1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

ρ

d

dt
∥u∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂u∂t
∥∥∥∥2 − c

∫
Ω

∂u

∂t
dx,

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

ρ

d

dt
∥u∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂u∂t
∥∥∥∥2 + c

∫
Ω

∣∣∣∣∂u∂t
∣∣∣∣ dx,

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

ρ

d

dt
∥u∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂u∂t
∥∥∥∥2 + c|Ω|

1
2

∥∥∥∥∂u∂t
∥∥∥∥ .

Let us set: K = c|Ω| 12 . Then, we obtain:

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

ρ

d

dt
∥u∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂u∂t
∥∥∥∥2 +K

∥∥∥∥∂u∂t
∥∥∥∥ ,

1

2

d

dt

∥∥∥∥∂u∂t
∥∥∥∥2 + 1

2

d

dt
∥∇u∥2 + c

ρ

d

dt
∥u∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂u∂t
∥∥∥∥2

+
1

2
K2 +

1

2

∥∥∥∥∂u∂t
∥∥∥∥2 .

(2.10)

Multiplying (2.10) by 2 and integrating over [0, t] with t ≤ T , we obtain:∫ t

0

d

dt

[∥∥∥∥∂u∂t
∥∥∥∥2 + ∥∇u∥2 + 2c

ρ
∥u∥ρLρ(Ω)

]
dt
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∫ T

0

∥f∥2 dt+
∫ T

0

K2dt+ 2

∫ t

0

∥∥∥∥∂u∂t
∥∥∥∥2 dt.

We obtain:∥∥∥∥∂u∂t
∥∥∥∥2 + ∥∇u∥2 + 2c

ρ
∥u∥ρLρ(Ω) ≤

∫ T

0

∥f∥2 dt+ 2

∫ t

0

∥∥∥∥∂u∂t
∥∥∥∥2 dt+ ∫ T

0

K2dt

+ ∥u1∥2 + ∥∇u0∥2 +
2c

ρ
∥u0∥ρLρ(Ω) .

Let us denote:

C =

∫ T

0

∥f∥2 dt+
∫ T

0

K2dt+ ∥u1∥2 + ∥∇u0∥2 +
2c

ρ
∥u0∥ρLρ(Ω) .

Then we have:

(2.11)
∥∥∥∥∂u∂t

∥∥∥∥2 + ∥∇u∥2 + 2c

ρ
∥u∥ρLρ(Ω) ≤ C + 2

∫ t

0

∥∥∥∥∂u∂t
∥∥∥∥2 dt.

Adding ∥u∥2 to both sides:∥∥∥∥∂u∂t
∥∥∥∥2 + ∥∇u∥2 + 2c

ρ
∥u∥ρLρ(Ω) + ∥u∥2 ≤ C + 2

∫ t

0

∥∥∥∥∂u∂s
∥∥∥∥2 ds+ ∥u∥2 .

Let’s now estimate ∥u∥2.
Assume u(x, t) = u(t), we know that:

u(x, t) =

∫ t

0

∂u(x, s)

∂s
ds+ u(0).

Hence:

|u(x, t)| =
∣∣∣∣∫ t

0

∂u(x, s)

∂s
ds+ u(0)

∣∣∣∣ ≤ ∣∣∣∣∫ t

0

∂u(x, s)

∂s
ds

∣∣∣∣+ |u(0)|,

|u(x, t)| ≤
∫ t

0

∣∣∣∣∂u(x, s)∂s

∣∣∣∣ ds+ |u(0)|.

By the Cauchy–Schwarz inequality, we obtain:

(2.12) |u(x, t)| ≤
√
t

(∫ t

0

∣∣∣∣∂u(x, s)∂s

∣∣∣∣2 ds
) 1

2

+ |u(0)|,
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|u(x, t)|2 ≤

√t(∫ t

0

∣∣∣∣∂u(x, s)∂s

∣∣∣∣2 ds
) 1

2

+ |u(0)|

2

.

Since (a+ b)2 ≤ 2(a2 + b2), we deduce:

|u(x, t)|2 ≤ 2

√
t

(∫ t

0

∣∣∣∣∂u(x, s)∂s

∣∣∣∣2 ds
) 1

2

2

,+2|u(0)|2

(2.13) |u(x, t)|2 ≤ 2t

∫ t

0

∣∣∣∣∂u(x, s)∂s

∣∣∣∣2 ds+ 2|u(0)|2.

Now, integrating (2.13) over Ω, we obtain:

(2.14)
∫
Ω

|u(x, t)|2dx ≤ 2t

∫ t

0

∫
Ω

∣∣∣∣∂u(x, s)∂s

∣∣∣∣2 dxds+ 2

∫
Ω

|u(0)|2dx.

