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1D CONVECTION-DIFFUSION IN POROUS MEDIA: A UNIFIED SOLUTION
FROM BOUNDED DOMAIN TO HALF-SPACE

Koffi Ognandon AYENA!, Frédéric HOLWECK, and Amah Séna D’ALMEIDA

ABSTRACT. We present a unified analytical solution of the 1D convection-diffusion
equation for constant-velocity solute transport in porous media, valid on both a
bounded interval [0, L] and the half-space [0, +oo[. Via the Laplace transform, the
Green’s function is inverted through two equivalent routes — residue calculus and
Poisson summation — and we justify the limit . — +oo, recovering the classi-
cal Ogata-Banks solution. Results are validated against a finite-volume scheme
and compared with Genuchten’s analytical solution, with observed discrepancies
traced to differing outlet boundary conditions.

1. INTRODUCTION

Modelling the atmospheric dispersion of pollutants, such as radionuclides or fine
particulate matter, is central to environmental and public-health risk assessment.
This problem is traditionally described by a convection-diffusion equation, which
combines transport by the wind (convection) with turbulent diffusion.
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%c(?, D V(T 8) V(T 0+ T,08 - V(T,1)
V. (Dﬁc(?m — (T, 1),

where D is the diffusion tensor.

(1.1)

The analytical resolution of equation (1.1I)), in some specific cases, has been
addressed by several authors using analytical or stochastic methods.

Historically, this equation has been studied extensively in the infinite-domain
case (R?), where explicit analytical solutions can be obtained under simplifying
assumptions. Among the classical approaches, the Gaussian plume solution al-
lows one to solve the equation for a continuous point source in an infinite, ho-
mogeneous medium, producing Gaussian concentration distributions [12]. Other
authors derive the steady-state solution using the method of characteristics [3]].
The asymptotic nature of solutions to steady convection-diffusion problems has
also been studied [13]]. Numerical methods for singular-perturbation problems, in
particular convection-dominated steady convection-diffusion problems, have been
widely discussed [2,8]]. Zoppou and Knight (1999) proposed analytical solutions
of the advection-diffusion equation with spatially varying coefficients in one to
three dimensions, under the assumption that velocity varies proportionally to dis-
tance and diffusion scales with the square of this velocity [16]. Separately, Szym-
czak and Ladd (2003) explored stochastic solutions, representing concentration
through random-walk particles and proposing methods to impose reflecting, ab-
sorbing, or finite-reservoir boundary conditions [[14]. This approach reproduces
boundary effects faithfully and offers a precise alternative to deterministic meth-
ods, particularly in complex geometries or near interfaces.

However, for numerical, analytical or semi-analytical solution for concentration-
driven flow in porous media, classical or frational approaches often treat bounded
[[4,5,11,15] and unbounded [7]] domains separately.

We therefore present an approach that unifies the treatment of the longitudinal
dispersion equation in a porous medium whether posed on a bounded interval
[0, L] or on the half-space [0, +o0.

This manuscript is organized as follows. In section |2, we state the assumptions
and formulate the problem. The derivation of the Laplace Transform solution
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and the Green’s function via residue, with numerical illustration, is performed in
section |3} We present in section |4 a finite-volume validation and comparison with
Genuchten’s numerical solution. In section [5]a derivation of the Green’s function
via Poisson summation allows to establish and justify the . — +o0 limit recovering
the half-space solution. The conclusion is given in section [6]

2. PROBLEM STATEMENT

This section presents an analytical solution for the longitudinal dispersion equa-
tion in a bounded porous medium. The problem models the transport of a solute
in a unidirectional flow with constant mean velocity.

0 Oc(x,t) PPc(x,t)
(21) aC(JZ,t) + an—x — DHW =0

c(x,0) = eq(z), vz €]0, L],
(2.2) c(0,t) = ¢,(t) vVt € RY.

2.1. Assumptions. The results of the following sections rely on the assumptions
below.

- The physical coefficients are constant, with D;; > 0 and v, € R (constant
convection velocity).

