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SOME NEW CYCLIC INEQUALITIES BASED ON AN INTEGRAL APPROACH
AND THE TITU LEMMA

Christophe Chesneau

ABSTRACT. This paper contributes to the theory of cyclic inequalities by introduc-
ing an underutilized proof strategy: combining integral representations with the
Titu lemma. This approach yields new cyclic inequalities featuring well-known
functions, such as the arctangent and logarithmic functions.

1. INTRODUCTION

Cyclic inequalities are a class of mathematical expressions where the inequality
holds under a cyclic permutation of the variables. Given a set of n variables with
n € N\{0,1,2}, say x1,zs,...,x,, an inequality is cyclic if it remains invariant
under the mapping =1 — x9, 29 — x3,...,x, — x;. These expressions are funda-
mental in optimization and analysis, often requiring sophisticated techniques.

A foundational example of this class is the Nesbitt inequality established in [7]],
which states that, for any a, b, ¢ > 0,

a n b N c o 3

b+c c+a a+b 2
(the equality holds if @ = b = ¢). This inequality serves as a primary benchmark
for testing techniques in the study of cyclic and symmetric algebraic expressions,
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representing the simplest non-trivial case of many broader cyclic systems. For
further developments on the theory of cyclic inequalities, we refer the reader to
the works by [1+43,/5-8]].

In this paper, we advance the study of cyclic inequalities by developing an under-
utilized methodological framework: establishing cyclic bounds through a synergy
of integral representations and the Titu lemma (also known as the Titu form of
the Cauchy-Schwarz inequality or the Bergstrom inequality).

The remainder of this paper is organized as follows: Section [2] provides the nec-
essary preliminaries regarding the Titu lemma, distinguishing between its discrete
and continuous formulations. In Section 3, we apply this framework to establish
several new families of cyclic inequalities involving diverse function classes, no-
tably including logarithmic and arctangent functions. Section |4|is devoted to an
important remark. Finally, Section |5| offers concluding remarks.

2. PRELIMINARIES

Before stating our main theorems, let us recall the two general results we will
use.

(1) The discrete Titu lemma: For any n € N\{0}, a1,as,...,a, € R and
bi,bo,...,b, >0, we have

n n 2
s Eia)
i—1 bi 22‘:1 bi

(2) The integral Titu lemma: Let a,b € R U {—o0,00} with b > a. For any
integrable functions ¢, v : [a, b] — (0, 00), we have

b 2
/b oy, (Jota)ds)
o V(@) T fabz/)(x)dx '
For a more comprehensive discussion of the Titu lemma, we refer the reader to [4]
and the references therein.

3. VARIOUS CYCLIC INEQUALITIES

A new arctangent cyclic inequality is established in the theorem below.
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Theorem 3.1. For any a,b, c > 0, the following inequality holds:

a? b v e ¢ a T, 5 o9 o
— arctan [ — | + — arctan <—> + — arctan (—) > —(a®+ b+ ).
b a c b a c 4

The equality holds if a = b = c.

Proof. We construct an arctangent integral development. For any a,b > 0, per-
forming the substitution u = (b/a)x, we get

1 4 b/a 4 3 rbla
a a a a 1
————dr = - <—> du = —/ d
/0 2+ 22" /0 @ +az2 \b) T g o 1+u? “

= % [arctan(u)]g/“ = % arctan (—) :

a

Using this representation, we can express the main sum as follows:
3 3 3

a b b c c a
— arctan | — | + — arctan (—) + — arctan (—)
b a c b a c

/1 Cl4 N b4 N C4 p
= X.
0 a + b212 b2 + c2r2 c2 + a?r2

By the discrete Titu Lemma and standard integral developments, we obtain

/1 a4 N b4 N c4 p
x
o \a?+b%? 24?2+ a’x?

1

_ / ( 2(a2)2 . (b?)? . (2)? ) o
o \a?+b%? b4 22?2+ a’x?

y /1 (a2 + b2 + 2)?

— Jo (a®+b22?) + (b 4 22?) + (2 + a®x?)

Y (@)

B /0 (a2 4+ b2+ 2)(1 + a?)

dx

T

dx

1
1
—(a2+b2+02)/
0 1

+ a2
= (a® + b* + ) [arctan(z)], = %(a2 +b* + ).
We immediately derive
3
a

3 b v c c a T, 9 19 9
— arctan | — | + — arctan (—) + — arctan (—) > —(a” +b° + ).
b a c b a c 4
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The equality holds if a = b = ¢, in which case both sides simplify to (37/4)a®. This
concludes the proof. O

By substituting a, b, and ¢ with \/a, v/, and +/c, respectively, in Theorem ,
we deduce the following cyclic inequality:

a b b c c a s
a\/j arctan \/j + b\/j arctan \/t + c\/j arctan \/j > —(a+b+c).
b a c b a c 4

Remark 3.1. We can also derive the following inequalities:
b b b 2
%arctan (E) + Earctan (g) + 2 arctan (%) > % . E;ib—;::)&.

