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1D CONVECTION-DIFFUSION IN POROUS MEDIA: A UNIFIED SOLUTION
FROM BOUNDED DOMAIN TO HALF-SPACE

Koffi Ognandon AYENA1, Frédéric HOLWECK, and Amah Séna D’ALMEIDA

ABSTRACT. We present a unified analytical solution of the 1D convection-diffusion
equation for constant-velocity solute transport in porous media, valid on both a
bounded interval [0, L] and the half-space [0,+∞[. Via the Laplace transform, the
Green’s function is inverted through two equivalent routes – residue calculus and
Poisson summation – and we justify the limit L → +∞, recovering the classi-
cal Ogata-Banks solution. Results are validated against a finite-volume scheme
and compared with Genuchten’s analytical solution, with observed discrepancies
traced to differing outlet boundary conditions.

1. INTRODUCTION

Modelling the atmospheric dispersion of pollutants, such as radionuclides or fine
particulate matter, is central to environmental and public-health risk assessment.
This problem is traditionally described by a convection-diffusion equation, which
combines transport by the wind (convection) with turbulent diffusion.
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∂

∂t
c(−→x , t) +

−→
∇c(−→x , t) ·

−→
V (−→x , t) + c(−→x , t)

−→
∇ ·

−→
V (−→x , t)

−
−→
∇ ·

(
D ·

−→
∇c(−→x , t)

)
= S(−→x , t),

(1.1)

where D is the diffusion tensor.
The analytical resolution of equation (1.1), in some specific cases, has been

addressed by several authors using analytical or stochastic methods.
Historically, this equation has been studied extensively in the infinite-domain

case (R3), where explicit analytical solutions can be obtained under simplifying
assumptions. Among the classical approaches, the Gaussian plume solution al-
lows one to solve the equation for a continuous point source in an infinite, ho-
mogeneous medium, producing Gaussian concentration distributions [12]. Other
authors derive the steady-state solution using the method of characteristics [3].
The asymptotic nature of solutions to steady convection-diffusion problems has
also been studied [13]. Numerical methods for singular-perturbation problems, in
particular convection-dominated steady convection-diffusion problems, have been
widely discussed [2, 8]. Zoppou and Knight (1999) proposed analytical solutions
of the advection-diffusion equation with spatially varying coefficients in one to
three dimensions, under the assumption that velocity varies proportionally to dis-
tance and diffusion scales with the square of this velocity [16]. Separately, Szym-
czak and Ladd (2003) explored stochastic solutions, representing concentration
through random-walk particles and proposing methods to impose reflecting, ab-
sorbing, or finite-reservoir boundary conditions [14]. This approach reproduces
boundary effects faithfully and offers a precise alternative to deterministic meth-
ods, particularly in complex geometries or near interfaces.

However, for numerical, analytical or semi-analytical solution for concentration-
driven flow in porous media, classical or frational approaches often treat bounded
[4,5,11,15] and unbounded [7] domains separately.

We therefore present an approach that unifies the treatment of the longitudinal
dispersion equation in a porous medium whether posed on a bounded interval
[0, L] or on the half-space [0,+∞[.

This manuscript is organized as follows. In section 2, we state the assumptions
and formulate the problem. The derivation of the Laplace Transform solution
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and the Green’s function via residue, with numerical illustration, is performed in
section 3. We present in section 4 a finite-volume validation and comparison with
Genuchten’s numerical solution. In section 5 a derivation of the Green’s function
via Poisson summation allows to establish and justify the L → +∞ limit recovering
the half-space solution. The conclusion is given in section 6.

2. PROBLEM STATEMENT

This section presents an analytical solution for the longitudinal dispersion equa-
tion in a bounded porous medium. The problem models the transport of a solute
in a unidirectional flow with constant mean velocity.

(2.1)
∂

∂t
c(x, t) + v0

∂c(x, t)

∂x
−D11

∂2c(x, t)

∂x2
= 0

c(x, 0) = ca(x), ∀x ∈]0, L],

c(0, t) = cp(t) ∀t ∈ R∗
+.(2.2)

2.1. Assumptions. The results of the following sections rely on the assumptions
below.

- The physical coefficients are constant, with D11 > 0 and v0 ∈ R (constant
convection velocity).

- The initial condition is spatially uniform on the domain considered: ca(x) =
c0a for all x, where c0a ∈ R is a given constant. (This assumption is used
from Section 3 onward, where the Laplace transform of ca is simplified ac-
cordingly; the case of a non-constant ca(x) remains covered by the general
solution (3).)

- The boundary condition cp is of class C1(R+).

3. SOLUTION VIA THE LAPLACE TRANSFORM

The Laplace transform of a function f(t) is defined by

F (s) = L
[
f(t)

]
=

∫ ∞

0

e−stf(t) dt,
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where s is a complex variable. Let C(x, s) = L
[
c(x, t)

]
denote the Laplace trans-

form of c(x, t).
Applying the operator L to equation (2.1) gives

sC(x, s) + v0
∂C(x, s)

∂x
−D11

∂2C(x, s)

∂x2
= ca(x)(3.1)

Set y(x) = C(x, s). A homogeneous solution of equation (3.1) is

Ch(x, s) = K1e
λ1x +K2e

λ2x,

with

λ1 =
v0 +

√
v20 + 4sD11

2D11

, λ2 =
v0 −

√
v20 + 4sD11

2D11

, ∆ = v20 + 4sD11 ≥ 0,

for s ≥ 0. A particular solution of (3.1) is

Cp(x, s) = k1(x)e
λ1x + k2(x)e

λ2x,

with coefficients k1 and k2 given by

k1(x) =
1

D11(λ2 − λ1)

∫
ca(x)

eλ1x
dx k2(x) =

1

D11(λ1 − λ2)

∫
ca(x)

eλ2x
dx.