- The initial condition is spatially uniform on the domain considered: ¢,(z) =
 for all z, where ¢ € R is a given constant. (This assumption is used
from Section [3|onward, where the Laplace transform of ¢, is simplified ac-
cordingly; the case of a non-constant ¢, (z) remains covered by the general
solution (3)).)

- The boundary condition ¢, is of class C'(R.).

3. SOLUTION VIA THE LAPLACE TRANSFORM

The Laplace transform of a function f(¢) is defined by

F(s) = c[r0)] = | o

0
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where s is a complex variable. Let C(z,s) = £ [c(m, t)] denote the Laplace trans-
form of ¢(x, t).

Applying the operator £ to equation (2.1)) gives
9C (z, s) 9?C(z, s)
Cor Cor?
Set y(z) = C(x, s). A homogeneous solution of equation (3.1) is

(3.1) sC(x,s) + vy — Dy = ¢q(2)

Chlx,s) = K1eM* + Kye?,

with
vo + \/vi + 4sDyy vo — V¢ + 4sDqy
)\1 = 5 >\2 == )
2D 2D
for s > 0. A particular solution of (3.1) is

A =v2 +4sDy; >0,

Cy(w,8) = ky(2)eM” + ky(w)e2”,
with coefficients k; and &, given by

B 1 Ca() B 1 ca()
ki(z) = DOy = )\1)/ e dx ko(z) = DOy = )\2)/ o dx.

Every solution of (3.1) is therefore of the form

Az
C - K A1z K. Aox € /ca(x)d
(x,s) 171 4+ Kpe™ + Dl =) ) v x

er2® Ca()
d
* Di1(A — A2) / eh2® v

with A > 0. When ¢, is constant, ¢,(z) = ¢ (Assumption [2.1), and setting

M=a+8, A 3 h B i U
1 ) 2 ) 2D11’ D11 0 0 4D%17

and noting that

S

Ay = ———
1172 D11’
the solution C(z, s) takes the form

0
(3.2) C(z,5) = K1eM* + Kye??® + ‘a.
s
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The constants K;,7 = 1,2 are determined explicitly using the boundary conditions

ca(L) &

L[c(0,t)] = Cy(s) vVt e RL.
Consequently, (3.2]) becomes

)\QL )\1£E _ /\1L )\2.% 0 0
a a

(3.3) Cle,s) =~ <C_ - cp(s)) + %

S S

The sought solution ¢(z, t) is, by definition, the inverse Laplace transform of C'(z, s)
given by (3.3). For this reason, we rewrite C(z, s) as

C(z,s) = G(x,s) (C—; — C’p(s)) + C—Sa, G(z,s) = —eo‘xsmlsli(éé(;ﬁ?ﬂ).

Applying L7,
0
c(x,t) =2+ L1 [G(m, s)] * L1 [C—“ - C’p(s)],
S
and using the property of the convolution product, denoted *, the solution of
equation (2.1)) becomes

c(x,t) =+ /0 g(z,7) () — ¢p(t — 7)) dr.

3.1. Inversion of GG by the residue method. The inverse Laplace transform of
G is computed through a contour integral in the complex plane. The Bromwich-

Mellin formula reads
"2 o

1 Y+i00
g(x,t) —/ G(x,s)eds.
ol

We invert G(x, s) using residues. The singularities of G/(x, s) come from the zeros
of its denominator:

(3.4) sinh(fL) =0 = BL =inmw (neZ")
2 2,2
_ Vo _ n-m Dll
— 5, = D, TP

Since the poles s,, are strictly negative, we choose v such that its real part R(y) €
R* . Since s,, = s_,, the residue theorem allows us to rewrite the inverse Laplace
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transform as

Since the poles s,, are of order 1, the residue computation gives

Res(G(z,s)e™, s,) = lim (s — s,)G(x, s)e™

S—>Sn,

Since the denominator sinh(SL) of G(z,s) vanishes at s, its first-order Taylor
expansion near s, is

sinh(8L) ~ sinh(8L) + (s — Sn)dis sinh(8L) ~ (s — Sn)dis sinh(SL) :

so the residue becomes

s ATT S8 3 Sinh L _ x 5
Res(G(x,s)e™, s,) = —e™Font }Eﬁl (= sn) (s—s ()( d sinlz(lzﬁ)'
n — 9n %

