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STUDY OF A HYPERBOLIC PROBLEM WITH POLYNOMIAL NONLINEARITY
Dieudonné Ampini!, Challoum Mouanda, and Simeon Ndikoumana Ngouya

ABSTRACT. This article presents a rigorous mathematical analysis of a nonlin-
ear hyperbolic problem with a continuous potential. Using the Faedo-Galerkin
method, we establish the existence and uniqueness of the solution within an ap-
propriate functional framework. Tools such as energy inequalities, compactness,
and weak-* convergence are employed to demonstrate the main results.

1. INTRODUCTION AN PROBLEM PRESENTATION

Hyperbolic partial differential equations arise in numerous physical models, par-
ticularly in continuum mechanics and acoustics. Studying their behavior under
complex nonlinearities is essential for understanding the stability and dynamics of
solutions.

Let Q2 be a bounded open subset of R and 0f2 its boundary, which we assume is
sufficiently regular. We consider the following problem:

P*u :
(1.1) W—Au—i—b(u) = f(z,t) in Q=Qx(0,7),
(1.2) u(z,0) = up(x), w =ui(z), ze€QCR"
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Here, f, ug, and u, are given functions. Let p > 2 and b(u) = (1 + |u|?~!) with
¢ > 0. The goal of this study is to prove the existence and uniqueness of a real-
valued solution u = u(z,t) for x € Q and ¢t € [0, T].

2. WEAK FORMULATION OF THE PROBLEM

Let ¢ be a test function, i.e., ¢ € D(Q2). Multiplying equation (1.1I) by ¢ and
integrating over {2, we obtain:

@D (G¢) — @uo)+ 00 = (10),

Using Green’s formula:

(2.2) (Au, @) = —/ Vu-Vedr + a—zicp dx
Q o0 ON
(2.3) = (Au,p) = — / Vu-Vydz.
Q

Substituting (2.3)) into (2.1)), we get:

o)+ / Vu - Vods + (b(u),9) = (£.9)

2

(2.4) = Tl ) + (Vu, V) + (b(u), ¢) = (. 9)-
Equation (2.4) is meaningful if, and only if:
0, u, Vu € L*(9).

This implies that u € H'(Q), where:

HY(Q) = {u c H'(Q) g—; = o} :

C e . 0 .
2.1. A Priori Estimate. Let us multiply (1.1) by 8—1; and integrate over (2. We
obtain:

9*u Ou ou ou ou
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Let us examine each term in (2.5)):

(2.7)

il
ot?’

(Au,

u
ot

Ou
ot

Case 1: If u > 0:

(2.8)

(b(u), i

0%u Ou 1 0*u Ou

Qﬁﬁdfgzé QZWECZQC

1/2(@)@41 (@_)d

2 Jq Ot \ Ot 2dt Jo \ Ot ’
ou||?

2dt || ot ||

ou ou Ou

/Vu V—dm smce@—()onaﬂ

on
ou
92 e
2/QV Vad

—%/QQVU-%(Vu)d:U
—%/ﬁ%(VU)?dx
—%% Q(Vu)de,
LR
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Case 2: If u < 0.

If p is even, then p — 1 is odd. This implies that: (—1)*~! < 0 and (—1)*"'u*~! >
0. Thus, we have:

ou ou c ou
b(u), = | = —d 1) twrt=—d
<<u>’at> oo T p/Q< T
ou ou o
@wﬁﬁzc-5m+ywwm
By substituting , (2.7), and (2.8) into (2.5]), we obtain:

1d ou ou
p—1 —
thHVuH —i-c/ dx+c/ﬂu atdx (f, 825)‘

2dt
According to the Cauchy-Schwarz inequality, we obtain:

