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RATE OF CONVERGENCE AT p-LEBESGUE POINTS FOR A FAMILY OF
INTEGRAL OPERATORS CONTAINING NON-INTEGRABLE FUNCTIONS

Sevgi Esen Almali

ABSTRACT. In this study, the rate of convergence at p-Lebesgue points is inves-
tigated for a family of non-convolution type integral operators containing non-
integrable functions that do not belong to L?(a, b).

1. INTRODUCTION

In approximation theory, determining the rate of convergence of families of
integral operators is just as important as the convergence itself. The rate of con-
vergence of various families of integral operators has been studied by many math-
ematicians. Some of these works are as follows. Gadjiev []1,4] studied the rates
of convergence of certain classes of singular integral operators and integral oper-
ators depending on two parameters. Mamedov [5] investigated the rate of con-
vergence of the family of m-singular integral operators at generalized Lebesgue
points and for one- and two-dimensional singular integrals. In 1973, Ibragimov
and Gadjiev [6] studied the rate of convergence of singular integral operators of
Cauchy-Stieltjes type. Esen [8] worked on the rate of approximation of integral
operators with positive kernels in 2008, and Karsli—-Gupta [9] studied the rate of
convergence of nonlinear integral operators for functions of bounded variation. In
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2026, Esen Almali [10] examined the rate of convergence of a family of integral
operators containing non-integrable functions at Lebesgue points in L!(a, b). The
reader may also consult [2,(7].

In the present paper, for f ¢ LP(a,b) with p > 1, we investigate the rate of
convergence at the p-Lebesgue point of the associated function f¥ := f /¢ for the
family

b
(1.1) T\(f: 2) = / £(t) Kt ) dt.

2. MAIN RESULT

Theorem 2.1. Let 6 > 0, p € L”(a,b), f ¢ LP(a,b), and f¥ := f/p € LP(a,b). Let
the non-negative kernel K, (t, x) satisfy the following conditions:

(1) For fixed A and x, regarded as a function of t, K,(t,x) is non-decreasing on
la, ] and non-increasing on [z, b|.
(2) For any given 6 > 0,
x40
A,\::/ It —x|? K\(t,2)dt — 0 as \ — oc.
z—0
(3) For any given 6 > 0, as A\ — oo,

Ky(x —0,2) = o(Ay).

(4) The integrals

/x o(t) K\(t,x)dt = C\(z) and / t) Kx(t,z)dt = Dy(z)

have finite values C(x) and D, (x).
(5) The functions p and K are differentiable with respect to t almost everywhere
and, for each fixed \ and z,

0
—K,\(t 0.
P(0) 5Kt ) 2
Suppose that at the point x, as h — 0,

h flz+1)
@D / o)

— f#(2) Tt = o(h*)
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and
M flz—t)
(22 /0 p(r —1t)

Then, at this point x, as A\ — oo,

(2.3) Ty (f; @) — (f#(x) Ca(x) + f#(x) Dy(z))| = O(A;/p) .

p
dt = o(h"H) .

— f(x)

Proof. Using condition (4) of the theorem, we write

|T5(f; @) = (£2(x) Ca(x) + f#(x) Da(2))]

S/x ft)

b
gus f“"(l’)‘ o0 Kalta)di+ [

ft)

o(t)

I~ oo
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Let 1 < p < oo and let ¢ be the conjugate exponent of p. Applying Holder’s

inequality gives

|T5(f; @) = (£2(x) Ca(x) + f#(x) Da(2))]

< ([T122 - o) ot st ) " ([ v mitea)ar) "
+(f b L~ o v mena) ” (/ " olt) Ko (1) i) "

Hence, for a fixed ¢ > 0, splitting each integral over [a, x — 0], [x — 0, z], [z, z + J],

[z + 0, b], we obtain

’Tx(ﬁ T) — (f¢($) Cx(z) + f7(z) DA(fL’)) ‘p
b p/q
§2P(F1,)\+F2’)\+F3’)\+F47)\) </ (p(t) Kk(t,l’) dt)

Using the positivity of K, and [10], it is clear that
Fin <2 pla - ) Kala — 6.0) (171 + 1@ (b - ),

Fin €2 gla+0) Kala + 6.0 (171 + |26 - o).
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Moreover, from conditions (2.1)), (2.2) and integration by parts,
xr

P B+ 1) pla) [ (=0 Kot

Fs, < (B+1)ePo(x) /H (t — x)7 K\(t,z)dLt.

Substituting these estimates and denoting the resulting absolute constants by (',
Cs, Cs3, we arrive at

T3 (f; @) = (£2(x) Ca(x) + f#(x) Da(2))|”
SCl K)\(LL’ — (5, ZL’) + CQ K)\(LL’ + (5, J,’) +e- Cg.

Dividing both sides by A, and letting A — oo, we use hypothesis (3) which states
Ky(z £6,2) = o(Ay), to get

o < ipsup (D151 = () Gle) ) D)

§5'03.

Since ¢ > 0 is arbitrary, the limit equals zero, i.e.

I TA(f5 @) = (f#(x) Ca(x) + f#(x) Da(2))]" = o(Ax),

or equivalently,

ITA(f: 2) = (f7() Cale) + f#(x) Da())] = o(AV?),

which completes the proof. O
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