From
isinh(ﬁz) _ ZCOSh(ﬂz)% ~ zcosh(Bz)

ds ds B \/U% +4SD11’

replacing z by L and using implication (3.4), we obtain

d (—1)"L?
~ sinh S et el
ds (52) B 2int Dy’
with /03 + 4s,, Dy = 22521,
Using the property sinh(iz) = i sinz and
T x
L— =pL(1—— =inm(l — —
5( x) - /8 ( L) - Znﬂ-( L)?
we simplify the residue expression:
st o _iSil’l(Tm’(l B %)) azr+snt __ (—1)"2n7TD11 SlH(%) ax+snpl
Res(G(x,s)e™, s,) = D e = 2 e
2inmt D11
2nmD1 gpysp . OTT

= —Te Sln(T).
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Using the symmetry s, = s_, and sin(=7*) = —sin("}*), we group the +n and

—n terms to obtain

2 L2 L
neL
and consequently
= 2nwDyy ¢ . NTT
3.5 t) = —e —e'n —).
(3.5) g(x,t) e nZ:; 7z ¢ sm(L)

We obtain the analytical expression of the general solution from the known func-
tion g:

t
(3.6) c(x,t) =2+ / g(z,7) () — cp(t — 7)) dr.
0
The integral
t
/ g(x,T) (cg —cp(t — T)) dr,
0
is evaluated numerically below using a deterministic quadrature rule.
Remark 3.1 (Recovery of the boundary condition at = = 0). For every n > 1 and
every T > 0, sin(nw - 0/L) = 0, so the series (3.5)) gives g(0,7) = 0 for all 7 > 0.
Substituting this into would therefore yield c(0,t) = ¢ for every t (figure[I), in
apparent contradiction with the boundary condition (2.2), ¢(0,t) = ¢,(¢).

This is not a contradiction: the Green’s function ¢(0,-) is not a classical function
on [0, 40| but a distribution. Indeed, in the Laplace domain,

G(0,s) = —sinh(LB)/sinh(LS) = —1
for every s, independently of D, and v,; hence
9(0,-) = L7 [=1] = =,

in the sense of distributions, where ¢, is the Dirac mass at 7 = 0. The series (3.5),
obtained from the poles of G(x, s) alone, only reproduces the regular part of g(0,-)
on 7 > 0 — correctly equal to 0 — but does not capture this singular contribution at
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7 = 0. Formally injecting ¢(0,7) = —do(7) into gives

((0.1) = & + / (= 6o(M) (& — ot — 7)) dr = & — (& — (1)) = (1),

consistent with condition (2.2). Equivalently, the boundary value is recovered as
the limit lim, o+ c(x,t) = ¢,(t) (a boundary layer at x = (), rather than by direct
substitution of x = 0 into the integral formula valid for t > 0.

Numerically, this means the convolution integral in equation must not be
evaluated at = = 0: the value ¢(0,t) = c,(t) has to be imposed directly, as is done in
the implementation (figure [2)). By contrast, no such difficulty arises at x = L, since
sin(nm) = 0 makes g(L,7) = 0 classically (no Dirac contribution), consistently with
G(L,s) = 0 for every s, so ¢(L,t) = c° is obtained directly from without special
treatment.

The physical parameters used are: diffusion coefficient D;; = 0.1, convection
velocity vy = 0.5, uniform initial concentration 2 = 0.0, and boundary condition
at x = 0 given by

5t ift < 0.1
0.5 ift>0.1

cp(t) =
(a linear ramp followed by a plateau). The zero-flux condition at x = L is implic-
itly satisfied by the construction of the Fourier series.

Numerical method: The results shown below are obtained via formula
where g(z,t) is the Green’s function developed as a Fourier series (equation (3.5])).
The convolution integral is evaluated numerically using the quad routine from
ScIPy.