Every solution of (3.1) is therefore of the form

C(x, s) = K1e
λ1x +K2e

λ2x +
eλ1x

D11(λ2 − λ1)

∫
ca(x)

eλ1x
dx

+
eλ2x

D11(λ1 − λ2)

∫
ca(x)

eλ2x
dx,

with ∆ ≥ 0. When ca is constant, ca(x) = c0a (Assumption 2.1), and setting

λ1 = α + β, λ2 = α− β, α =
v0

2D11

, β =

√
s

D11

− s0, s0 = − v20
4D2

11

,

and noting that
λ1λ2 = − s

D11

,

the solution C(x, s) takes the form

C(x, s) = K1e
λ1x +K2e

λ2x +
c0a
s
.(3.2)
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The constants Ki, i = 1, 2 are determined explicitly using the boundary conditions

C(L, 0) =
ca(L)

s
=

c0a
s
,

L[c(0, t)] = Cp(s) ∀t ∈ R∗
+.

Consequently, (3.2) becomes

C(x, s) =
eλ2Leλ1x − eλ1Leλ2x

eλ1L − eλ2L

(
c0a
s
− Cp(s)

)
+

c0a
s
.(3.3)

The sought solution c(x, t) is, by definition, the inverse Laplace transform of C(x, s)

given by (3.3). For this reason, we rewrite C(x, s) as

C(x, s) = G(x, s)

(
c0a
s
− Cp(s)

)
+

c0a
s
, G(x, s) = −eαx

sinh((L− x)β)

sinh(Lβ)
.

Applying L−1,

c(x, t) = c0a + L−1
[
G(x, s)

]
∗ L−1

[c0a
s
− Cp(s)

]
,

and using the property of the convolution product, denoted ∗, the solution of
equation (2.1) becomes

c(x, t) = c0a +

∫ t

0

g(x, τ)
(
c0a − cp(t− τ)

)
dτ.

3.1. Inversion of G by the residue method. The inverse Laplace transform of
G is computed through a contour integral in the complex plane. The Bromwich-
Mellin formula reads

g(x, t) =
1

2iπ

∫ γ+i∞

γ−i∞
G(x, s)estds.

We invert G(x, s) using residues. The singularities of G(x, s) come from the zeros
of its denominator:

sinh(βL) = 0 =⇒ βL = inπ (n ∈ Z∗)(3.4)

=⇒ sn = − v20
4D11

− n2π2D11

L2
.

Since the poles sn are strictly negative, we choose γ such that its real part R(γ) ∈
R∗

+. Since sn = s−n, the residue theorem allows us to rewrite the inverse Laplace
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transform as

g(x, t) =
1

2

∑
n∈Z∗

Res(G(x, s)est, sn).

Since the poles sn are of order 1, the residue computation gives

Res(G(x, s)est, sn) = lim
s→sn

(s− sn)G(x, s)est

Since the denominator sinh(βL) of G(x, s) vanishes at sn, its first-order Taylor
expansion near sn is

sinh(βL) ≈ sinh(βL)

∣∣∣∣∣
s=sn

+ (s− sn)
d

ds
sinh(βL)

∣∣∣∣∣
s=sn

≈ (s− sn)
d

ds
sinh(βL)

∣∣∣∣∣
s=sn

,

so the residue becomes

Res(G(x, s)est, sn) = −eαx+snt lim
s→sn

(s− sn)
sinh((L− x)β)

(s− sn)
d
ds
sinh(Lβ)

.

From
d

ds
sinh(βz) = z cosh(βz)

dβ

ds
=

z cosh(βz)√
v20 + 4sD11

,

replacing z by L and using implication (3.4), we obtain

d

ds
sinh(βz)

∣∣∣∣∣
s=sn

=
(−1)nL2

2inπD11

,

with
√

v20 + 4snD11 =
2inπD11

L
.

Using the property sinh(ix) = i sinx and

β(L− x)

∣∣∣∣∣
s=sn

= βL(1− x

L
)

∣∣∣∣∣
s=sn

= inπ(1− x

L
),

we simplify the residue expression:

Res(G(x, s)est, sn) = −
i sin(nπ(1− x

L
))

(−1)nL2

2inπD11

eαx+snt = −
(−1)n2nπD11 sin(

nπx
L
)

(−1)nL2
eαx+snt

= −2nπD11

L2
eαx+snt sin(

nπx

L
).
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Using the symmetry sn = s−n and sin(−nπx
L

) = − sin(nπx
L
), we group the +n and

−n terms to obtain

g(x, t) =
1

2

∑
n∈Z∗

Res(G(x, s)est, sn)

= −1

2
eαx

∑
n∈Z∗

2nπD11

L2
esnt sin(

nπx

L
),

and consequently

g(x, t) = −eαx
∞∑
n=1

2nπD11

L2
esnt sin(

nπx

L
).(3.5)

We obtain the analytical expression of the general solution from the known func-
tion g:

c(x, t) = c0a +

∫ t

0

g(x, τ)
(
c0a − cp(t− τ)

)
dτ.(3.6)

The integral ∫ t

0

g(x, τ)
(
c0a − cp(t− τ)

)
dτ,

is evaluated numerically below using a deterministic quadrature rule.

