Advances in Mathematics: Scientific Journal 15(2) (2026), 255-273

EEV NVt ISSN: 1857-8365 (printed); 1857-8438 (electronic)

https://doi.org/10.37418/amsj.15.2.6

ON SOME TRACTABLE HARDY-HILBERT-TYPE INTEGRAL INEQUALITIES
Christophe Chesneau

ABSTRACT. Numerous Hardy-Hilbert integral inequalities of varying complexity
exist in the literature. In this paper, we develop Hardy-Hilbert-type integral in-
equalities featuring explicit constant factors and tractable weighted integral norms
of the functions involved. Some of them consider the minimum and maximum
of the variables. The proofs rely primarily on the Hoélder integral inequality,
the Fubini-Tonelli integral theorem, and several elementary analytical techniques.
The relative simplicity of these proofs also lends the paper pedagogical value.

1. INTRODUCTION

The Hardy-Hilbert integral inequality is a classical and fundamental result in
mathematical analysis. A standard statement of this result is given below. Let
p>1,g=p/(p—1),and f,g:[0,400) — [0, +00) be measurable functions. Then,
we have

[T gy < 2 ([ i) " ([ ) "

provided that the integrals of the upper bound converge, i.e.,

+oo +oo
fP(x)dx < +o0, / gl (y)dy < 4o0.
0 0
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In addition to being tractable, the upper bound is known to be sharp. For further
details and related discussions, see [5,9]. This inequality has since been refined
and extended in many directions. See, for example, [1,3,4,6-8,10]. Furthermore,
the survey paper [2] provides a useful overview of several of these developments.

In this paper, we contribute to the theory by establishing several Hardy-Hilbert-
type integral inequalities featuring explicit constant factors and tractable weighted
integral norms of the functions involved. Some of them consider the minimum
and maximum of the variables, i.e., min(z, y) and max(z, y), respectively. As an in-
troductory illustration, our results include Hardy-Hilbert-type integral inequalities
associated with the following two double integrals:

/0+OO /0+°° % dxdy

/ e / 72 f(x)g(y) min(z, 9 dudy.

14 x2y?

and

Our results complement a number of existing inequalities in the literature, while
also providing formulations that are both effective and easy to apply in practice.
The proofs rely primarily on the Holder integral inequality, the Fubini-Tonelli in-
tegral theorem, and a collection of elementary analytical techniques. Due to their
relative simplicity and clarity, the arguments presented here also give this paper a
certain pedagogical value.

The rest of the paper concerns the results accompanied by their proofs in Section
A conclusion is given in Section [3

2. RESULTS WITH PROOFS

2.1. First result. The result below presents a Hardy-Hilbert-type integral inequal-
ity based on the following double integral:

+oo +oo
/ / f (fr)Qg(y) dudy,
0 0o l1+az*+y
Theorem 2.1. Letp > 1, g =p/(p—1), and f, g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have
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+oo +o0 f
/ / T x2 + " d:vdy

b0 gy b [ rree g 1/a
UL ()

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

“+o00 “+oo f
/ / = 1_2 + ) dxdy
+o00 +o0o
_ / / f(z) " 9(y) dudy
1 —|—$2 +y2)1/p (1 +$2 +y2)1/q

“+o00 “+o00 fp “+o00 “+o0 gq 1/q
——————dxd —————dxd .
(/ / 1—|—x2+y v y) (/ / 1—|—x2+y v y>

The Fubini-Tonelli 1ntegra1 theorem gives

+oo +0o0 fp “+o0o +00 1
————dxdy = P ————dydx.
/ / 1+w2+y R f(@/o a2y 7

Using standard primitives and composition rules, we have

+oo 1 1 y Yy—r+00 T
———dy = | ——=arctan =
/0 14 22 + 32 Y [ 1+ 22 ( 1+:1c2)L:0 2V1 4+ a2

Therefore, we have

+oo  pHoo p +oo P
1+ $2 + y? 2 Jo V14 a2

Similarly, we obtam

“+o0o “+o0o gq B +oo gq(y)
— g drdy = <
1+x2+y 2 /o ,/1_|_y

Combining the equations above and using 1/p+1/q =1, we have
+oo +oo
/ / f(@ dxdy
1+ :c2 + y?