Stability and convergence: The series is truncated at N = 500 terms, which
gives good numerical stability. The choice of N is guided by the following conver-
gence criterion: the terms decay exponentially as exp(—n?r2Dyt/L?) for t > 0,
so the series converges absolutely for every ¢t > 0. At short times (¢t — 07), con-
vergence is slower, which justifies using a fairly large number of terms (N = 500)
to capture the concentration front accurately. A comparison with a finite-volume
scheme showed results consistent with the analytical solution.

Profiles are shown at times ¢t = 0.02,0.05,0.1,0.2, 0.5, 1.0 and 2.0. The plots
show the convective transport of the front to the right, its diffusive broadening,
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and a gradual build-up of material near the wall x = L associated with the zero-
flux condition.

0.5 1 — t=0.02
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FIGURE 1. Concentration profiles ¢(x,¢) obtained by direct substi-
tution of the Fourier-series Green’s function (3.5)) into (3.6]), without
accounting for the Dirac contribution at + = 0 identified in Re-

mark [3.1]
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0.0 4

FIGURE 2. Concentration profiles ¢(x,t) obtained from the same
analytical solution (3.5)-(3.6), this time accounting for the Dirac
mass ¢(0,) = —d, identified in Remark [3.1; the boundary value
c(0,t) = ¢,(t) is imposed directly rather than obtained from the se-
ries at 7 > 0 alone. The profile is now continuous at + = 0 and
satisfies the prescribed boundary condition (2.2)).
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4. NUMERICAL RESULTS

4.1. Finite-volume discretization. We return to the 1D convection-diffusion prob-
lem (2.1I)), written in conservative form:

e+ 0, F(c) =0, F(z,t) :=vgc(z,t) — Dyy Opc(x,t),

where F is the total flux (advective + diffusive). This form will be referred to as

(4.1) below.
(4.1) e+ 0. F(c) = 0.

4.1.1. Semi-discretization in space. We introduce a uniform subdivision of [0, L]
into N control volumes

1
2

L
Qi:[‘ri—lvaji-ﬁ-}’ T, 1 =1h, h=—, i=1,...,N,
2

with centers z; = (i — 3) h. We denote by ¢;(t) the approximation of the average
value of ¢(+, t) over ;.

Integrating the relation over §); and dividing by h gives the semi-discrete
scheme (method of lines)
(4.2) 7 G FF%)-

It remains to specify the discretization of the flux F’ at each interface. For inter-

de; 1 (

nal fluxes, we use an upwind scheme (v, > 0) for the advective term and a centred
scheme for the diffusive term:

Cit1 — G :
:UOCi_DllTa ’L:].,...,N—l.

At the left boundary (x = 0), the Dirichlet condition (2.2) imposes ¢(0,t) = ¢,(t);
approximating the derivative with a finite difference over the half-step separating

(4.3) Eiy

=

x = 0 from the centre x; of the first cell gives

c1 — Cp(t
(44) F% = U()Cp(t) - DHlT;()'
At the right boundary (z = L), the condition ¢(L,0) = ¢? is treated analogously:
CO — C
(4.5) FNJF% = U(]Cg — Dlla—N.

h/2
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We detail here, step by step, the construction of the full matrix form of the
semi-discretized system.

g ey

Semi-discrete equation for each volume. Equation (4.2)) reads, for each i =

1 N:
dt ~ h )

Expression of the fluxes in terms of the unknowns.

Fi+% - er

de; 1 (

N|=

Internal fluxes (i =1,...,N —1). From (4.3):

C; — C; D D
Fz‘+§ = VoC; — Dn% = (Uo + %) C; — %Cm-
Flux at the left boundary (F1). From (4.4):
c1 — ¢yt 2D
Fy = e (0) = Du 2 — w0 - 20 - (0)
Expanding:
2D 2D
= — h1101 <Uo hll) »(t)
Flux at the right boundary (Fy, 1). From (@.5):
A —c 2D
FN+% = voc) — Dy ah/2N = vpc) — h“ (2 —cn).

Expanding:

Equation for each index .