1d ||oul]? 1 d ou cd
2 ajou ou g A e
st ||t || *aa Vel e Lo ot g 1l
Using Young’s inequality, we obtain:
1d ||oul]® 1d cd
2.9) L[| T2 = Sy
@91 |2 4 vt + & ey < 311+ 3 || e [ Do
oull> 1d c d 1 ou U
by e - il I
a2l 3 v b < S 3 | e [
1d ||ou]]® 1d c d 1 ou||? 1 || Ou
e ce - 03 |22
it 5]+ 5 IVl + S Wil < 11+ 5 5+ it | 5
Let us set: K = ¢|Q2|2. Then, we obtain:
oull> 1d ou ou
| e ce K122
a2l 3k il < 31+ 5 |2 ]
1d ||oul]® 1d d ou
A T \&
(2.10) ;
1 U
ZK?
2" T3 ‘ ot

Multiplying (2.10) by 2 and integrating over [0,t] with ¢ < T', we obtain:

[alls

oul)?
ot

+ [ Vull® +—H [ ]
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/ Kk dt+/ K2dt+2 oull”
ot
We obtain:
ou Hl oul|? T,
|2 s vt + 2 ey < [ tarve [ S ars [

2¢
+ [Vl + 2 ol
Let us denote:
C = / 1FI2dt + / K24t + a2 + |Vl +—uuoum

Then we have:
2

oul|® 2c Bl ou
(2.11) 5 +|[Vul> + = p [ull7, ) < C+2/ 5 dt.
Adding ||u/|* to both sides:
ou||? 2c 9 t 2 9
— < 2 — .
|5+ 14 2 g+ P < 02 [ 5 st

Let’s now estimate ||ul|”.
Assume u(x,t) = u(t), we know that:

u(x,t):/o aués %) ds + u(0).

Hence:

L ou(z, s)
- 7 <
/o 95 ds + u(O)‘ <

w0l < [

By the Cauchy-Schwarz inequality, we obtain:

(2.12) u(z, 1)) < V7 ( /

[ 25|+ o),

S

u(z, )| =

Ju(x, s)
5 ds + |u(0)].

“lou(, s)|”

s ds> + u(0)],

223



224 D. Ampini, C. Mouanda, and S. Ndikoumouna

lula, )2 < ﬁ(/o ds) +1u(0)]

Since (a + b)* < 2(a”® + b?), we deduce:
u(z, s)|”

e, ) <2 ﬁ(/ S

Ju(zx, s)
Os

=

ds) ,+2[u(0)?

2 " du(z, s) ’ 2
(2.13) lu(z, )] < 2t ———=| ds+ 2Ju(0)]°.
0 s
Now, integrating (2.13)) over €2, we obtain:
ou(z, s)

dds—|—2/|u )Pda.

(2.14) /|u z, 1) *dx < 225/ /

Hence, we obtain:

2
ds + ||u0||2 )

t
(2.15) Jul? < 27 /
0

After estimating, we obtain:

t
2.16) ' v+ oy + 1l < €1 2T +1) /

where C; = C + ||uo||>. We also have:
‘ dul|?

<C +2(T+1)/t u + ]2 g +
=~ V1 o 88 qu(Q)

2c
ol T ) [ul 700y + ||U||12L11(Q)
2.17)
2c

% ||u|rzp(m] ds.

Let us define:
F(t) = oull?
|| ot

Then inequality (2.17) becomes:

2c 2
+ " ||UHZP(Q) + llullzn o

F(t) < Cr+2(T+1) /tF(s)ds.
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According to Gronwall’s inequality:
(2.18) F(t) < C 2Tt

F(t) < Cy 2 T+IT

(2.19) F(t) < O,

Therefore:
u € L*0,T;,V),
ou

- 00 . T2

where:
V = HY(Q) N LQ).

The space V, equipped with the norm || - || y1(q) + || - [|2-(«), is @ Hilbert space.

By multiplying the first equation (1.1) by an element v € V, integrating over (2,
and using Green’s formula, we obtain the following variational formulation:

(2.20) j—;(u,v) + (Vu, Vo) + (b(u),v) = (f,v) YveV

2.2. Theorem of existence.

Theorem 2.1. Let f € L*(Q), up € V, and uy € L*(2). Then problem (L.1]) admits
a solution u satisfying:

(2.21) we L®(0,T;V),

(2.22) % € L>=(0,T; L*(Q)).