Remark 3.1 (Recovery of the boundary condition at x = 0). For every n ≥ 1 and
every τ > 0, sin(nπ · 0/L) = 0, so the series (3.5) gives g(0, τ) = 0 for all τ > 0.
Substituting this into (3.6) would therefore yield c(0, t) = c0a for every t (figure 1), in
apparent contradiction with the boundary condition (2.2), c(0, t) = cp(t).

This is not a contradiction: the Green’s function g(0, ·) is not a classical function
on [0,+∞[ but a distribution. Indeed, in the Laplace domain,

G(0, s) = − sinh(Lβ)/ sinh(Lβ) = −1

for every s, independently of D11 and v0; hence

g(0, ·) = L−1[−1] = −δ0,

in the sense of distributions, where δ0 is the Dirac mass at τ = 0. The series (3.5),
obtained from the poles of G(x, s) alone, only reproduces the regular part of g(0, ·)
on τ > 0 – correctly equal to 0 – but does not capture this singular contribution at
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τ = 0. Formally injecting g(0, τ) = −δ0(τ) into (3.6) gives

c(0, t) = c0a +

∫ t

0

(
− δ0(τ)

)(
c0a − cp(t− τ)

)
dτ = c0a −

(
c0a − cp(t)

)
= cp(t),

consistent with condition (2.2). Equivalently, the boundary value is recovered as
the limit limx→0+ c(x, t) = cp(t) (a boundary layer at x = 0), rather than by direct
substitution of x = 0 into the integral formula valid for t > 0.

Numerically, this means the convolution integral in equation (3.6) must not be
evaluated at x = 0: the value c(0, t) = cp(t) has to be imposed directly, as is done in
the implementation (figure 2). By contrast, no such difficulty arises at x = L, since
sin(nπ) = 0 makes g(L, τ) = 0 classically (no Dirac contribution), consistently with
G(L, s) = 0 for every s, so c(L, t) = c0a is obtained directly from (3.6) without special
treatment.

The physical parameters used are: diffusion coefficient D11 = 0.1, convection
velocity v0 = 0.5, uniform initial concentration c0a = 0.0, and boundary condition
at x = 0 given by

cp(t) =

5 t if t < 0.1

0.5 if t ≥ 0.1

(a linear ramp followed by a plateau). The zero-flux condition at x = L is implic-
itly satisfied by the construction of the Fourier series.

Numerical method: The results shown below are obtained via formula (3.6)
where g(x, t) is the Green’s function developed as a Fourier series (equation (3.5)).
The convolution integral is evaluated numerically using the quad routine from
SCIPY.

Stability and convergence: The series is truncated at N = 500 terms, which
gives good numerical stability. The choice of N is guided by the following conver-
gence criterion: the terms decay exponentially as exp(−n2π2D11t/L

2) for t > 0,
so the series converges absolutely for every t > 0. At short times (t → 0+), con-
vergence is slower, which justifies using a fairly large number of terms (N = 500)
to capture the concentration front accurately. A comparison with a finite-volume
scheme showed results consistent with the analytical solution.

Profiles are shown at times t = 0.02, 0.05, 0.1, 0.2, 0.5, 1.0 and 2.0. The plots
show the convective transport of the front to the right, its diffusive broadening,
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and a gradual build-up of material near the wall x = L associated with the zero-
flux condition.

0.0 0.2 0.4 0.6 0.8 1.0
x
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0.4

0.5

c(
x,
t)

t = 0.02
t = 0.05
t = 0.1
t = 0.2
t = 0.5
t = 1.0
t = 2.0

FIGURE 1. Concentration profiles c(x, t) obtained by direct substi-
tution of the Fourier-series Green’s function (3.5) into (3.6), without
accounting for the Dirac contribution at x = 0 identified in Re-
mark 3.1.
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FIGURE 2. Concentration profiles c(x, t) obtained from the same
analytical solution (3.5)–(3.6), this time accounting for the Dirac
mass g(0, ·) = −δ0 identified in Remark 3.1: the boundary value
c(0, t) = cp(t) is imposed directly rather than obtained from the se-
ries at τ > 0 alone. The profile is now continuous at x = 0 and
satisfies the prescribed boundary condition (2.2).



402 K. O. AYENA, F. HOLWECK, and A. S. D’ALMEIDA

4. NUMERICAL RESULTS

4.1. Finite-volume discretization. We return to the 1D convection-diffusion prob-
lem (2.1), written in conservative form:

∂tc+ ∂xF (c) = 0, F (x, t) := v0 c(x, t)−D11 ∂xc(x, t),

where F is the total flux (advective + diffusive). This form will be referred to as
(4.1) below.

(4.1) ∂tc+ ∂xF (c) = 0.

4.1.1. Semi-discretization in space. We introduce a uniform subdivision of [0, L]

into N control volumes

Ωi =
[
xi− 1

2
, xi+ 1

2

]
, xi+ 1

2
= ih, h =

L

N
, i = 1, . . . , N,

with centers xi =
(
i− 1

2

)
h. We denote by ci(t) the approximation of the average

value of c(·, t) over Ωi.
Integrating the relation (4.1) over Ωi and dividing by h gives the semi-discrete

scheme (method of lines)

(4.2)
dci
dt

= −1

h

(
Fi+ 1

2
− Fi− 1

2

)
.

It remains to specify the discretization of the flux F at each interface. For inter-
nal fluxes, we use an upwind scheme (v0 > 0) for the advective term and a centred
scheme for the diffusive term:

(4.3) Fi+ 1
2
= v0ci −D11

ci+1 − ci
h

, i = 1, . . . , N − 1.