<([ e fr(x) )Up T[T ), .
“\2Jo \/W 2 Jo m



258 C. Chesneau

oo (g b [ rioo g 1/4
A (1 A)

This concludes the proof. O

The resulting constant factor is 7/2, with the weight function defined by
1
V1t

2.2. Second result. The result below presents a Hardy-Hilbert-type integral in-

w(z) =

equality based on the following double integral:
+oo +00
f(@)g(y)
————=" —dzdy.
/0 /0 R e

Theorem 2.2. Letp > 1, g =p/(p—1), and f,g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have

+o0o +oo
/ / 1 + T + y)? dxdy
1/p 400 1 1/q
< ( i fP(x )arctan( )dx) (/0 ¢%(y) arctan (;) dy) ;

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

“+o0o “+o0o
/ / dxdy
1 —i— T —|— y)?

oo e f(=@) " 9(y) y
-/ 1+<x+y>>1/p <1+<+y>>1/qddy

+o0o —+o0 fp “+00 —+o00 gq 1/‘]
————dxd — 5 dxd :
(/ / 1+:c+y y) (/ / 1+:c+y xy)

The Fubini-Tonelli 1ntegral theorem gives

+oo +o0 fp +o0 +o0 1
— s drdy = P ————dydx.
/ / 1+ ( x+y B f($)/0 T+ @ty
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Using standard primitives and composition rules, we have

oo 1 T 1
————dy = [arctan(z + y_>+°° = — —arctan(z) = arctan [ = | .
/0 oty = et 4 )2 = () :

Therefore, we have

+oo +oo fp +oo 1
/ / dxdy = fP(x) arctan <—) dzx.
1+ (x + y)? 0 x

Similarly, we obtain

+o00o +oo gq +oo 1
dd — 9 t — | dy.
L] reegn= [ ot (5

Combining the equations above, we have

[ e
< ([ e (1) ac) " ([ srtwavctan (1) ay) "

This concludes the proof. O

The resulting constant factor is 1, with the weight function defined by

w(z) = arctan (1> |

T

2.3. Third result. The result below presents a Hardy-Hilbert-type integral in-
equality based on the following double integral:
+o00o +oo
/ f@2)gy) . dy.
0

1—|—x2 2

Theorem 2.3. Letp > 1, g =p/(p—1), and f, g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have

oo fe)g(y) @) N gy Y
[ = () ([ )

provided that the mtegrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have
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1+ x2y?

::/*“/*“ f@) 9 g
1 +$2y2)1/p (1 _|_$2y2)1/q
+o00 +o00 fp 1/p +o00 +o0 q 1/q
9'()
(/ /) 1+x2(m@0 (A .A 1+x@“m@0 '
The Fubini-Tonelli integral theorem gives

+oo +oo fp “+o0o “+o0o 1

Using standard primitives and composition rules, we have

“+o0 1 1 y—r+0oo T
/ ——5dy = {— arctan(xy)} = —.
0 1+ 2%y x y=0

/+00 0+00 oty )d dy

Therefore, we have

+oo  pHoo p too rp
/ /‘ i d@:f/ @) e
1+ 22y 2 Jo x

Similarly, we obtain

+oo  pdoo q too g
/ /‘ 9( d@:z/ ') 4,
L+ 552 2 Jo Yy

Combining the equations above and using 1/p + 1/q = 1, we have

/+oo +oo ( )d d

1+x y?

+00 17(x) 1/p T [T g(y) 1/q
<(af ) G )
_T ([, > /p( > gi(y) )”q
2 ( 0 x /0 Y W .

This concludes the proof.

The resulting constant factor is /2, with the weight function defined by
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2.4. Fourth result. The result below presents a Hardy-Hilbert-type integral in-
equality based on the following double integral:

+o0 +oo ;
/ / mm(x’y)dxdy.
1 + x2y?