The proof follows the lines of the proof of Theorem
A comprehensive cyclic inequality is established in the theorem below.

Theorem 3.2. For any a, b, c > 0, the following inequality holds:

a b c
a\/j+b\/t+c\/j2a—l—b+c.
b c a

The equality holds if a = b = c.

Proof. We construct an integral development. For any a, b > 0, we have

/ < g2 a? \/3 \/3 >
dr = — —arctan | x4/ —
o a+bx? b a all.

a 7 7w Ja

“ Va2 2V

Using this development, we can express the main sum as follows:

a\/§+b\/§+c\/g_z/oo a? n b? n c? da
b c a 7wJy \a+bxz b+ca? c+ax? '

By the discrete Titu Lemma and standard integral developments, we obtain
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) CL2 b2 C2
d
/0 <a+bx2+b+cx2+c+ax2> v
e (a+b+c)
> d
—/0 (a4 bx2) + (b+ ca?) + (c + ax?) v
oo 2
:/ (a+b+c) s
o (a+b+c)(1+2?)
:(a+b+c)/
0

= (a+ b+ ¢) [arctan(z)]y = g(a +b+c).

1+x2d$

We immediately derive
c_ 2 o
\/7—1-6\/»4—6\/; — a+b+c) =a+b+ec
The equality is attained if « = b = ¢. This concludes the proof. O

Alternatively, setting = = \/a, y = v/b, and z = /c allows us to apply the discrete
Titu lemma in conjunction with the standard inequality zy +yz + 22 < 22+ 3% + 22,

(2% + y? —|—z) (2 +y +z)
xy+yz+zr x4+ y?+ 22

as follows:

=2’ +y*+22=a+b+ec

A new cyclic inequality depending on one parameter is established in the theo-
rem below.

Theorem 3.3. For any a,b,c > 0 and n > 1, the following inequality holds:

a® (D\Y" B2 seNUn 2 sani/n

i Y — (2 > )

b (c) +c<a) +a<b) zatbtc
The equality holds if a = b = c.

Proof. For any n > 1, let us set

< 1
In:/ dz
0 1+In
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(we do not need its analytical form). We construct an integral development. For

any a, b,c > 0, performing the substitution = = u (b/ c)l/ ", we get

0 2 oo 2 1/n
[t [t ()"
o b+can o b+c(b/c)ur \c

2

1/n  poo 9 1/n
)" [ e ()"
b \c s 1tar b

Cc

Using this development, we can express the main sum as follows:

a’ (b 1/n+b2 <c>1/n+c2 <a>1/n 1 /°° a? N b? N c? p
— | - — (- — = = — T.
b \c c \a a \b I, Jo b+cx® c+ax™ a+ bz

By the discrete Titu Lemma and standard integral developments, we obtain

00 CL2 b2 C2
/ ( + + ) dz
0 b+ cx™ c+ax™

a + bxm

>/°° (a+ b+ c)? ”
~—Jo (b+ca")+ (c+ az™) + (a+ bam)

::ém( (a+b+c)? i

a+0b+c)(l+zn)

< 1
:(a+b+c)/ dx
0

1+ 2n

=(a+b+c)l,.
We immediately derive

a2 (D\Y" B seNUn 2 sanln 1
— | = — (= — > — = .
b (c) +c<a> +a<b> -1, (at+bte)=a+bte

The equality holds if « = b = ¢. This concludes the proof.

Setting n = 2 yields the

a? v? c?

+—=+—=2>a+b+c
Vbe  Vea  vab

Setting n = 3 yields

a? b? c?

b2/3 0173 + 273173 + a2/3p1/3 >a+tb+tec
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Remark 3.2. We can also derive the following inequalities:

a b c (a+b+c)?
+ + > >3
Ve  Vea  ab T ab+be+ca T
The proof of the first inequality follows the lines of the proof of Theorem with the
representation

a b c 1 [ a? b c?
\/E—i_ \/@+ Vab - I_Q/O (ab+acx2 * be + bax? * ca+cbx2) de.
The second inequality concludes by using the known inequality (a + b+ ¢)* > 3(ab +
bc + ca).
To establish the lower bound of 3, a more direct approach applies the standard
inequality z2 + y? > 2xy for all z,y € R, and the Nesbitt inequality, as follows:

a+b+c>2(a+b+c)>2§_3
Ve Vea  ab T~ \b+ec ct+a a+b) "7 2 7

A new logarithmic cyclic inequality is established in the theorem below.