Hence, we obtain:

(2.15) ∥u∥2 ≤ 2T

∫ t

0

∥∥∥∥∂u∂s
∥∥∥∥2 ds+ ∥u0∥2 .

After estimating, we obtain:

(2.16)
∥∥∥∥∂u∂t

∥∥∥∥2 + ∥∇u∥2 + 2c

ρ
∥u∥ρLρ(Ω) + ∥u∥2 ≤ C1 + 2(T + 1)

∫ t

0

∥∥∥∥∂u∂s
∥∥∥∥ ds,

where C1 = C + ∥u0∥2. We also have:∥∥∥∥∂u∂t
∥∥∥∥2 + 2c

ρ
∥u∥ρLρ(Ω) + ∥u∥2H1(Ω)

≤ C1 + 2(T + 1)

∫ t

0

[∥∥∥∥∂u∂s
∥∥∥∥+ ∥u∥2H1(Ω) +

2c

ρ
∥u∥ρLρ(Ω)

]
ds.

(2.17)

Let us define:

F (t) =

∥∥∥∥∂u∂t
∥∥∥∥2 + 2c

ρ
∥u∥ρLρ(Ω) + ∥u∥2H1(Ω) .

Then inequality (2.17) becomes:

F (t) ≤ C1 + 2(T + 1)

∫ t

0

F (s)ds.
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According to Grönwall’s inequality:

(2.18) F (t) ≤ C1e
2(T+1)t,

F (t) ≤ C1e
2(T+1)T ,

(2.19) F (t) ≤ C2.

Therefore: u ∈ L∞(0, T ;V ),
∂u

∂t
∈ L∞(0, T ;L2(Ω)),

where:
V = Ḣ1(Ω) ∩ Lρ(Ω).

The space V , equipped with the norm ∥ · ∥H1(Ω) + ∥ · ∥Lρ(Ω), is a Hilbert space.

By multiplying the first equation (1.1) by an element v ∈ V , integrating over Ω,
and using Green’s formula, we obtain the following variational formulation:

(2.20)
d2

dt2
(u, v) + (∇u,∇v) + (b(u), v) = (f, v) ∀v ∈ V

2.2. Theorem of existence.

Theorem 2.1. Let f ∈ L2(Q), u0 ∈ V , and u1 ∈ L2(Ω). Then problem (1.1) admits
a solution u satisfying:

(2.21) u ∈ L∞(0, T ;V ),

(2.22)
∂u

∂t
∈ L∞(0, T ;L2(Ω)).

2.2.1. Proof of the Theorem.

Remark 2.1. The expressions u(x, 0) = u0(x) and u′(x, 0) = u1(x) are meaning-
ful. Indeed, from (2.21), (2.22), and Lemma 2.1, it follows in particular that u is
continuous from

[0, T ] → L2(Ω),

so the expression u(x, 0) = u0(x) is valid.
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To verify that u′(x, 0) = u1(x) makes sense, one must use equation (P.1), which is
written as:

∂2u

∂t2
= f +∆u− c(1 + |u|ρ−1).

This implies that

∂2u

∂t2
∈ L2(0, T ;L2(Ω)) ∪ L∞(0, T ;H−1(Ω) ∪ L2(Ω)).

In particular,
∂2u

∂t2
∈ L∞(0, T ;H−1(Ω) ∪ L2(Ω)).

Hence, u1 is indeed meaningful.

2.2.2. Proof of the Theorem.
The proof is based on the Faedo-Galerkin method, which consists of the follow-

ing three steps:
Step 1. Construction of an approximate solution.
Step 2. Establishing a priori estimates on this approximate solution.
Step 3. Passing to the limit using compactness properties (especially in the non-
linear terms).

Step 1: Construction of an approximate solution. Since the space V is a separable
Hilbert space, it admits a sequence e1, e2, . . . , em with the following properties:

(2.23)


ei ∈ V, ∀i;

∀m, e1, e2, . . . , em are linearly independent;

Vm = span(e1, e2, . . . , em) is dense in V ;

(ei, ej) = δij ∀i, j.

With the homogeneous Neumann boundary condition, the operator ∆ admits a
sequence of eigenvalues (λi)i≥1, where each ei is an eigenfunction associated with
these eigenvalues, satisfying:

−∆ei = λiei.

In particular: for every u0 ∈ V , there exists a sequence (u0m)m, with

u0m =
m∑
k=1

αkmek −→ u0 as m→ ∞.
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For every u1 ∈ L2(Ω), there exists a sequence (u1m)m, with

u1m =
m∑
k=1

βkmek −→ u1 as m→ ∞.

We then seek an approximate solution of the form:

um(x, t) =
m∑
i=1

uim(t)ei,

as the candidate for the following problem:

(Pm)


∂2um

∂t2
−∆um + b(um) = f(x, t)

um(0, x) = u0m, u′m(0, x) = u1m
∂um

∂n⃗

∣∣
∂Ω

= 0.