At the left boundary (x = 0), the Dirichlet condition (2.2) imposes c(0, t) = cp(t);
approximating the derivative with a finite difference over the half-step separating
x = 0 from the centre x1 of the first cell gives

(4.4) F 1
2
= v0cp(t)−D11

c1 − cp(t)

h/2
.

At the right boundary (x = L), the condition c(L, 0) = c0a is treated analogously:

(4.5) FN+ 1
2
= v0c

0
a −D11

c0a − cN
h/2

.
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We detail here, step by step, the construction of the full matrix form of the
semi-discretized system.

Semi-discrete equation for each volume. Equation (4.2) reads, for each i =

1, . . . , N :
dci
dt

= −1

h

(
Fi+ 1

2
− Fi− 1

2

)
.

Expression of the fluxes in terms of the unknowns.

Internal fluxes (i = 1, . . . , N − 1). From (4.3):

Fi+ 1
2
= v0ci −D11

ci+1 − ci
h

=

(
v0 +

D11

h

)
ci −

D11

h
ci+1.

Flux at the left boundary (F 1
2
). From (4.4):

F 1
2
= v0cp(t)−D11

c1 − cp(t)

h/2
= v0cp(t)−

2D11

h
(c1 − cp(t)).

Expanding:

F 1
2
= −2D11

h
c1 +

(
v0 +

2D11

h

)
cp(t).

Flux at the right boundary (FN+ 1
2
). From (4.5):

FN+ 1
2
= v0c

0
a −D11

c0a − cN
h/2

= v0c
0
a −

2D11

h
(c0a − cN).

Expanding:

FN+ 1
2
=

2D11

h
cN +

(
v0 −

2D11

h

)
c0a.

Equation for each index i.

Case i = 1 (first cell). For i = 1, the equation involves F 1
2

(left boundary) and F 3
2

(internal flux between cells 1 and 2):

dc1
dt

= −1

h

(
F 3

2
− F 1

2

)
.

The equation for i = 1 becomes

dc1
dt

= −
(
v0
h

+
3D11

h2

)
c1 +

D11

h2
c2 +

(
v0
h

+
2D11

h2

)
cp(t) + b1.
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Case 2 ≤ i ≤ N − 1 (internal cells). The equation for internal i becomes

dci
dt

=

(
v0
h

+
D11

h2

)
ci−1 −

(
v0
h

+
2D11

h2

)
ci +

D11

h2
ci+1.

Case i = N (last cell). For i = N , the equation involves FN− 1
2

(internal flux be-
tween N − 1 and N) and FN+ 1

2
(right boundary):

The equation for i = N becomes

dcN
dt

=

(
v0
h

+
D11

h2

)
cN−1 −

3D11

h2
cN −

(
v0
h

− 2D11

h2

)
c0a + bN .

The system can now be written as

dc

dt
= Mc+ cp(t)g + s,

where c = (c1, . . . , cN)
⊤.

Reading off the coefficients cj in each equation gives a tridiagonal matrix:

- Row 1:

M1,1 = −
(
v0
h

+
3D11

h2

)
, M1,2 =

D11

h2
.

- Rows i = 2, . . . , N − 1:

Mi,i−1 =
v0
h

+
D11

h2
, Mi,i = −

(
v0
h

+
2D11

h2

)
, Mi,i+1 =

D11

h2
.

- Row N :

MN,N−1 =
v0
h

+
D11

h2
, MN,N = −3D11

h2
.

All other coefficients are zero.
Only the first row contains a term in cp(t):

g1 =
v0
h

+
2D11

h2
, gi = 0 for i ≥ 2.

Hence

g =

(
v0
h

+
2D11

h2
, 0, . . . , 0

)⊤

.

The vector s contains two types of contributions: The right Dirichlet condition,
which appears only in the last row as

−
(
v0
h

− 2D11

h2

)
c0a.



1D CONVECTION-DIFFUSION IN POROUS MEDIA 405

Hence
si = 0 for i = 1, . . . , N − 1,

and

sN = −
(
v0
h

− 2D11

h2

)
c0a.

In summary, the semi-discretized system reads

dc

dt
= Mc+ cp(t)g + s,

with

M =



−
(
v0
h
+ 3D11

h2

)
D11

h2 0 · · · 0

v0
h
+ D11

h2 −
(
v0
h
+ 2D11

h2

)
D11

h2

. . . ...

0
. . . . . . . . . 0

... . . . v0
h
+ D11

h2 −
(
v0
h
+ 2D11

h2

)
D11

h2

0 · · · 0 v0
h
+ D11

h2 −3D11

h2


,

g =


v0
h
+ 2D11

h2

0
...
0

 ,

and

s =


0

0
...
0

−
(
v0
h
− 2D11

h2

)
c0a

 .

Applying the implicit Euler scheme gives

cn+1 − cn

∆t
= Mcn+1 + cp(t

n+1)g + s,

that is,
(IN −∆tM)cn+1 = cn +∆t

(
cp(t

n+1)g + s
)
.

The matrix A = IN − ∆tM is tridiagonal and constant, allowing a single LU

factorization and an efficient O(N) solve at each time step (figure 3).
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FIGURE 3. Concentration profiles c(x, t) on the spatial domain x ∈
[0, L] with L = 1.0, obtained with the finite-volume scheme.