Theorem 3.4. For any a,b, c > 0, the following inequality holds:

a? b b? c c? a
— - -~ - — - >
b1n<1+a)+ 1n<1+b)+aln<1—|— )_ln(2)(a+b+c),

C C

so that

2
b a*/b b2/c c2/a
(1 + —> (1 + f) (1 + 9) > gatbte
a b c

The equality holds if a = b = c.

Proof. We construct a logarithmic integral development. For any a,b > 0, we have
2

1 2 2
/o ¢ dx:%[ln(a+bx)]é:%ln<1+g).

a-+ bx

Using this development, we can express the main sum as follows:
2 2

%1n<1—|—§)—i—b—zln(l—i-g)—l—%ln(l—F%)

/1 < a2 b2 2 )
= + + dx.
o \a+br b4+cr cHax
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By the discrete Titu Lemma and standard integral developments, we obtain

/1( 02 b2 2 )
+ + dx
o \a+br b+cr cH+ax
/1 (a+0b+c)
> dz
o (a+bx)+ (b+cx) + (c+ ax)
1 2
:/ (a+b+c) s
o (a+b+c)(1+2)
1
1
= b d
(a+ +c)/0 T %

=(a+b+c)[In(l+2)],=n(2)(a+b+c).

We immediately derive
2

a’ b b c c a
bl Z il i 2) > _
b1n<1+a)—|— 1n(1+b)+aln(1+c>_1n(2)(a+b+c)

C

Standard logarithmic developments give

D\ e\t aya
In (1 v —) (1 n -) (1 n —> > In(20+0+¢),

a b c
so that

b a®/b b2/c c2/a

(1+2) (1) (e 2y e

a b c

The equality is attained if a = b = ¢. This concludes the proof. O

Another new logarithmic cyclic inequality is established in the theorem below.

Theorem 3.5. For any a,b,c > 0 such that a # b # ¢, the following inequality holds:
2

a a b2 b c? c
ln<—>—|— In{ -]+ ln<—>2a+b+c.
a—>b b b—rc c c—a a

Proof. We construct a logarithmic integral development. For any a,b > 0 with

a # b, performing the substitution v = a(1 — x) + bz, we get

! a? b a? 1 a? b a? b
/0 a(l—x)—i—bxx uw b—a" b—a[n(u)]a b—an<a>

a
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Using this development, we can express the main sum as follows:
2 2

o) () s ()

1 02 b2 2
— + + dx.
/0 (a(l—x)+bx b(1 —x) + cx c(l—x)+ax>

By the discrete Titu Lemma and standard integral developments, we obtain

1 02 b2 2
/ + dx
( (1—9c)+b:1: b(l —x) + cx c(l—x)—i—aa:)

>/ (a+b+c)? i
o (a(l—=x)+0bx)+ (b(1—2z)+cz)+ (c(l —x)+ ax)
/1 (@a+ b+ c)? s
o I—xz)(a+b+c)+z(a+b+c)

1 b 1
/ (atbto)f ——dx :/(a+b—|—c)da:
0 0

a+b+c
=(a+b+o)|z))=a+b+ec

We immediately derive
2

aa_bm(%)—l—bbjcln(g) —I—Cc_Qaln(g) >a+b+c

This concludes the proof. O

Another new logarithmic cyclic inequality is established in the theorem below.

Theorem 3.6. For any a,b, c > 0, the following inequality holds:

(%Q—Z—zln(1+§))+<b—cz—lé—iln< +g>)+ (%2—2—21H< +%))
>(1—In(2))(a+b+c).

The equality is attained if a = b = c.

Proof. We construct a logarithmic integral development. For any a, b > 0, perform-
ing the substitution u = /x and integral developments, we get
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1 2 12 2 1
/ ¢ dx:/ ¢ (2u)du:2i/ bu du
o a+b/x o a+bu b Jo a+bu

:2_(12 1a+bu—adu:% 1(1_ a )du

b Jo a+bu b Jo a+ bu
2a? a 1
:T [u—gln(a-i—bu) 0
2a? a

m@)

Using this development, we can express the main sum as follows:
a>  ad b v:b c A a
L S (142 e+ ) )+ (S -Sm(1+9)
(b b2n<+a))+<c 2 +b)+(a 2 +c

1t a’ b? c?
. de.
2/0 (a+b\/5+b+c\/5+c~l—a\/5) ’

By the discrete Titu Lemma and standard integral developments, we obtain

1 a2 b2 C2
/ + + dx
o \a+b/r b+cyr cH+ayr
(a+b+c)?