Multiply equation (2.23) by ek and integrate over Ω. We obtain:(
∂2um
∂t2

, ek

)
− (∆um, ek) + (b(um), ek) = (f(x, t), ek) .(2.24)

Replacing um in equation (2.24), we obtain:(
m∑
i=1

∂2uim(t)

∂t2
ei, ek

)
+

(
m∑
i=1

uim(−∆ei), ek

)
+ (b(um), ek) = (f(x, t), ek) ,

m∑
i=1

u′′im(t)(ei, ek) +
m∑
i=1

uimλi(ei, ek) + (b(um), ek) = (f(x, t), ek) .

For i = k, we have for all i ∈ N:

u′′im+λiuim+(b(um), ei) = (f(x, t), ei) , ∀i ∈ N∗u′′im+λiuim+(b(um)− f(x, t), ei) = 0

We then obtain the following system of equations for all i ∈ N∗:

(2.25)



u′′1m + λ1u1m + (b(u1m)− f(x, t), e1) = 0,

u′′2m + λ2u2m + (b(u2m)− f(x, t), e2) = 0,
...

u′′mm + λmumm + (b(umm)− f(x, t), em) = 0.
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
1 0 . . . 0

0 1 . . . 0
...

... . . . ...
0 0 . . . 1



u′′1m(x, t)

u′′2m(x, t)
...

u′′mm(x, t)

+


λ1 0 . . . 0

0 λ2 . . . 0
...

... . . . ...
0 0 . . . λm



u1m(x, t)

u2m(x, t)
...

umm(x, t)

+


b(u1m(x, t))− f(x, t)

b(u2m(x, t))− f(x, t)
...

b(umm(x, t))− f(x, t)



e1

e2
...
em

 =


0

0
...
0


Thus, the system (2.25) becomes the following matrix equation:

ImX
′′
m + AmXm +Bm = 0,

where

Im =


1 0 . . . 0

0 1 . . . 0
...

... . . . ...
0 0 . . . 1

 , Am =


λ1 0 . . . 0

0 λ2 . . . 0
...

... . . . ...
0 0 . . . λm

 ,

Bm =


(b(u1m(x, t))− f(x, t), e1)

(b(u2m(x, t))− f(x, t), e2)
...

(b(umm(x, t))− f(x, t), em)

 , Xm =


u1m(x, t)

u2m(x, t)
...

umm(x, t)

 .

Since det Im ̸= 0, the matrix Im is invertible. Therefore, the system admits a well-
defined solution over the interval ]0; tm[.

We will show in what follows that tm = T .

Step 2: A Priori Estimate. We multiply the first equation of (Pm) by
∂um
∂t

and

integrate over Ω. We obtain:

(2.26)
(
∂2um
∂t2

,
∂um
∂t

)
−
(
∆um,

∂um
∂t

)
+

(
b(um),

∂um
∂t

)
=

(
f(x, t),

∂um
∂t

)
,

(
∂2um
∂t2

,
∂um
∂t

)
=

∫
Ω

∂2um
∂t2

∂um
∂t

dx =
1

2

∫
Ω

2
∂2um
∂t2

∂um
∂t

dx

=
1

2

∫
Ω

∂

∂t
(
∂um
∂t

)2dx =
1

2

d

dt

∫
Ω

(
∂um
∂t

)2dx(
∂2um
∂t2

,
∂um
∂t

)
=

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2,(2.27)



STUDY OF A HYPERBOLIC PROBLEM WITH POLYNOMIAL NONLINEARITY 229

(
∆um,

∂um
∂t

)
= −

∫
Ω

∇um∇
∂um
∂t

dx+

∫
Ω

∂um
∂n⃗

∂um
∂t

dx

= −
∫
Ω

∇um∇
∂um
∂t

dx

= −1

2

∫
Ω

2∇um∇
∂um
∂t

dx

= −1

2

∫
Ω

2∇um
∂

∂t
∇um

= −1

2

∫
Ω

∂

∂t
(∇um)2dx

= −1

2

d

dt

∫
Ω

(∇um)2dx(
∆um,

∂um
∂t

)
= −1

2

d

dt
||∇um||2.(2.28)

If um ≥ 0: (
b(um),

∂um
∂t

)
=

(
c(1 + uρ−1

m ),
∂um
∂t

)
= c

∫
Ω

∂um
∂t

dx+

∫
Ω

uρ−1
m

∂um
∂t

dx

= c

∫
Ω

∂um
∂t

dx+
c

ρ

∫
Ω

ρuρ−1
m

∂um
∂t

dx(
b(um),

∂um
∂t

)
= c

∫
Ω

∂um
∂t

dx+
c

ρ
||um||ρLρ(Ω).(2.29)

By substituting (2.27), (2.28), and (2.29) into (2.26), we obtain:

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 + c

∫
Ω

∂um
∂t

dx+ c

∫
Ω

uρ−1
m

∂um
∂t

dx

=

(
f(x, t),

∂um
∂t

)
.