2.2.1. Proof of the Theorem.

Remark 2.1. The expressions u(x,0) = wuo(z) and v'(x,0) = wu;(x) are meaning-
ful. Indeed, from (2.21), (2.22), and Lemma 2.1, it follows in particular that u is
continuous from

[0,T] — L*(Q),

so the expression u(x,0) = ug(x) is valid.
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To verify that v'(x,0) = uy(x) makes sense, one must use equation (P.1), which is

written as: e
8—;; = f+ Au—c(1+|ul™).
This implies that
0*u 2 2 o0 ~1 2
Tl € L*(0,T; L7 (Q)) U L>=(0,T; H () U L*(Q)).
In particular,
0?u

S5 € L™(0.T;H7H(Q) U L*(9).

Hence, u; is indeed meaningful.

2.2.2. Proof of the Theorem.

The proof is based on the Faedo-Galerkin method, which consists of the follow-
ing three steps:
Step 1. Construction of an approximate solution.
Step 2. Establishing a priori estimates on this approximate solution.
Step 3. Passing to the limit using compactness properties (especially in the non-
linear terms).

Step 1: Construction of an approximate solution. Since the space V' is a separable

Hilbert space, it admits a sequence ey, e,, . . ., ¢,, with the following properties:
e; €V, Vi,
VYm, e, e, ..., e,y arelinearly independent;
(2.23) 1,€2 Y D
Vi = span(ey, s, ..., €y,)isdensein V;
\<ei7€j> = 5@' VZ,]

With the homogeneous Neumann boundary condition, the operator A admits a
sequence of eigenvalues ();),>1, where each e; is an eigenfunction associated with
these eigenvalues, satisfying:

—Ae; = Ne;.

In particular: for every uy € V, there exists a sequence (ug,)m, With

m
Ugm, = E Qpm€r — Ug  as m —> 00.
k=1
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For every u; € L*((), there exists a sequence (u1,, ), with
m

Ul = E Brméer — w1 as m — o0.
k=1

We then seek an approximate solution of the form:

as the candidate for the following problem:

P — Aty + b(um) = f(x,1)

(Pm) um(O, {23') = Uom, U

Oum _
on 1oQ 0.

Multiply equation (2.23)) by e, and integrate over (). We obtain:

Im(O’ :E) = Uim

@20 (o) ~ Bumen) + 0lum).en) = ([(o0) ).

Replacing u,, in equation (2.24]), we obtain:

( ) lg;(t)ei,ek) + (Z Uim(_Aei),ek) + (b(um), ex) = (f(z,1),ex)

=1

Zu;'m(t)(ei, er) + > umi(en, ex) + (0(um), ex) = (f(x,1), ex)

For ¢ = k, we have for all z'Z:N :
AN+ (0(wm), €;) = (f(z,1),€e:), Vi€ Nul +Ntim+(b(uy) — f(z,t),e;) =0
We then obtain the following system of equations for all i € N*:

'u’l’m + Mt + (0(urm) — f(z,1),€1)
uly+ Xotioy, + (b(ugm) — f(z,1), e2)

0,
0,

(2.25)

\u;;%m + )\mumm + (b(umm) - f(l‘7 t)a em) = 0
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1 0 ... 0 Ulllm(‘T, t) A 0 L 0 Ulm(-rv t) b(ul'm(w’ t)) - f(“L’ t) €1 0
01 ...0 ul, (x,t) 0 X ... O U (2, 1) b(ugm(z,t)) — f(z,t) ) 0

oL . +1 . .. . . + . N
00 ... 1) \u/l,.(a1) 0 0 ... A/ \umm(z,t) b(tmm (2, 1)) — f(z,t) €m 0

Thus, the system (2.25) becomes the following matrix equation:

I, X! + A, X+ By =0,

where
0 A 0 0
00 1 O O Am
(b(uam(z,t)) — f(x,1), €1) Ui (2, 1)
B, - (b(ugm(z,t)) — f(x,1), €2) X = U (22, T
(bt (1)) = f(,1), €m) Ui (7, )

Since det I,,, # 0, the matrix [,, is invertible. Therefore, the system admits a well-
defined solution over the interval |0; t,,][.
We will show in what follows that ¢, = 7.