Z/0 (a+by/x)+ (b+ c/x) + (c + ay/x
:/1 (a+b+c)? i
o (

at+b+c)+(a+b+c)e

_/1 (a+b+c)? i
Jo (a+b+o)(1+7)

1
1
= b ——dx.
(a + +c)/0 1+\/Ex

We evaluate this final integral using the same substitution u = \/x, which yields

>d:v
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1 1 1
/#dl'z/ 2u du:2/ 1— ! du
o 1++vx o 1+u 0 14+u

=2[u—In(1+u)]} = 2(1 — In(2)).

We immediately derive

(%—Z—jln(l%—%))—I—<b—§—i—21n<1+g>)+ (%Q—Z—Zln<1+%))
> % 21— In(2))(a+b+e) = (1 —In(2))(a+b+c).

The equality is attained if a = b = ¢. This concludes the proof. O

In the rest of the paper, we will investigate integral cyclic inequalities depending
on three functions, f, g, and h.
Cyclic integral-ratio inequalities are presented in the theorem below.

Theorem 3.7. Let a,b € RU {—00,00} with b > a, and f,g,h : [a,b] — (0,00) be
integrable functions. Then, the following cyclic inequalities hold:

[ G [ [ ey

(m o) (fa >2 (J2 hayis)

+ SRR
(a:)dx f h(x [, f(x)dx

/f dx+/ ()d:c—l—/bh( )dzx.

The equality holds if f(z) = g(x) = h(x) almost everywhere on |a, b].

Proof. We apply the integral Titu lemma to each of the three terms on the left-hand
side individually, so that

it (r@an) e (e )
g(z) N fgx /agh(iﬁ)dx_ fh

and
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Summing these three inequalities yields

P [ [,
/a a(@) +/a W) ) @

(fab f(x)dm>2 (fab g(x)dx>2

b R
[, g(x)dx [ h(z)dx
The first inequality is proved.

>

Now, we define

A:/abf(x)dx, B:/abg(x)dm, O:/abh(x)dx.

Because f, g, h are strictly positive on [a, b], we are guaranteed that A, B,C > 0.
Substituting these variables into the right-hand side, we get
A?  B* (7
b2 + Yol + I
By the discrete Titu Lemma, we obtain
A2 B* (C? _(A+B+0)?
—t =+t
B C A B+C+ A
Since the numerator is squared, we can simplify this expression directly, as follows:

A+B+C)? b b b
(A:Tic):AjLBJrC:/a f(ac)dw+/a g(a:)d:c—i—/a h(x)do.

Therefore, we have
(se)” (o) (J i)
J, 9(x)da J2 h(x)de 7 f(x)dx
> /abf(x)dx + /abg(m)dx +/a h(z)dz.

The second inequality is proved.

Combining the inequalities above, we immediately derive

/ab J;(é); e / i(d) ot / ]}(f:c); *
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(J! fayiz) (ffg(x)d:c)2 (I ha)de)”

bg(x)dx " fbh " f:f(w)dx

Ja
z/bf(a: /bg da:—l—/ h(z)dz.

The equality holds if f(x) = g(z) = h(z) almost everywhere on [a,b]. This con-

cludes the proof. O

In a sense, these cyclic inequalities bridge the discrete and integral forms of the
Titu lemma.

Remark 3.3. By applying the discrete Titu lemma to the functions f, g, and h, we
directly obtain the lower bound of Theorem as follows:

/ ol / e / (];(é); ! % ! ]}(<)>) o

<f<x>+g<>+h<>> ) TR
z/ ( T ()+f()>dx—/G<f()+g()+h( ))d

/f da:+/ ()dz+/bh( )da.

The main significance of Theorem [3.7]lies in the order of the resulting chain of three

inequalities.

The theorem below presents further cyclic integral-ratio inequalities depending
on one parameter.

Theorem 3.8. Let a,b € RU {—o0,00} with b > a, f,g,h : [a,b] — (0,00) be
integrable functions, and ¢ > 0. Then, the following cyclic inequalities hold:

O P R R 1
/a @) + cgl@)” +/a 9@) + ch(@)" +/a W)+ cf @)™

(o) (f;’gmdx) . (J2 n(yar)

>
B f; f(z)dz + cf: g(z)dx fabg(x)da? + cfabh fa h(z)dx + Cfa f(z)dx

1 1 (/abf(x)drzr—l—/(lbg(x)da:+/abh(w)dw> '
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The equality holds if f(x) = g(x) = h(x) almost everywhere on [a,b], or if ¢ = 0.