(2.30)

Using the Cauchy–Schwarz inequality, we obtain:

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 + c

∫
Ω

∂um
∂t

dx+
c

ρ

d

dt
∥um∥ρLρ(Ω) ≤ ∥f∥

∥∥∥∥∂um∂t
∥∥∥∥ .
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According to Young’s inequality, we have:

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 +

c

ρ

d

dt
∥um∥ρLρ(Ω)

≤ 1

2
∥f∥2 + 1

2

∥∥∥∥∂um∂t
∥∥∥∥2 − c

∫
Ω

∂um
∂t

dx,

(2.31)

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 +

c

ρ

d

dt
∥um∥ρLρ(Ω)

≤ 1

2
∥f∥2 + 1

2

∥∥∥∥∂um∂t
∥∥∥∥2 + c

∫
Ω

∣∣∣∣∂um∂t
∣∣∣∣ dx,

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 +

c

ρ

d

dt
∥um∥ρLρ(Ω)

≤ 1

2
∥f∥2 + 1

2

∥∥∥∥∂um∂t
∥∥∥∥2 + c|Ω|

1
2

∥∥∥∥∂um∂t
∥∥∥∥ .

Let us set: K1 = c|Ω| 12 . We have:

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 +

c

ρ

d

dt
∥um∥ρLρ(Ω)

≤ 1

2
∥f∥2 + 1

2

∥∥∥∥∂um∂t
∥∥∥∥2 +K1

∥∥∥∥∂um∂t
∥∥∥∥ .

Applying Young’s inequality to the right-hand side yields:

1

2

d

dt

∥∥∥∥∂um∂t
∥∥∥∥2 + 1

2

d

dt
∥∇um∥2 +

c

ρ

d

dt
∥um∥ρLρ(Ω) ≤

1

2
∥f∥2 + 1

2

∥∥∥∥∂um∂t
∥∥∥∥2

+
1

2
K2

1 +
1

2

∥∥∥∥∂um∂t
∥∥∥∥2 .

(2.32)

We multiply (2.32) by 2 and integrate over the interval [0, t] with t ≤ T :∫ t

0

d

dt

[∥∥∥∥∂um∂t
∥∥∥∥2 + ∥∇um∥2 +

2c

ρ
∥um∥ρLρ(Ω)

]
dt

≤
∫ T

0

∥f∥2 dt+
∫ T

0

K2
1dt+ 2

∫ t

0

∥∥∥∥∂um∂t
∥∥∥∥2 dt.
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After applying upper bounds, we obtain:∥∥∥∥∂um∂t
∥∥∥∥2 + ∥∇um∥2 +

2c

ρ
∥um∥ρLρ(Ω) ≤

∫ T

0

∥f∥2 dt+ 2

∫ t

0

∥∥∥∥∂um∂t
∥∥∥∥2 dt

+

∫ T

0

K2
1 dt+ ∥u1m∥2 + ∥∇u0m∥2

+
2c

ρ
∥u0m∥ρLρ(Ω) .

Let us define:

C =

∫ T

0

∥f∥2 dt+
∫ T

0

K2
1 dt+ ∥u1m∥2 + ∥∇u0m∥2 +

2c

ρ
∥u0m∥ρLρ(Ω) .

We have: ∥∥∥∥∂um∂t
∥∥∥∥2 + ∥∇um∥2 +

2c

ρ
∥um∥ρLρ(Ω) ≤ C + 2

∫ t

0

∥∥∥∥∂um∂t
∥∥∥∥2 dt

Let us add ∥um∥2 to both sides:∥∥∥∥∂um∂t
∥∥∥∥2 + ∥∇um∥2 +

2c

ρ
∥um∥ρLρ(Ω) + ∥um∥2 ≤ C + 2

∫ t

0

∥∥∥∥∂um∂s
∥∥∥∥2 ds+ ∥um∥2

Let us now seek an upper bound for ∥um∥2. Let us set um(x, t) = um(t). We know
that:

um(x, t) =

∫ t

0

∂um(x, s)

∂s
ds+ um(0),

|um(x, t)| =
∣∣∣∣∫ t

0

∂um(x, s)

∂s
ds+ um(0)

∣∣∣∣ ≤ ∣∣∣∣∫ t

0

∂um(x, s)

∂s
ds

∣∣∣∣+ |um(0)|,

|um(x, t)| ≤
∫ t

0

∣∣∣∣∂um(x, s)∂s

∣∣∣∣ ds+ |um(0)|.