Theorem 2.4. Letp > 1, g =p/(p—1), and f, g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have

e[ f(z)g(y) min(z, y)
/ 11 22y dxdy

< ( 0 /P () (—log(l—i—x ) + arctan (%)) dx>1/p
([ 0 (sipontt )+ vt () ) ) a

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

oo [ f(a)g(y) min(z, )
/ / 1+ 22y dedy
+o0 +o00 1/p - 1/q
/ fla)min /P(z,y)  g(y) min (w,y)dmy
1 + x2y )1/p (1 + x2y2)1/q

oo oo fP(x) min(x, y oo 120 g4(y) min(z, ) Y
(/ / I+t ddy) (/ / 1+x“ dxdy) |

The Fubini-Tonelli 1ntegral theorem gives

+o0 +o0 fp mln T y) B +o0 ) +o0 min( )
/ / dxdy = i f (:r;)/o —y dydz.

1 4 x2y? 1+

Using standard primitives and composition rules, we have

+Oo . x . +OO .
/ min(z,y) , _ [* min(@,y) dy + / min(z,y) ,
0 T

1ra22 7T ) T4 a2y 1+ 22y?

T “+oc0
Y T
= ——d —d
/0 1+ z2y? y+/$ T+ 222"

1 o
N [ﬁ log(1 + x2y2)} + [arctan(zy)] ">
X
y=0
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1
= 2— log(1 + 2*) + g — arctan(x?)

1
log(1 + 2*) + arctan :
2:v2 22

Therefore, we have

/ T[T () min(, y)
0 0

1+ 22y?

_ [T L log(1 42t t ")) a
= fP(z) (2_302 og(l+ z%) + arc an(;)) x.

dxdy

0
Similarly, we obtain

+oo +oo mlIl T y)
/ / 1—|—x2 7 dwdy

:/0 9% (y) (212 log(1 + y*) + arctan (%)) dy.

Combining the equations above, we have

/+°° 7 f(z)g(y) min(z, y)

1+ x2y?

< ( 0 fP(x) (Llog(l ') + arctan (é)) d:c) 1/p
X (/O“’" 9'(y) (212 log(1 + y*) + arctan (%)) dy> 1/q |

This concludes the proof.

dxdy

The resulting constant factor is 1, with the weight function defined by

1 1
w(r) = — log(1 + z*) + arctan (—) :

212 2

2.5. Fifth result. The result below presents a Hardy-Hilbert-type integral inequal-
ity based on the following double integral:

oo e fa)g(y)
/0 /0 1 + zy max(z,y) dudy.
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Theorem 2.5. Letp > 1, g =p/(p—1), and f, g : [0, +0c0) — [0, +00) be measurable
functions. Then, we have

/ h / h 1+ a2y maj()x y)dxdy
< ( 0 fP(z) (—log(l +z%) + %arctan (ﬁ)) d:p) 1/p

([0 (e om (25)) )

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have
+o0 +oo
/ / F@9@)  a,
0 o 1+ zymax(z,y)
B f(@) 9(y)
B / / (1+ =y max(x y))H/p . (1 + ry max(x, y))l/qudy

—+o0 —+o0 fp +oo +oo gq 1/‘1
(/ / 1+ a2y max(x ) dxdy) (/ / 1+ a2y max(x n d:ndy) ’

The Fubini-Tonelli 1ntegral theorem gives

+o0 +o0 fp +oo +oo 1
dxdy = P dydzx.
/ / 1+xymax(x Y) ray 0 / (a:)/o 1 + zy max(z,y) yazx

Using standard primitives and composition rules, we have

+00 1
/ i
o 1+ zymax(z,y)

_/:v d +/+oo 1 d
B 0 l—i—xymax(x,y) Y x 1+xymax(x,y) Y

Jo 1+ Y . l+ay? Y

= [% log(1 + ny)] Z:: + [% arctan(\/iy)]

1
= —log(1+2°) + — (g - arctan(xﬁ))
T

Yy—>+0o0

y=x
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Ly (1+2°) + L aret !
= — 10 ——= arcta — ] .
2 8 . \/Er b /T

Therefore, we have

+oo +oo fp
/ / dxdy
1+ zy max(a: Y)

=/ fp( ) (- log(1 4 z%) + %arctan (—>> dz.