0
Step 2: A Priori Estimate. We multiply the first equation of (P,,) by —— and
integrate over (). We obtain:

%u,, Oup, Oy, ou,, Oy,

*u,, 8u_m B *u,, 3u_md 1 282um 3umd
otz ot - Jq otz ot otz ot
B 0 (9um 1 d Oy, 5
= 5/& 8t o =g ), Cor )
*u,, Oy, 1d || Quy ||?
(2.27) (—(%2 >7) = a7 |
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(Aum,ag—;n> = — Vumvau—mdx+ ———dx

Oum '\ 9
N e

If w,, > 0:

0
ou

c | =Zdx + =||uml||?on-

- | Fdat Sllunl

By substituting (2.27] , and (2.29) into (2.26)), we obtain:

1d ||0u Oy,
e | il -m p—1
57 || o 2dt |Vt ||? +c/ dx+c/gu 5 —dx

- (st 2.

Using the Cauchy—Schwarz inequality, we obtain:

1d
2dt

2.29) (b<um>, a“—’”) c

(2.30)

Gum aum

ot

(’9um
T e T T e
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According to Young’s inequality, we have:

1d ||0uy, | 1 d

(2 31) 5% W th HV m“ + dt “U’m“LP(Q)
<55 |52 - [ 5%
1d ||Ouy | ¢ d
57l 5 2dt ||V ml|? —I— ||Um||Lp(Q)
1 ou 8u
z -_m L
T e
1d ||Oun||? 1 d cd
5% W 2dt ||V m“ + - P ||um||Lp(Q)

ou 1 || Ou
- m Q2 || ==
P+ 5| G| + et | %
Let us set: K| = c|Q|%. We have:
1d ||Ouy,|? cd
il | el ||V mll” + - ||Um||Lp(Q)
2dt || Ot Zdt
(9um aum

R e

Applying Young’s inequality to the right-hand side yields:

1d ||0un|® 1d cd
(2.32) aar | or || Taa Vel pt "l _WH
: 1
+ §K12 +

1
2

8um
ot

Ou,,

ot

We multiply (2.32) by 2 and integrate over the interval [0, ¢] with ¢t <7

2

Yd | oum,

/%” Sl 17l + = mHmQ]
T T t 2
g/]UWﬁ+/<ﬁﬁ+2/ Ot || .
0 0 0 ot

2

2
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After applying upper bounds, we obtain:

2

dt

2
Oy,

ot

O,

Vu, |2+ 2 N AT
R R T VR

T
T / K2 dt + luwmll® + [ Von
0

2c
+ " [tom |70 -
Let us define:

e S 2 2 2C
C= [ e+ [ KE a4 1V + = o -
0 0

We have:
ou,, ||? 9 2 o H duy, ||?
%2+ 17t Z ey < 42 [ % |
Let us add ||u,,||* to both sides:
O, 2 5 2 9 Oty 2 2
%o |+ 17l 4 2 g+ il < € 2 [ |52 st

Let us now seek an upper bound for ||u,,|*. Let us set u,,(z,t) = u,,(t). We know
that:

um(x,t):/o Mds+um(0),

Js
L O, (z, 5) P Oy, (z, )
e _— < _—_—
una )] = | [ 22 ds—i—um(O)’_/o 2 ds’+|um(0)|,
t
\um(x,t)\g/ N, 8) | 1 (0)),
0 aS

According to the Cauchy-Schwarz inequality, we obtain:

[SII=

P Ot (2, 5) 2
0

N

(e )7 < [V (/ Hin(2,2) ds> e 0)
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Now, since (a + b)? < 2(a? + b*), we deduce:
2

t a " 2 %
a0 <2 | V2 (/ o ds) +2un(O)F,

O (2, 5) |2

s ds + 2|, (0) .

t
(2.34) [t (2, 1)]? < 2t/
0

Integrating (2.34) over (2, we obtain:

2
/]um x,t)[Pdx < 2t/ / —(9um(x,5) dxd8+2/ |t (0)]?dex.
0s Q

We have the inequality:

t
lum|l? < 2T /
0

After further estimation, we obtain:

2
O,

d w2
| ds + luom

2
ou,,

d
ot %

where C; = C + |Jugn||*. By regrouping terms:

O0s

2c
+ ([ Vum|® + ;IIumll’ip(Q) + [lum|? < CL+2(T +1)

@u_m'

2

Oy,
0s

Ouim

ot

2¢c t
+ 2 0 + ) < Co 27 + 1) / H +uum|@1(m] ds

2 [* o
+2(T+1)- ? i ||um||Lp(Q)ds

Let us define:

2c

Oy, 2 0 9
— || + ;Ilumllm(g) + lwml 71 )

ot

Then the inequality becomes:

F(t) = ‘

t
F(t)<Ci+2(T+ 1)/ F(s)ds.
0
According to Gronwall’s lemma, we obtain:
F(t) < Cy -exp (2(T + 1)t) < Cy2THIT
F(t) < Cs.
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Hence,

U € L°(0,T; H'(Q) N LP(2)),
(2.35) ou,,

W S LOO(O,T, L2(Q))

Theorem 2.2. Let 2 C R™ be a bounded regular open set. Then every bounded subset
of H'() is relatively compact.

Step 3: Passing to the Limit. From (2.30), we deduce that we can extract two
convergent subsequences (u,) and () from (u,) and (u,), respectively, such
that:

(2.36) w, —uw in L>(0,7;V) weak-*

(2.37) ul, — v in L>®(0,T;L*(Q) weak-*
Moreover, it follows in particular from (2.30) that:

(um) is bounded in L?(0,T;V),

(u,) is bounded in L?(0,T; L*(Q2)) = L*(Q).

We know from the Rellich-Kondrachov theorem that the embedding of H'(Q)
into L?(Q) is compact. Therefore,

(2.38) Uy —> U
strongly in L?(Q) and almost everywhere in Q. From (2.9), we have:
0%u,,
Uy,

A:HY Q) — H(Q) = AcL(H(Q);H Q).
And since:
U, € L>(0,T;V), withV C H*(Q),
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we have:

U, € L0, T; H(Q)).
Moreover, since H'(2) ¢ H (Q), it follows that there exists a constant C' such
that:

I 1) < Cl - Nl

= Au,, € L=(0,T; H1(Q)).
As this space is bounded and separable, there exists a subsequence Au, of Au,,

such that:
Au, — Au  in L=(0,T; H(Q)) weak-*.

We also know in particular that:
um € L*(0,T; LP(2)).
This implies that:
(2.39) b(uy,) € L*=(0,T; LP(Q)),

with p = 27, so that % + }D = 1. From (2.9), we deduce that:

Uy,
S € L0, T L¥(Q)) U L%(0,T5 H™ () U L™(0,T; L7(9),
Py 2 2 oo ~1 P

= 92 € L5(0,T; L7(Q)) U L>=(0,T; H () U LP(Q).

In particular:
*u,y, - .
Since this space is bounded and separable, it follows that 821‘;” admits a subse-

quence 8;;;“ such that:

0? 0?

a;f; — 8—;; in L°°(0,T; H(Q) U LP(Q)) weak-*.

We have:

b(uy,) € L=(0,T; LP(2)).
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It follows that there exists a sequence g,, such that:
(2.41) gy — w in L=(0,7; LP(2)) weak-*,
with g, = ¢(1 + |u, |’ !). The key point is to show that:
(2.42) w=g=c(l+ulft).

To do this, we need the following lemma:

Lemma 2.1. Let () be a bounded open subset of R} x R, and let g, and g be two
functions in L9(Q), with 1 < q < oo, such that:

l9ullLaq) < C, g, — g almost everywhere in Q.

Then g, — g in LY((Q)) weakly.