According to the Cauchy–Schwarz inequality, we obtain:

(2.33) |um(x, t)| ≤
√
t

(∫ t

0

∣∣∣∣∂um(x, s)∂s

∣∣∣∣2 ds
) 1

2

+ |um(0)|,

|um(x, t)|2 ≤

√t(∫ t

0

∣∣∣∣∂um(x, s)∂s

∣∣∣∣2 ds
) 1

2

+ |um(0)|

2

.
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Now, since (a+ b)2 ≤ 2(a2 + b2), we deduce:

|um(x, t)|2 ≤ 2

√
t

(∫ t

0

∣∣∣∣∂um(x, s)∂s

∣∣∣∣2 ds
) 1

2

2

+ 2|um(0)|2,

(2.34) |um(x, t)|2 ≤ 2t

∫ t

0

∣∣∣∣∂um(x, s)∂s

∣∣∣∣2 ds+ 2|um(0)|2.

Integrating (2.34) over Ω, we obtain:∫
Ω

|um(x, t)|2dx ≤ 2t

∫ t

0

∫
Ω

∣∣∣∣∂um(x, s)∂s

∣∣∣∣2 dx ds+ 2

∫
Ω

|um(0)|2dx.

We have the inequality:

∥um∥2 ≤ 2T

∫ t

0

∥∥∥∥∂um∂s
∥∥∥∥2 ds+ ∥u0m∥2.

After further estimation, we obtain:∥∥∥∥∂um∂t
∥∥∥∥2 + ∥∇um∥2 +

2c

ρ
∥um∥ρLρ(Ω) + ∥um∥2 ≤ C1 + 2(T + 1)

∫ t

0

∥∥∥∥∂um∂s
∥∥∥∥ ds,

where C1 = C + ∥u0m∥2. By regrouping terms:∥∥∥∥∂um∂t
∥∥∥∥2 + 2c

ρ
∥um∥ρLρ(Ω) + ∥um∥2H1(Ω) ≤ C1 + 2(T + 1)

∫ t

0

[∥∥∥∥∂um∂s
∥∥∥∥+ ∥um∥2H1(Ω)

]
ds

+ 2(T + 1) · 2c
ρ

∫ t

0

∥um∥ρLρ(Ω)ds.

Let us define:

F (t) =

∥∥∥∥∂um∂t
∥∥∥∥2 + 2c

ρ
∥um∥ρLρ(Ω) + ∥um∥2H1(Ω).

Then the inequality becomes:

F (t) ≤ C1 + 2(T + 1)

∫ t

0

F (s)ds.

According to Gronwall’s lemma, we obtain:

F (t) ≤ C1 · exp (2(T + 1)t) ≤ C1e
2(T+1)T ,

F (t) ≤ C2.
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Hence,

(2.35)

um ∈ L∞(0, T ; Ḣ1(Ω) ∩ Lρ(Ω)),
∂um
∂t

∈ L∞(0, T ;L2(Ω)).

Theorem 2.2. Let Ω ⊂ Rn be a bounded regular open set. Then every bounded subset
of H1(Ω) is relatively compact.

Step 3: Passing to the Limit. From (2.30), we deduce that we can extract two
convergent subsequences (uµ) and (u′µ) from (um) and (u′m), respectively, such
that:

(2.36) uµ −→ u in L∞(0, T ;V ) weak-*

(2.37) u′m −→ u′ in L∞(0, T ;L2(Ω)) weak-*

Moreover, it follows in particular from (2.30) that:(um) is bounded in L2(0, T ;V ),

(u′m) is bounded in L2(0, T ;L2(Ω)) = L2(Q).

We know from the Rellich-Kondrachov theorem that the embedding of H1(Q)

into L2(Q) is compact. Therefore,

(2.38) uµ −→ u

strongly in L2(Q) and almost everywhere in Q. From (2.9), we have:

∂2um
∂t2

−∆um + b(um) = f(x, t),

⇒ ∂2um
∂t2

= f(x, t) + ∆um − b(um)

∆ : H1(Ω) −→ H−1(Ω) ⇒ ∆ ∈ L(H1(Ω);H−1(Ω)).

And since:
um ∈ L∞(0, T ;V ), with V ⊂ H1(Ω),
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we have:
um ∈ L∞(0, T ;H1(Ω)).

Moreover, since H1(Ω) ⊂ H−1(Ω), it follows that there exists a constant C such
that:

∥ · ∥H−1(Ω) ≤ C∥ · ∥H1(Ω)

⇒ ∆um ∈ L∞(0, T ;H−1(Ω)).

As this space is bounded and separable, there exists a subsequence ∆uµ of ∆um
such that:

∆uµ −→ ∆u in L∞(0, T ;H−1(Ω)) weak-*.