4.2. Comparison with the analytical solution of Genuchten. We compare our
results with the analytical solution of Genuchten in [15], taking ca0 = 0 (zero ini-
tial concentration), L = 1.0 km, D11 = 0.1 km2/year, v0 = 0.5 km/year, and an
inlet concentration C0 = 0.5. We observe very good agreement between the two
solutions for x below a certain threshold, regardless of the time considered (fig-
ure 4). However, as t increases, a discrepancy appears and progressively widens as
we approach the right boundary x = L. This discrepancy is not due to numerical
error, but rather to a different choice of boundary condition at the outlet:

- Authors impose in [15] a homogeneous Neumann condition

∂c

∂x

∣∣∣∣
x=L

= 0,

representing a closed boundary with no outgoing dispersive flux. Under
steady-state conditions, this forces the concentration to saturate over the
entire domain, including at x = L, which explains the progressive accu-
mulation observed in their profiles at large times.

- Our solution, built on an eigenbasis of sin(nπx/L), implicitly imposes a
Dirichlet condition at x = L,

c(L, t) = ca0,
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so the concentration remains anchored at ca0. The resulting steady-state
profile is therefore bounded between cp(t) at x = 0 and c0a at x = L, and
never fully saturates.

This difference in the treatment of the right boundary explains the growing
discrepancy observed in the plots at large times: it reflects a physical difference
in the modeling of the outlet condition, rather than two solutions of strictly the
same problem. A rigorous comparison would require harmonizing this condition
– either by imposing a zero-flux condition in our formulation; or by introducing
an explicit sink in Genuchten’s solution.
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FIGURE 4. Concentration profiles c(x, t) on the spatial domain x ∈
[0, L] with L = 1.0, obtained with the analytical solution of
Genuchten.

Since the goal is to derive the analytical solution by extending the bounded
domain [0, L] to [0,∞[, an equivalent form of the solution is needed.
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5. ANALYTICAL SOLUTION IN THE HALF-SPACE

In this first part, we recover the same result (3.5) by expanding G(x, s) in series.

5.1. Inversion of G by the Poisson summation formula.

G(x, s) = −eαx−βL e
(L−x)β − e−(L−x)β

1− e−2βL

= −eαx−βL(e(L−x)β − e−(L−x)β)
∞∑
n=0

e−2nβL, since |e−2βL| < 1

= −eαx
∞∑
n=0

e−β(x+2nL) + eαx
∞∑
n=0

e−β((2n+1)L−x).

We obtain the solution c(x, t) by applying the inverse Laplace transform L−1 in
reference [1]:

L−1[e−a
√
s] =

a

2
√
πt3

e−
a2

4t , (a > 0),

and knowing by definition that

L−1
[
F (s− s0)

]
= es0tL−1

[
F (s)

]
,

we get

L−1[e−a
√

s
b
−s0 ] =

aebs0t

2
√
πbt3

e−
a2

4bt , (a > 0).

Applying this last relation to compute g(x, t):

g(x, t) = L−1
[
G(x, s)

]
= −eαx

∞∑
n=0

L−1
[
e−β(x+2nL)

]
+ eαx

∞∑
n=0

L−1
[
e−β((2n+1)L−x)

]
= −eαx

∞∑
n=0

(x+ 2nL)eD11s0t

2
√
πD11t3

e
− (x+2nL)2

4D11t

+ eαx
∞∑
n=0

((2n+ 1)L− x)eD11s0t

2
√
πD11t3

e
− ((2n+1)L−x)2

4D11t

= − eαx+D11s0t

2
√
πD11t3

∞∑
n=0

[
(x+ 2nL)e

− (x+2nL)2

4D11t − ((2n+ 1)L− x)e
− ((2n+1)L−x)2

4D11t

]
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We can make the second sum more explicit:
∞∑
n=0

((2n+ 1)L− x)e
− ((2n+1)L−x)2

4D11t =
∞∑
n=0

q(2(n+ 1)L− x), q(y) = ye
− y2

4D11t

=
∞∑
n=1

q(2nL− x)

= −
∞∑
n=1

q(x− 2nL), since q is odd

= −
−1∑

n=−∞

q(x+ 2nL)

= −
−1∑

n=−∞

(x+ 2nL)e
− (x+2nL)2

4D11t .

Thus g(x, t) takes the form

g(x, t) = − eαx+D11s0t

2
√
πD11t3

[
∞∑
n=0

(x+ 2nL)e
− (x+2nL)2

4D11t +
−1∑

n=−∞

(x+ 2nL)e
− (x+2nL)2

4D11t

]

g(x, t) = − eαx+D11s0t

2
√
πD11t3

∑
n∈Z

(x+ 2nL)e
− (x+2nL)2

4D11t .(5.1)

Recall the following theorem [6].

Theorem 5.1 (Poisson summation formula). Let a be a strictly positive real number
and ω0 =

2π
a

. If f is a continuous function from R to C, integrable, and such that

∃C > 0, ∃α > 1, ∀x ∈ R, |f(x)| ≤ C

(1 + |x|)α

and
∞∑

m=−∞

∣∣∣f̂(mω0)
∣∣∣ < ∞,

then
∞∑

n=−∞

f(t+ na) =
1

a

∞∑
m=−∞

f̂(mω0) e
imω0t.
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The function q(y) = ye
− y2

4D11t satisfies all the hypotheses of Theorem 5.1, so∑
n∈Z

q(x+ 2nL) =
1

2L

∑
n∈Z

q̂(
nπ

L
)e−

inπ
L

t, q(y) = ye
− y2

4D11t

= −(2πD11t)
√
4πD11t

2L2

∑
m∈Z

ime−D11t
m2π2

L2 e
imπ
L

x

= −(2πD11t)
√
4πD11t

2L2

∞∑
m=1

ime−D11t
m2π2

L2

(
e−

imπ
L

x − e
imπ
L

x
)
.