In our case, we have:
g =c(1+|u,l"™), g=p=—"—.
Since u € C1([0,T] x ), and from (2.38)), we have:
g = c(1+ [, — g = c(1+ [u]") strongly in L*(Q),
and from (2.41)), we also have:
gy, — w in L>(0,T;LP(Y)) weak-*.

Hence, by the previous lemma, w = g = ¢(1 + |ul*~!). Thus, we can pass to the
limit in equation (2.23)) for m = pu.
For any fixed k£ € N* and 1 > k, we have:

(%, €k) — (Auy, ex) + (b(uy), ex) = (f(z,t), ex) .

From (2.42) and the weak convergence, we deduce:

d2
e (u, ex) — (Au, ) + (b(w), ex) = (f (2, 1), ex)
Since V,, is dense in V, for every v € V, we have ¢, — v as k — oo, hence:
d2

ﬁ (U,U) — (Au,v) + (b(u>7v) = (f(:)s,t),v),
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(g_t) ~ (Bu,0) + (blu),v) = (f(z.t),0).

From which it follows: 52
u
— - A = .
52 u+b(u) = f(z,t)

It results that u satisfies (P.1) (and also equations (2.21)) and (2.22))).
It remains to show that u(z,0) = uo and % = u.
From (2.39), (2.40), and Lemma 1, we have in particular:

1, (0) — u(0)  weakly in L2().

Moreover, since ug, — uo in V, we conclude that u(0) = w,. Using the same
technique, we verify that «/(0) = u; holds.

3. UNIQUENESS OF THE SOLUTION

Theorem 3.1. Let [ € L*(Q), uo(z) € V, and uy(x) € L*(2) be given functions.
Then the solution u(z,t) obtained in Theorem 1 is unique.

Proof. Let v and v be two solutions in the sense of Theorem 1. Define w = u — v,
then w satisfies:

(3.1) W' = Aw +c(Juf™t = o) =0,
(3.2) w(0) =0, '(0)=0,
(3.3) we L®(0,T;V),

(3.4 w' € L=(0,T; L*(Q)).

We cannot multiply equation (3.1)) by (Z—C: because aa—i ¢ V. Therefore, we will
construct an auxiliary function ¢ such that for all s € [0, T'], we have:

—ftsw(a)da ifo0<t<s

(3.5) Y(x,t) = i
0 ift>s
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This implies that:

op(x,t) _d s
(3.6) e w(t) = o ( /t w(o) da) :
On the other hand, ¢(t) = wi(t) — wi(s) with w; (¢ fo o) do. We multiply
equation ) by ¢(¢) and integrate over [0, s|]. We obtaln.
2 s s
(3.7) a—w dt —/ Awpdt = c/ (Jo]P~" = |ulP") ¥ dt.
o O 0
According to integration by parts:
* 0w Ow(z, s) Ow(z,0)
(i = |2y 220D 0,0)
* 0w 0 s
—/0 5 5 (—/t w(a)da) dt.
But: . 5 0
Wz, s) = —/ w(o)do =0 and % — 0,
* 0w * 0w 0 s

Now, 1ntegrate equation ([3.8]) over the domain Q:

// Wwdtdx— // 875815( /t (a)da)dtdx
// —wdtdm———// Q—a;dtdx
:__// o dtdx——ﬁ/g[w (s) —w?*(0)] dz
_ 2/Q (s)da.

Hence:

* %w 1
3. == == 2
(3.9 | [ Gav itz = =5l
Similarly:

// Aw@bdtdx:—/ /Vw-V¢dxdt+/ dexdt
2Jo 0o Ja o Joq Ot
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Ow
Since — = 0, we obtain:

o
” /Q/OSAwwdtdx:—/os/QVw-dedt
_/OS/QVW.V(_/:W(J)LZJ) dz dt.

= (o) =0
o (3 fos))
Therefore:

/Q/OSAwwdtdx:—//S%(—/st(a)da) . (—/:Vw(a)da) i
=——// dt{(/ V(o aﬂ dt d

- / Vioy (5)]2dz.

Now:

This implies:

Hence:
y 1
(3.10) // Awwdtd:v:—gHchl(x,s)HZ.