We also know in particular that:

um ∈ L∞(0, T ;Lρ(Ω)).

This implies that:

(2.39) b(um) ∈ L∞(0, T ;Lp(Ω)),

with p = ρ
ρ−1

, so that 1
ρ
+ 1

p
= 1. From (2.9), we deduce that:

∂2um
∂t2

∈ L2(0, T ;L2(Ω)) ∪ L∞(0, T ;H−1(Ω)) ∪ L∞(0, T ;Lp(Ω)),

⇒ ∂2um
∂t2

∈ L2(0, T ;L2(Ω)) ∪ L∞(0, T ;H−1(Ω)) ∪ Lp(Ω).

In particular:

(2.40)
∂2um
∂t2

∈ L∞(0, T ;H−1(Ω)) ∪ Lp(Ω).

Since this space is bounded and separable, it follows that ∂2um

∂t2
admits a subse-

quence ∂2uµ

∂t2
such that:

∂2uµ
∂t2

−→ ∂2u

∂t2
in L∞(0, T ;H−1(Ω) ∪ Lp(Ω)) weak-*.

We have:
b(um) ∈ L∞(0, T ;Lp(Ω)).
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It follows that there exists a sequence gµ such that:

(2.41) gµ −→ ω in L∞(0, T ;Lp(Ω)) weak-*,

with gµ = c(1 + |uµ|ρ−1). The key point is to show that:

(2.42) ω = g = c(1 + |u|ρ−1).

To do this, we need the following lemma:

Lemma 2.1. Let Q be a bounded open subset of Rn
x × Rt, and let gµ and g be two

functions in Lq(Q), with 1 < q <∞, such that:

∥gµ∥Lq(Q) ≤ C, gµ −→ g almost everywhere in Q.

Then gµ −→ g in Lq(Q) weakly.

In our case, we have:

gµ = c(1 + |uµ|ρ−1), q = p =
ρ

ρ− 1
.

Since u ∈ C1([0, T ]× Ω), and from (2.38), we have:

gµ = c(1 + |uµ|ρ−1) −→ g = c(1 + |u|ρ−1) strongly in L2(Q),

and from (2.41), we also have:

gµ −→ ω in L∞(0, T ;Lp(Ω)) weak-*.

Hence, by the previous lemma, ω = g = c(1 + |u|ρ−1). Thus, we can pass to the
limit in equation (2.23) for m = µ.

For any fixed k ∈ N∗ and µ > k, we have:(
∂2uµ
∂t2

, ek

)
− (∆uµ, ek) + (b(uµ), ek) = (f(x, t), ek) .

From (2.42) and the weak convergence, we deduce:

d2

dt2
(u, ek)− (∆u, ek) + (b(u), ek) = (f(x, t), ek) .

Since Vm is dense in V , for every v ∈ V , we have ek −→ v as k −→ ∞, hence:

d2

dt2
(u, v)− (∆u, v) + (b(u), v) = (f(x, t), v) ,
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(
∂2u

∂t2
, v

)
− (∆u, v) + (b(u), v) = (f(x, t), v) .

From which it follows:
∂2u

∂t2
−∆u+ b(u) = f(x, t).

It results that u satisfies (P.1) (and also equations (2.21) and (2.22)).
It remains to show that u(x, 0) = u0 and ∂u(x,0)

∂t
= u1.

From (2.39), (2.40), and Lemma 1, we have in particular:

uµ(0) −→ u(0) weakly in L2(Ω).

Moreover, since u0µ −→ u0 in V , we conclude that u(0) = u0. Using the same
technique, we verify that u′(0) = u1 holds.

3. UNIQUENESS OF THE SOLUTION

Theorem 3.1. Let f ∈ L2(Q), u0(x) ∈ V , and u1(x) ∈ L2(Ω) be given functions.
Then the solution u(x, t) obtained in Theorem 1 is unique.

Proof. Let u and v be two solutions in the sense of Theorem 1. Define ω = u − v,
then ω satisfies:

(3.1) ω′′ −∆ω + c(|u|ρ−1 − |v|ρ−1) = 0,

(3.2) ω(0) = 0, ω′(0) = 0,

(3.3) ω ∈ L∞(0, T ;V ),

(3.4) ω′ ∈ L∞(0, T ;L2(Ω)).

We cannot multiply equation (3.1) by
∂ω

∂t
because

∂ω

∂t
/∈ V . Therefore, we will

construct an auxiliary function ψ such that for all s ∈ [0, T ], we have:

(3.5) ψ(x, t) =

−
∫ s

t
ω(σ) dσ if 0 ≤ t ≤ s

0 if t ≥ s
,
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This implies that:

(3.6)
∂ψ(x, t)

∂t
= ω(t) =

d

dt

(
−
∫ s

t

ω(σ) dσ

)
.