It follows that∑
n∈Z

q(x+ 2nL) =
4(πD11t)

3
2

L2

∞∑
m=1

me−D11t
m2π2

L2 sin
mπx

L
.(5.2)

Substituting relation (5.2) into (5.1),

g(x, t) = − eαx+D11s0t

2
√
πD11t3

∑
n∈Z

q(x+ 2nL), q(y) = ye
− y2

4D11t(5.3)

we obtain, equivalently to the residue method (3.5), the same expression for
g(x, t):

g(x, t) = −eαx
∞∑

m=1

2mπD11

L2
esmt sin(

mπx

L
).(5.4)

The series (5.3) and (5.4) describing the solution c(x, t) describe the same
convection-diffusion physics. This reflects two complementary mathematical view-
points: complex analysis (the residue method leading to (5.3)) and Fourier anal-
ysis (Poisson summation leading to (5.4)). Their agreement, despite the different
derivations, is consistent with the correctness of the computation. The residue
method makes the spectral structure explicit through the poles of the Green’s func-
tion, while the Poisson summation gives a series form that is convenient for com-
putation. Together, the two representations offer complementary theoretical and
numerical perspectives on flow in porous media.

Under the additional assumption cp(t) = c0p,

c(x, t) = c0a +
(
c0a − c0p

) ∫ t

0

g(x, τ)dτ.
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In this second part, we use the analytical solution modelling pollutant convec-
tion on the domain [0, L] to obtain an extension to the half-space [0,+∞[. From
the expression of g,

g(x, t) = − eαx+D11s0t

2
√
πD11t3

∑
n∈Z

(x+ 2nL)e
− (x+2nL)2

4D11t ,

obtained from the series expansion, we now show, when L → ∞, that the terms

with n ̸= 0 become negligible, since e
− (x+2nL)2

4D11t decays exponentially with L.

Lemma 5.1 (Negligibility of the n ̸= 0 terms). For fixed x ∈ [0,+∞[ and t > 0, set

RL(x, t) =
∑

n∈Z\{0}

(x+ 2nL) e
− (x+2nL)2

4D11t .

Then RL(x, t) −−−→
L→∞

0. Moreover, there exist L0 > 0 and a constant C > 0, indepen-

dent of L, such that

|RL(x, t)| ≤ C Le
− L2

4D11t , ∀L ≥ L0.

Proof. For L > x (which holds for L large enough, x being fixed), we have, for all
n ≥ 1,

x+ 2nL ≥ 2nL− x ≥ (2n− 1)L > 0,

and by symmetry, for all n ≤ −1,

|x+ 2nL| ≥ (2|n| − 1)L.

The function h(y) = y e
− y2

4D11t is decreasing on [
√
2D11t,+∞[. As soon as L ≥√

2D11t, we thus have, for all n ̸= 0,∣∣(x+ 2nL)e
− (x+2nL)2

4D11t
∣∣ ≤ (2|n| − 1)Le

− ((2|n|−1)L)2

4D11t .

Consequently,

|RL(x, t)| ≤ 2
∞∑
n=1

(2n− 1)Le
− ((2n−1)L)2

4D11t .

Set r = e
− L2

4D11t ∈ (0, 1) for L > 0. The general term of the series satisfies

(2n− 1)Le
− ((2n−1)L)2

4D11t = (2n− 1)L r(2n−1)2 ≤ (2n− 1)L r2n−1,
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since r ∈ (0, 1) and (2n − 1)2 ≥ 2n − 1. The series
∑

n≥1(2n − 1)r2n−1 converges
(power series in r with radius of convergence 1), bounded above by a universal
constant K as soon as r ≤ 1/2, i.e. as soon as L ≥ L0 := 2

√
D11t ln 2. We thus

obtain

|RL(x, t)| ≤ 2KLr = 2KLe
− L2

4D11t =: C Le
− L2

4D11t , ∀L ≥ L0,

which tends to 0 as L → ∞ and gives the announced uniform bound. □

Proposition 5.1 (Limit of the Green’s function). For fixed x ∈ [0,+∞[ and t > 0,

g(x, t) −−−→
L→∞

g∞(x, t) = − x

2
√
πD11t3

e
− (x−v0t)

2

4D11t .

Moreover, for L ≥ L0, g is bounded, uniformly in L, by a function that is integrable
in t on any interval (0, T ].

Proof. From (5.1),

g(x, t) = − eαx+D11s0t

2
√
πD11t3

[
x e

− x2

4D11t +RL(x, t)
]
.

Lemma 5.1 gives RL(x, t) → 0 as L → ∞, so

g(x, t) −−−→
L→∞

− eαx+D11s0t

2
√
πD11t3

x e
− x2

4D11t .

Using α = v0
2D11

, s0 = − v20
4D2

11
, and the identity

αx+D11s0t−
x2

4D11t
= −(x− v0t)

2

4D11t

(already used to recover (3.5) via residues), we obtain the stated formula. The
uniform bound follows directly from the one in Lemma 5.1, applied in the same
identity. □

Proposition 5.1 only gives pointwise convergence gL(x, τ) → g∞(x, τ), for fixed
τ . To justify the limit L → ∞ inside the convolution integral defining cL(x, t), a
uniform (in L) integrable-in-τ bound is also needed; we establish it now.