Similarly, we obtain

+oo +oo gq
/ / dxdy
1+ a2y max(x Y)

= /0 g7 (y) <yilog(1 +9°) + % arctan (ﬁ)) dy

Combining the equations above, we have

/ h / - 1+ xy maxgx y)dxdy
< < ) (—log(l +2%) + %arctan (%)) da:) 1p

X (/0+oo g(y) (% log(1 4+ 9°) + % arctan (ﬁ)) dy) v .

This concludes the proof. O

The resulting constant factor is 1, with the weight function defined by

1 1 1
w(x) = = log(1 +2°) + ﬁ arctan (m) :

2.6. Sixth result. The result below presents a Hardy-Hilbert-type integral inequal-
ity based on the following double integral:

+o0 +oo 202
/ / ) min®(z ,y)dxdy_
1—|—$ y?

Theorem 2.6. Let p > 1, g =p/(p—1), and f, g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have
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#0140 1) g(y) min’(r,y)
i dxd
/ / 1 + x2y? v
< ([ ) (2 (1= L arctan(e®) ) + 2 arctan [ )
— — arctan(x rarctan | —
~\Uo x x? z?
+oo 1 1 1 1/q
> (/ gq(y) (_ (1 - = arctan(yQ)) + gy arctan (—2>) dy) )
0 Yy Yy Yy

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

400 +oo mlIl (l’ y)
dzdy
/ / 1—|—x2 2

/ oo fe) min®P(z,y)  g(y) min®(z, y)
1+91:2y )1/p (1+x2y2)1/q

(/*“/*“fplin;( ddy) (/W/W 1Tf2(xy)dxdy)1/q,

The Fubini-Tonelli 1ntegral theorem gives

/+oo /+oo fp mln (CC y)d d +o0 fp(l.) /+oo minz(x,y) dydx
0 0

1+ x2y? 1 4 x2y?

dxdy

Using standard primitives and composition rules, we have

/+°° min®(z,y) , _ [* min?(x,y)dy+/+°° minz(w7y)dy
0 T

1+ x2y? y= 0o 1422y 1+ x2y?

x 2 “+o0o 2

y x
= ——dy + —d
/0 1 4 22y? 4 /x 1 4 22y? d

1 1 R x?
= — (11— —)d —d
/0 xQ( 1+x2y2) y+/x 1 4 x2y? 4

y=z

1
- [y - arctan(xy)} + [x arctan(xy)]y_woo
x2? x =0
1 1
== (a: - arctan(x2)> +x (g — arctan(xQ))
! 1 ! tan(z”) | + z arctan !
= - |1— = arctan(z x )
T 2 22
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Therefore, we have

+oo 400 fp mln ( )
/ / 1+ 222 dxdy

— fp( ) (i <1 — %aretan(ﬁ)) + z arctan <%>) dx.

Similarly, we obtain

oo (10 g4(y) min(z, y)
/ / 1 + x2 2 dady

— /0 g(y) (; (1 — %arctan(y2)> + yarctan (%)) dy.

Combining the equations above, we have

/+oo /+oo f mm (37 y)d d
1 + x2y?
1/p
< ( fP(x) <1 (1 — % arctan(:ﬁ2)> + z arctan (%)) dx)
0 x xz T
teo (1 1 ) 1
X (/0 g'(y) (; (1 — ?arctan(y )> + yarctan (y

This concludes the proof. O

o
~
~_

U
<
N~
—
S~
Q

The resulting constant factor is 1, with the weight function defined by

1 1 1
w(x) = - (1 ~ 3 arctan(x )) + z arctan (P) :

2.7. Seventh result. The result below presents a Hardy-Hilbert-type integral in-
equality based on the following double integral:

[ [T e

1 + max?(z,y)

where o denotes an adjustable parameter.