On the other hand, ψ(t) = ω1(t) − ω1(s) with ω1(t) =
∫ t

0
ω(σ) dσ. We multiply

equation (3.1) by ψ(t) and integrate over [0, s]. We obtain:

(3.7)
∫ s

0

∂2ω

∂t2
ψ dt−

∫ s

0

∆ω ψ dt = c

∫ s

0

(
|v|ρ−1 − |u|ρ−1

)
ψ dt.

According to integration by parts:∫ s

0

∂2ω

∂t2
ψ dt =

[
∂ω(x, s)

∂t
ψ(x, s)− ∂ω(x, 0)

∂t
ψ(x, 0)

]
−
∫ s

0

∂ω

∂t

∂

∂t

(
−
∫ s

t

ω(σ) dσ

)
dt.

But:

ψ(x, s) = −
∫ s

s

ω(σ) dσ = 0 and
∂ω(x, 0)

∂t
= 0,

(3.8)
∫ s

0

∂2ω

∂t2
ψ dt = −

∫ s

0

∂ω

∂t

∂

∂t

(
−
∫ s

t

ω(σ) dσ

)
dt.

Now, integrate equation (3.8) over the domain Ω:∫
Ω

∫ s

0

∂2ω

∂t2
ψ dt dx = −

∫
Ω

∫ s

0

∂ω

∂t

∂

∂t

(
−
∫ s

t

ω(σ) dσ

)
dt dx

= −
∫
Ω

∫ s

0

∂ω

∂t
ω dt dx = −1

2

∫
Ω

∫ s

0

2
∂ω

∂t
ω dt dx

= −1

2

∫
Ω

∫ s

0

d

dt

(
ω2
)
dt dx = −1

2

∫
Ω

[
ω2(s)− ω2(0)

]
dx

= −1

2

∫
Ω

ω2(s)dx.

Hence:

(3.9)
∫
Ω

∫ s

0

∂2ω

∂t2
ψ dt dx = −1

2
∥ω(s)∥2.

Similarly:∫
Ω

∫ s

0

∆ω ψ dt dx = −
∫ s

0

∫
Ω

∇ω · ∇ψ dx dt+
∫ s

0

∫
∂Ω

∂ω

∂n⃗
ψ dx dt.
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Since
∂ω

∂n⃗
= 0, we obtain:∫

Ω

∫ s

0

∆ω ψ dt dx = −
∫ s

0

∫
Ω

∇ω · ∇ψ dx dt

= −
∫ s

0

∫
Ω

∇ω · ∇
(
−
∫ s

t

ω(σ) dσ

)
dx dt.

Now:
∂ψ

∂t
=

∂

∂t

(
−
∫ s

t

ω(σ) dσ

)
= ω(t).

This implies:

∇ω = ∇
(
∂

∂t

(
−
∫ s

t

ω(σ) dσ

))
.

Therefore:∫
Ω

∫ s

0

∆ω ψ dt dx = −
∫
Ω

∫ s

0

∂

∂t

(
−
∫ s

t

∇ω(σ) dσ
)
·
(
−
∫ s

t

∇ω(σ) dσ
)
dt dx

= −1

2

∫
Ω

∫ s

0

d

dt

[(∫ s

t

∇ω(σ) dσ
)]2

dt dx

= −1

2

∫
Ω

[∇ω1(s)]
2dx.

Hence:

(3.10)
∫
Ω

∫ s

0

∆ω ψ dt dx = −1

2
∥∇ω1(x, s)∥2.

Now integrate equation (3.7) over Ω:

(3.11)
∫
Ω

∫ s

0

∂2ω

∂t2
ψ dt dx−

∫
Ω

∫ s

0

∆ω ψ dt dx = c

∫
Ω

∫ s

0

(
|v|ρ−1 − |u|ρ−1

)
ψ dt dx.

Substituting equations (3.9) and (3.10) into (3.11), we obtain:

(3.12) −1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 = c

∫
Ω

∫ s

0

(
|v|ρ−1 − |u|ρ−1

)
ψ dt dx.

We also have:

c

∫
Ω

∫ s

0

(
|v|ρ−1 − |u|ρ−1

)
ψ dt dx

= c

∫
Ω

∫ s

0

(|v| − |u|)
(
|v|ρ−2 + |v|ρ−3|u|+ |v|ρ−4|u|2

+ · · ·+ |v||u|ρ−3 + |u|ρ−2
)
dt dx.
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Assume that |u| ≤ |v|. Then we have:

|v|ρ−2 + |v|ρ−3|u|+ |v|ρ−4|u|2 + · · ·+ |v||u|ρ−3 + |u|ρ−2 ≤ (ρ− 1)|v|ρ−2.