Lemma 5.2 (Integrability of the inverse Gaussian kernel). For every a > 0, the
function τ 7→ τ−3/2e−a/τ is integrable on (0, t], and∫ t

0

τ−3/2e−a/τ dτ ≤
√

π

a
.
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Proof. Set u = a/τ , so that τ = a/u and dτ = − a
u2du. As τ ranges over (0, t], u

ranges over [a/t,+∞). We obtain∫ t

0

τ−3/2e−a/τdτ =

∫ ∞

a/t

(a
u

)−3/2

e−u a

u2
du = a−1/2

∫ ∞

a/t

u−1/2e−u du

≤ a−1/2

∫ ∞

0

u−1/2e−u du = a−1/2Γ
(
1
2

)
=

√
π

a
< +∞.

□

Lemma 5.3 (Boundedness of cp). Under Assumption 2.1, there exists Mcp > 0 such
that |cp(s)| ≤ Mcp for all s ∈ [0, t].

Proof. By Assumption 2.1, cp is of class C1(R+), hence continuous on the compact
set [0, t]; by the Weierstrass theorem, it is bounded there. □

Corollary 5.1 (Uniform domination and limit in the convolution integral). For
fixed x ∈ [0,+∞[ and t > 0,

lim
L→+∞

cL(x, t) = c∞(x, t),

where cL(x, t) = c0a+
∫ t

0
gL(x, τ)

(
c0a−cp(t−τ)

)
dτ and c∞(x, t) = c0a+

∫ t

0
g∞(x, τ)

(
c0a−

cp(t− τ)
)
dτ .

Proof. Case x = 0. As explained in Remark 3.1, gL(0, ·) = −δ0 = g∞(0, ·) as
distributions, for every L > 0 and in the limit L → ∞ alike, since GL(0, s) =

G∞(0, s) = −1 for every s.
Case x > 0. From the proof of Lemma 5.1, there exist L1 = L1(x, t) ≥

max
(
2
√
D11t ln 2,

√
2D11t

)
and C > 0 such that, for every L ≥ L1 and every

τ ∈ (0, t],

|RL(x, τ)| ≤ CL1 e
− L2

1
4D11τ .

Indeed, the threshold L0(τ) = 2
√
D11τ ln 2 and the monotonicity threshold

√
2D11τ

used in the proof of Lemma 5.1 are both increasing in τ , hence bounded by their
values at τ = t; the bound obtained for fixed τ therefore remains valid uniformly
for every τ ∈ (0, t] as soon as L ≥ L1.
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Since D11s0 ≤ 0 (because s0 = −v20/(4D
2
11) ≤ 0), we have eD11s0τ ≤ 1 for every

τ ≥ 0. We deduce, for every L ≥ L1 and every τ ∈ (0, t],

|gL(x, τ)| =
∣∣∣∣ eαx+D11s0τ

2
√
πD11τ 3

[
xe

− x2

4D11τ +RL(x, τ)
]∣∣∣∣

≤ eαx

2
√
πD11

τ−3/2
[
xe

− x2

4D11τ + CL1e
− L2

1
4D11τ

]
=: M(x, τ).

By Lemma 5.2, applied successively with a = x2

4D11
and a =

L2
1

4D11
, each of the two

terms τ−3/2e−x2/(4D11τ) and τ−3/2e−L2
1/(4D11τ) is integrable on (0, t]; hence M(x, ·) ∈

L1((0, t]).
Using Lemma 5.3, we obtain, for every L ≥ L1 and every τ ∈ (0, t],∣∣∣gL(x, τ)(c0a − cp(t− τ)

)∣∣∣ ≤ (
|c0a|+Mcp

)
M(x, τ) =: M̃(τ),

with M̃ ∈ L1((0, t]), independent of L.
On the other hand, Proposition 5.1 gives gL(x, τ) → g∞(x, τ) for every τ ∈ (0, t]

as L → +∞, so

gL(x, τ)
(
c0a − cp(t− τ)

)
−−−→
L→∞

g∞(x, τ)
(
c0a − cp(t− τ)

)
for every τ ∈ (0, t].

The hypotheses of the Lebesgue dominated convergence theorem are thus sat-
isfied. We conclude

lim
L→+∞

∫ t

0

gL(x, τ)
(
c0a − cp(t− τ)

)
dτ =

∫ t

0

g∞(x, τ)
(
c0a − cp(t− τ)

)
dτ,

i.e. lim
L→+∞

cL(x, t) = c∞(x, t). □

Thus only the index-0 term contributes significantly, and Corollary 5.1 justifies
rigorously the approximation

g∞(x, t) = − eαx+D11s0t

2
√
πD11t3

xe
− x2

4D11t = − x

2
√
πD11t3

e
− (x−v0t)

2

4D11t .

The solution c(x, t) in the semi-infinite case is therefore

c∞(x, t) = c0a −
∫ t

0

x

2
√
πD11τ 3

e
− (x−v0τ)

2

4D11τ
(
c0a − cp(t− τ)

)
dτ.

This expression gives the general solution for the semi-infinite case, where the
influence of the boundary condition at x = L disappears as L → ∞. The function
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g∞(x, t) is now a Gaussian shifted by the velocity v0, and the solution depends on
the boundary condition cp(t).

If cp(t) = c0p (constant), the integral can be evaluated explicitly in terms of error
functions. The general solution then becomes

c∞(x, t) = c0a −
(
c0a − c0p

) ∫ t

0

x

2
√
πD11τ 3

e
− (x−v0τ)

2

4D11τ dτ.

To compute I(x, t) =
∫ t

0
g∞(x, τ)dτ , we first determine its Laplace transform:

L
[
I(x, t)

]
=

∫ ∞

0

e−st

(∫ t

0

x

2
√
πD11τ 3

e
− (x−v0τ)

2

4D11τ dτ

)
dt, 0 ≤ τ ≤ t ≤ ∞.