Proof. We apply the integral Titu lemma to each of the three terms on the left-hand
side individually, so that

/b F(2)? . (f:f(x)dx>2 _ (fabf(m)dx>2
o J(@)+egz)  — f: (f(z) + cg(x))dex f;f(x)dx - cfabg(ac)alalz7
/b g(z)? e <f; g(:v)dx) i B (fab g(m)dm) i

o 9(@)+ch(z)  — fab (9(z) + ch(z))dz fabg(x)da: - cf; h(z)dx

and

/b h(z)? e (f; h(x)dx)2 _ <fab h(x)dx>2
o M) +cf(@) = [P(h(z)+cf(x))de  [Ph(z)dz +c [ f(x)dz

Summing these three inequalities gives

L Y L) PR R 10
[ rasmm | i samtt | mera
N (fab f(x)dx) . <fab g(ac)dx) .\ (f; h(ac)dx)
- fab f(x)dx + ¢ f:g(x)dx fab g(x)dzr + cfab h(z)dx fab h(z)dx + cfab f(x)dx
The first inequality is proved.

Now, we define

A= /ab f(z)dx, B= /abg(a:)d:c, C= /ab h(z)dzx.

Because f, g, h are strictly positive on [a, b], we are guaranteed that A, B,C > 0.
Substituting these variables into the right-hand side, we get
A? B? C?
+ + :
A4+cB B+cC (C+H+cA
The discrete Titu Lemma gives
A2 N B? N C? S (A+ B+ C)?
A+cB B+4+cC C+cA = (A+cB)+ (B+cC)+ (C+cA)
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B (A+B+C)
_( DA+B+0C) mﬂ

b
(/ f(x d:U—l—/ g(x )dx+/ h(x)dx).
Therefore, we have

(row) () (e

[? f(x)de + ¢ [ g(x)da * 12 g(a)dz + ¢ [ h(z)dz - [P h(x)da + ¢ [? f(z)da

> c—ll—l (/abf(x)dx+/abg(x)dx+/abh(x)dx).

The second inequality is proved.
Combining the inequalities above, we immediately derive

b ) b () b ()
lfm+@@“+lg@ﬁmw“+lhm+#w“
(f: f(ac)dx>2 (fabg(x)dx>2 <fbh >2

= Pl L@ [Codnt e h@ds | hade +e ]! f@)

> Cil (/abf(x)dx+/abg(a:)da:+/abh(x)dx).

The equality holds if f(z) = g(x) = h(x) almost everywhere on [a,b]. This
concludes the proof. O

(A+ B+C)

4. A REMARK

A unifying feature of some inequalities presented in the previous section is that
they can be expressed in the form

af (g) L of (g) tef (%) > (a+b+c)f(1),

for a suitable function f : (0,00) — R. This pattern inspires the theorem below,
where convexity plays a central role.
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Theorem 4.1. Let f : (0,00) — R be a convex function. Then, for any a,b,c > 0, the
following inequality holds:

af (g) +of (3) +ef (2) = (a+b+a)f(1).
The equality holds if a = b = c.

Proof. Modifying the weights and applying the Jensen inequality to the convex
function f, we obtain

o (2) +21 () o ()
e (e (8) i () v ()
Z(a+b+wﬂf( abfa) | _ble/b) | _cla/c) )

a+b+c a+b+c a+b+c

a+b+c

The equality holds if « = b = c. This concludes the proof. O

:(a+b+c)f(

If f is concave instead of convex, then the inequality is reversed.
For example, consider f(x) = 1/+/x, which is convex because the second deriv-
ative satisfies f”(r) = (3/4)z~%? > 0. Then Theorem [4.1] gives

vr+bwr+c¢_>a+b+c

This also corresponds to Theorem [3.2]

However, the possible relat1onsh1p between the integral-Titu lemma framework
and the convexity assumption on f remains an open methodological question. Fur-
thermore, verifying the convexity of f can be technically challenging in complex
settings. Consequently, the two approaches should be viewed as complementary.

5. CONCLUSION

In this paper, we have advanced the study of cyclic inequalities by establishing a
unified framework that combines integral representations with both discrete and
continuous formulations of the Titu lemma. Through this approach, we derived
several new families of cyclic inequalities across diverse function classes, notably
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including logarithmic and arctangent functions. These results highlight the ver-
satility and power of this underutilized methodology, offering a robust way for
tackling complex analytical bounds and opening promising directions for future
research in functional inequalities.
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