Theorem 2.7. Let p > 1, g =p/(p— 1), « > —1, and f,g : [0,400) — [0, +00) be
measurable functions. Then, we have
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[T f(x)g(y) min®(x, y)
/ 1 + max?(z,y) dady

([ i e () )

([0 (e e () )

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

[ f(z)g(y) min®(z, y)
/ 1+max2(a: Y) dedy

/ e / " _f@min@,y) gy min*i@,y) Lo
(1 —i— max2 (z,y))'/P (1 —i— maxQ(x y))i/a

+00 +oo ) min®(z, y) +00 +oo ) min®(z, y) 1/q
dxdy dxdy :
1+max2xy 1+max2xy)
The Fubini-Tonelli integral theorem gives

+o00 +o00 fp( )min ( ) +o00 . +o00 mino‘(a:',y)
/0 0 1 + max?(z,y) dudy = 0 / ($)/0 1 + max?(z, y)dydat.

Using standard primitives and composition rules, we have
oo min®(x, * min“(z, T min®(x,
/ (2 y) dy:/ (2 y) dy+/ (2 y) dy
o Trmac(ey) " Jy Trmacley) ), Trmad(e,y)
T a +oo le'
Yy x
= d +/ d
/0 14 a2 4 . 1492 Y

1 ya+1 Y=z N
= + 2 [arctan(y)]Y_ "

1+22 |a+1 =0 y==
xott W (T
TN (E N arcm(x))
xott N 1
= CESE) + x™ arctan <5) .

Therefore, we have
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/+oo +oo rnin ( )d J
Yy

1 —|— maXZ(x Y)

[ ((a N —

Similarly, we obtain

/ ) min®(x, y) ddy
0

0 1 + max?(z, y)

[
[0 en ()

Combining the equations above, we have

07 f(2)g(y) min®(z, y)
/ 1 + max?(z,y) dedy

<(f 7o (i o (5)) ) )

([0 (g em () )

This concludes the proof. O

The resulting constant factor is 1, with the weight function defined by
xa+1

o= 2 raan (1),

2.8. Eighth result. The result below presents a Hardy-Hilbert-type integral in-
equality based on the following double integral:

oo e fa)g(y)
[ ] st ytet

Theorem 2.8. Letp > 1, g =p/(p—1), and f, g : [0, +00) — [0, 4+00) be measurable
functions. Then, we have

oo e fa)g(y)
/0 /0 x2y2+ma><(af,y)dxdy

< ( 0+°° fP(z) <x\1/5 arctan(zy/z) + In (1 N $>) dx) 1/p
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x ( /0+°° 9'(y) (y\l/y arctan(y/7) + In (1 N % )) dy) 1/q7

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

oo e )9(y)
/ / dxdy
x2y? + max(x )

+o00 +o0o f( ) g(y)
/ / (x%y? +max(m y))L/r 8 (:BQy + max(z, y))l/qudy

—+o0 —+o0 fp “+00 “+00 gq 1/‘1
/ / d:vdy / / dxdy :
x2y? + max(ac Y) x2y? + max(x Y)

The Fubini-Tonelli 1ntegral theorem gives

+o0 +o0o fp +o0 +o0 1
drdy = P dydz.
/ / zy? +max(fv P (x)/o 2y +max(,y)

Using standard primitives and composition rules, we have

+00 1
/ P dy
o 2%y% + max(z,y)
x 1 +o0 1
— d d
/0 22y + max(z,y) " /x 22y + max(z,y) "
T 1 +o0 1
= —d —d
/0 x2y2+x y+/x x2y2+yy

_E/ y—l—l /m x2y+1 4
1
4

2
arctan(y/zy) } (l B ) dy
0 x

y  riy+1

y—+o0

y=
1
= arctan(z+/z) + [In(y) — In(z%y + 1)]

e

1 Y—r—+00
= t
Swento [ (25|

_ x\l/f arctan(x+/r) + In (x > +ln (I3; 1)

=T
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1 1
NG arctan(z+/r) + In <1 + E) :

Therefore, we have

+oo +o0o fp
/ / dxdy
x2y? + max(:z: Y)

= | fp( ) (x\l/i arctan(z+/z) 4+ In (1 + %)) dz.