This implies:

(3.13) −1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ c(ρ− 1)

∫
Ω

∫ s

0

|v|ρ−2|w||ψ| dx dt.

According to Hölder’s inequality:

(3.14) −1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ c(ρ− 1)

∫ s

0

∥|v|ρ−2∥n∥ω∥∥ψ∥q dt.

Such that:
1

2
+

1

n
+

1

q
= 1,

with the following regularity assumptions:

|v|ρ−2 ∈ L∞(0, T ;Ln(Ω)), ω ∈ L∞(0, T ;L2(Ω)), ψ ∈ L∞(0, T ;Lq(Ω)).

Let:
ψ = ω1(x, t)− ω1(x, s).

Then:
∥ψ∥q ≤ ∥ω1(x, t)∥q + ∥ω1(x, s)∥q.

Since H1(Ω) ⊂ Lq(Ω), it follows that there exists a constant K1 such that:

∥ · ∥q ≤ K1∥ · ∥1.

It follows that:

− 1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2

≤ K2

∫ s

0

∥|v|ρ−2∥n∥ω∥ (∥ω1(x, t)∥1 + ∥ω1(x, s)∥1) dt,
(3.15)

with K2 = cK1(ρ− 1). Moreover,

|v|ρ−2 ∈ L∞
(
0, T ;L

ρ
ρ−2 (Ω)

)
.

This implies that there exists a constant C1 such that:

(3.16) ∥ · ∥Ln(Ω) ≤ C1,
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(3.17) −1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ K

∫ s

0

∥ω∥ (∥ω1(x, t)∥1 + ∥ω1(x, s)∥1) dt,

with K = K2C1. It follows that:

−1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ K

(∫ s

0

∥ω∥2∥ω1(x, t)∥1dt+
∫ s

0

∥ω∥∥ω1(x, s)∥1dt
)
.

By Young’s inequality:

−1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ K

∫ s

0

(
ε2

2
∥ω∥2 + 1

2ε2
∥ω1(x, t)∥21

)
dt

+K
ε2s

2
∥ω1(x, s)∥21 +K

1

2ε2

∫ s

0

∥ω∥2dt,
(3.18)

−1

2
∥ω(s)∥2 + 1

2
∥∇ω1(x, s)∥2 ≤ K

∫ s

0

(
ε2

2
+

1

2ε2

)
∥ω∥2dt

+K
1

2ε2

∫ s

0

∥ω1(x, t)∥21dt+K
ε2s

2
∥ω1(x, s)∥21.

(3.19)

Multiplying equation (3.19) by 2, we obtain the following inequality:

−∥ω(s)∥2 + ∥∇ω1(x, s)∥2 ≤ K

∫ s

0

(
ε2 +

1

ε2

)
∥ω∥2dt

+K
1

ε2

∫ s

0

∥ω1(x, t)∥21dt+Kε2s∥ω1(x, s)∥21.
(3.20)

From inequality (3.20), we deduce:

−∥ω(s)∥2 ≤ K

(
ε2 +

1

ε2

)∫ s

0

∥ω∥2dt

+K
1

ε2

∫ s

0

∥ω1(x, t)∥21dt+Kε2s∥ω1(x, s)∥21.
(3.21)

Adding 2∥ω1(x, s)∥21 to both sides of inequality (3.21), we get:

− ∥ω(s)∥2 + 2∥ω1(x, s)∥21

≤ K

(
ε2 +

1

ε2

)∫ s

0

∥ω∥2dt+K
1

ε2

∫ s

0

∥ω1(x, t)∥21dt+
(
Kε2s+ 2

)
∥ω1(x, s)∥21,

(3.22)
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− ∥ω(s)∥2 + 2∥ω1(x, s)∥21

≤ C2

∫ s

0

∥ω∥2dt+ C3

∫ s

0

∥ω1(x, t)∥21dt+ C4∥ω1(x, s)∥21,
(3.23)

with:

C2 = K

(
ε2 +

1

ε2

)
, C3 = K

1

ε2
, C4 = Kε2s+ 2.

We choose C4 such that:

(3.24) −∥ω(s)∥2 + 2∥ω1(x, s)∥21 ≤ C2

∫ s

0

∥ω∥2dt+ C3

∫ s

0

∥ω1(x, t)∥21dt.

Then we obtain:

(3.25) β
(
∥ω(s)∥2 + 2∥ω1(x, s)∥21

)
≤ 0 + δ

∫ s

0

(
∥ω∥2 + ∥ω1(x, t)∥21

)
dt.

According to Grönwall’s inequality, we have:

(3.26) ω(x, t) = 0 ⇒ u− v = 0.

□

Furthermore, this opens the door to future research focused on optimizing the
solution and exploring more advanced techniques.
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