Interchanging the integrals (Fubini’s theorem [10]),

L
[
I(x, t)

]
=

∫ ∞

0

x

2
√
πD11τ 3

e
− (x−v0τ)

2

4D11τ

(∫ ∞

τ

e−stdt

)
dτ, 0 ≤ τ ≤ t ≤ ∞

=
x

2s
√
πD11

∫ ∞

0

1√
τ 3

e
−sτ− (x−v0τ)

2

4D11τ dτ

=
xe

v0x
2D11

2s
√
πD11

∫ ∞

0

τ−
1
2
−1e

−(s− v20
4D11

)τ− x2

4D11τ dτ

=
xe

v0x
2D11

2s
√
πD11

√
4πD11

x2
exp

−x

√
s

D11

+
v20

4D11


= e

v0x
2D11

1

s
exp

−x

√
s

D11

+
v20

4D11

 .

Inverting L
[
I(x, t)

]
, we obtain

I(x, t) =
e

v0x
2D11

2

[
e

v0x
2D11 erfc

(
x+ v0t

2
√
D11t

)
+ e

− v0x
2D11 erfc

(
x− v0t

2
√
D11t

)]
,

with erfc the complementary error function,

erfc (x) =
2√
π

∫ ∞

x

e−t2 .

Substituting I(x, t) into the expression of c(x, t), we obtain

c∞(x, t) = c0a −
c0a − c0p

2

[
e

v0x
D11 erfc

(
x+ v0t

2
√
D11t

)
+ erfc

(
x− v0t

2
√
D11t

)]
.
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When ca(x) = 0 for all x > 0, the solution reduces to

(5.5) c∞(x, t) =
c0p
2

[
e

v0x
D11 erfc

(
x+ v0t

2
√
D11t

)
+ erfc

(
x− v0t

2
√
D11t

)]
.

Solution (3.6) extends the original formulation (5.5) for the longitudinal disper-
sion equation in porous media exactly like in reference [9], combining molecular
diffusion and convective transport of contaminants in a unidirectional flow. This
generalization is consistent with the boundary conditions and reproduces the ex-
pected asymptotic behaviour, which supports its use for describing the coupled
dispersion-convection process in spatially bounded domains.

6. CONCLUSION

We have presented a unified analytical solution of the 1D convection-diffusion
problem at constant velocity, first on a bounded domain and then on the half-
space. The Laplace transform gives two equivalent representations of the Green’s
function: a spectral series (residues) and a spatial series (Poisson summation),
whose agreement supports the correctness of the solution. The lack of a complete
analytical solution in the existing literature for the bounded case necessitated a
comparison with the results reported in [15]. The excellent agreement observed
between our results and those of [15] provides strong validation of our approach
and enables us to draw further conclusions regarding the boundary conditions.
The limit L → ∞, often taken for granted heuristically in the literature, is here
derived, recovering in this way the classical Ogata and Banks type solution [9]. A
natural extension of this work concerns the case of a spatial and time-dependent
wind velocity V (x, t) and its generalization to two or three dimensions.
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APPENDIX A. THE FUNCTION q SATISFIES THE HYPOTHESES OF THEOREM 5.1

Provided the hypotheses of Theorem 5.1 are satisfied, it allows us to express the
solution g as a mixed series. To check these hypotheses, consider the following
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representation of g(x, t):

g(x, t) = − eαx+D11s0t

2
√
πD11t3

∑
n∈Z

q(x+ 2nL), q(y) = ye
− y2

4D11t

(1) q is integrable.
Indeed,∫
R
|q(y)|dy = 2

∫ +∞

0

ye
− y2

4D11tdy = −4D11t
[
e
− y2

4D11t

]+∞

0
= 4D11t < +∞.

Hence q ∈ L1(R).
Let r := |y|. We want to bound the function

r(1 + r)αe
− r2

4D11t

uniformly in r ≥ 0.
- If r ≤ 1,

r ≤ 1 =⇒ q(r) ≤ 2αe
− r2

4D11t ≤ 2α.

- If r ≥ 1,

r ≥ 1 =⇒ r(1 + r)α ≤ 2αrα+1e
− r2

4D11t .

Note that

sup
r≥0

rpe
− r2

4D11t =

(
2D11tp

e

) p
2

.

Indeed, h′
p(r0) = 0 =⇒ r0 =

√
2D11tp with hp(r) = rpe

− r2

4D11t . This
leads to

sup
r≥0

hp+1(r) =

(
2D11t(p+ 1)

e

) p+1
2

.

Hence, for every r ≥ 0,

q(r) ≤ 2α max

{
1,

(
2D11t(p+ 1)

e

) p+1
2

}
= CD11 .

(2) q satisfies the second hypothesis of Theorem 5.1.
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Since q is integrable, let q̂ denote its Fourier transform. A basic property
of the Fourier transform gives

q̂(ξ) = iq̂′1(ξ), q1(y) = e
− y2

4D11t

= i
d

dξ

√
4πD11te

−D11tξ2

= −i(2D11t)
√

4πD11tξe
−D11tξ2

|q̂(ξ)| ≤ (2D11t)
√
4πD11t|ξ|e−D11tξ2 .

In particular, setting ξ = mw0, the series
∞∑

m=−∞

|q̂(mω0)| < ∞,

since
∞∑

m=−∞

|q̂(mω0)| ≤ (2D11t)
√

4πD11t
∞∑

m=−∞

m|w0|e−D11t(mw0)2 ,

and the series
∑∞

m=−∞ m|w0|e−s(mw0)2 converges for every s > 0.
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