Similarly, we obtain

+o00 +oco gq
/ / dxdy
22y + max(x Y)

:/0 () (y\l/g arctan(y,/g) + In (1 + yl )) dy.

Combining the equations above, we have

[
< ( /0+°° fP(x) <x\1/5 arctan(zy/7) + In (1 N % )) dx) 1/p
X (/0“” 9*(y) (y\l/g arctan(y/7) + In (1 N %» dy) 1/(1‘

This concludes the proof. O

The resulting constant factor is 1, with the weight function defined by

1 1
P arctan(z+/r) + In <1 - ;) :

2.9. Ninth result. The result below presents a Hardy-Hilbert-type integral in-

w(x) =

equality based on the following double integral:

/0 h /o - max> (xjj;x))i(ryn)in@’ y) dxdy.

Theorem 2.9. Letp > 1, g =p/(p—1), and f,g : [0,+00) — [0, 4+00) be measurable
functions. Then, we have
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[ e L E—
< ( ) ( (1 + ;) - %arctan (%)) da;)l/p
([ o (o(r3) - Fymn () )

provided that the integrals of the upper bound converge.

Proof. Applying the Holder integral inequality, we have

/+00/+oo g(y) dxdy
max?(z,y) + min(z, y)

e f(x) 9(v)
/ / (max?(z,y) + min(x, y))/r 8 (max?(z,y) + min(z, y))l/qudy

+o0o +o0o fp( ) 1/17
(/ / max?(z,y) + min(zx, y) dmdy) 8

oo oo q 1/q
( / / 9%(y) s dy) _
max?(z,y) + min(z, y)

The Fubini-Tonelli integral theorem gives

+oo +oo fp( )
/ / dxdy
max?(z,y) + min(zx, y)

» 1
B 0 f (v )/0 max?(x,y) + min(z, y)

Using standard primitives and composition rules, we have

dydzx.

+oo 1
/ 2 ' dy
o max?(z,y) + min(x,y)
1 +o0 1
d d
o max’(z,y) + min(z, )" +/x max?(z, y) + min(z,y)

= i x2+ydy+ ) y2—|—xdy

= [In(2* +9)]"Z) + U_aman (%)]yawo
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= In(2* + z) — In(2?) + % <

(1)t ().

Therefore, we have

/+oo /+oo fp( ) dxdy
max?(z, y) + min(z, y)

[ e (i (1) Lt ()Y

Similarly, we obtain

/+oo /+oo gq<y) dxdy
max?(z,y) + min(z,y)

= /O g% (y) (ln (1 + ;) + %arctan <%)) dy.

Combining the equations above, we have

/0 h /o h max?(x{g)i(ryn)m(g;, )y
< ([ o (i (1) ot (L)) )
X (/0+°° 9*(y) (hl (1 + é) + % arctan (%)) dy) 1/‘1.

This concludes the proof. [l

g — arctan(ﬁ))

The resulting constant factor is 1, with the weight function defined by

w(z) = In (1 + i) 4 % arctan (%) |

3. CONCLUSION

In this paper, we established several new Hardy-Hilbert-type integral inequali-
ties involving explicit constant factors and tractable weighted integral norms. The
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results complement a variety of existing inequalities in the literature while main-

taining formulations that are both effective and accessible. Our proofs rely mainly

on the Holder integral inequality, the Fubini-Tonelli integral theorem, and elemen-

tary analytical arguments, yielding concise and transparent derivations. We hope

that the methods and results presented here will stimulate further investigations

into related classes of integral inequalities and their applications.
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