Now integrate equatlon (B.7) over Q:

(3.11) // wdtdx—//Awwdtdx:c// (lo]P=" = [ul*™") ¢ dt dz.

Substituting equations ([3.9) and (3.10) into (3.11)), we obtain:

(3.12) —luw(s)”u1|yw1(az,s)|y2:c// (o™ — a1 o dt do.
2 2 aJo

° p—1 p—1
C/Q/O (|v] [ulP~) ¢ dt du

e / / (Tol = Jul) (o1~ + [l =2 lu] + JolP~*uP
QJO
_l’_

A ol ul? T+ JulP?) dt de.

We also have:
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Assume that |u| < |v|. Then we have:
(0772 + ol ul + [l uf® 4 ol [ul 7+ Jul < (= D)l

This implies:

1 1 s
G139  —3lwOI IVl <clo=1) [ [ ol fullv dede
aJo
According to Holder’s inequality:
1 1 # _
G190 5l + 51Tl P < clo=1) [ I lllol i
Such that:
1 1 1
S+ =1,
2 n q

with the following regularity assumptions:
[v]77* € L0, T; L"()), w € L=(0,T;L*(Q)), v € L=(0,T; L(Q)).
Let:
v =wi(z,t) —wi(z,s).
Then:
[Pllg < llwr(z, D)llg + llwr(z, s)lg-
Since H'(Q2) C L(R), it follows that there exists a constant K such that:

[ llg < Kl - -
It follows that:

1 1
= Sl + 51w, )]
(3.15) s
< Ko [ Mol 2ol s ) + oo s) )

with Ky = ¢K;(p — 1). Moreover,
v]?~% € L™ <O,T; L#(Q)) .
This implies that there exists a constant C; such that:

(3.16) |- lln) < Ch,
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1 1 :
B17) =S lw)I* + FlIVer(z, )" < K/O [l (e (2, )|y + [l (2, 8) 1) dt,

with K = K,C,. It follows that:

1 1 S S
3+ 3V < 8 ([ ellaborCo O+ [ ol 9l ).

By Young’s inequality:

1 1 5 (g2 1
Sl + 5 1Ven(a o < K [ (Sl + pslon(e 2 )

(3.18) ,

£°s 1 [°
K e )+ K [ P,
(3.19)

L) 2+ 2@ )2 < & [ (S + L) o)
Qws 5 wi(x,9)]° < 3 oz w

1 [ ) e2s 5
+ o5 [ Ml Dllidt + K= [lw (2, s)l5.
e Jo 2

Multiplying equation (3.19) by 2, we obtain the following inequality:

: 1
—llw(s)II* + Ve (z, 5)[* < K/O (52 T ;) o[ |*at
(3.20)

1 S
1 [ ot e+ Kl ()
0

From inequality (3.20)), we deduce:

1 S
o < & (24 %) [ oliar

(3.21) -
1 [ ot e+ Kl ()
0

Adding 2||w:(z, s)||? to both sides of inequality (3.21]), we get:

(3.22)
= lw()I* + 2[jwi (=, )]}

1 5 1 5
<K <€2 + ?) /0 l|wl|?dt + Kg—Q/O |wr (2, t)||3dt + (K523 + 2) w1 (z, 8)|I7,
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= lw()I* + 2wz, s)Iy

(3.23) s ) s ) )
<Ca [ Pt + Ca [ fr(w0lRdt + Calloe.s) I
0 0
with:
2 1 1 2
CQZK €+—2 y CgZK—2, C4ZK€8+2.
[9) )
We choose C such that:
G20 eI+ 2l ) < Co [l Cy [ et
0 0
Then we obtain:
(3.25) B (llw(s)[1? + 2llwr (2, 8)[17) <0+ 5/ (el + Nlwr (2, 1) [I7) dt.
0
According to Gronwall’s inequality, we have:
(3.26) w(z,t)=0=u—v=0.

U

Furthermore, this opens the door to future research focused on optimizing the
solution and exploring more advanced techniques.
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