Case i = 1 (first cell). For i = 1, the equation involves F% (left boundary) and Fg
(internal flux between cells 1 and 2):

dey 1 (

dt h
The equation for i = 1 becomes

dc V) 3D D v 2D
: z—(—°+—”) o1+ ey + (—°+—“) cp(t) + by.

s — )
2 2

dt h ' h2 K2 h ' h2
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Case 2 <1i < N — 1 (internal cells). The equation for internal i becomes

de; Vo Dy Vo 2D Dy
it (z " W) G (z T e ) Gt T G

Case i = N (last cell). For i = N, the equation involves FN_% (internal flux be-
tween N — 1 and N) and F)y +1 (right boundary):
The equation for i = N becomes

dc V) D 3D V) 2D
N:(_0+ 11)CN_1—7HCN—(—O— 11)02“‘&7]\[.

dt \h R ho h?
The system can now be written as
d
d—; = Mc+c,(t)g +s,
where ¢ = (cy,...,cn) '

Reading off the coefficients ¢; in each equation gives a tridiagonal matrix:

- Row 1: 3D D
Vo 11 11
Mi,=—-|— My, = —.
1,1 <h + h2 ) ) 1,2 12
-Rows:=2,..., N —1:
vo D11 vo 2Dy Dy,
Mi; 1= —+ —, M;;=— |+ ) M1 = —.
Y AP ! (h+h2> T 2
- Row N:
vo Dy 3D
Myn-1= 7 + 2 Myy=— e

All other coefficients are zero.
Only the first row contains a term in ¢,(t):

. Vo 2D11
gl_ h h2 I

T
vo  2Dn
=l—+—,0,...,0 )
g (h+ h27 Y J >

The vector s contains two types of contributions: The right Dirichlet condition,

g =0 fori>2.

Hence

which appears only in the last row as

_ (o _2Du o
h h? @
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Hence
$;,=0 fori=1,...,N —1,

v — — @ B 2D11 CO
N h Rz )

In summary, the semi-discretized system reads

and

dc
— = Mc+c(t)g+s,
with
- B o o
wly (R B
M= 0 ' 0o |,
: RO () GE
0 0 Wy Dy 300
RS
0
g= : :
0
and
0
0
S = :
0
- (3 - %)

Applying the implicit Euler scheme gives
n+l _ an
% — Mcn-H + cp(t”+1)g+s,

that is,
(In — AtM)c™! =" + At (¢,(t")g +5) .
The matrix A = Iy — AtM is tridiagonal and constant, allowing a single LU
factorization and an efficient O(V) solve at each time step (figure (3).
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¢
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== t=1.00 (Analytical)
—— t=1.00 (FV)
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FV)

03 t=2.00

c(x, t)

0.2

0.1

0.0

FIGURE 3. Concentration profiles c¢(x,t) on the spatial domain = €
[0, L] with L = 1.0, obtained with the finite-volume scheme.

4.2. Comparison with the analytical solution of Genuchten. We compare our
results with the analytical solution of Genuchten in [[15], taking ¢,y = 0 (zero ini-
tial concentration), L = 1.0 km, D;; = 0.1 km?/year, v, = 0.5 km/year, and an
inlet concentration Cy = 0.5. We observe very good agreement between the two
solutions for x below a certain threshold, regardless of the time considered (fig-
ure[4). However, as ¢ increases, a discrepancy appears and progressively widens as
we approach the right boundary x = L. This discrepancy is not due to numerical
error, but rather to a different choice of boundary condition at the outlet:

- Authors impose in [15]] a homogeneous Neumann condition
Oc

oe -0
ox| _, ’

representing a closed boundary with no outgoing dispersive flux. Under
steady-state conditions, this forces the concentration to saturate over the
entire domain, including at + = L, which explains the progressive accu-
mulation observed in their profiles at large times.

- Our solution, built on an eigenbasis of sin(nwz/L), implicitly imposes a
Dirichlet condition at z = L,

c(L,t) = cqo,



so the concentration remains anchored at c,q. The resulting steady-state
profile is therefore bounded between ¢,(t) at z = 0 and ¢} at z = L, and

1D CONVECTION-DIFFUSION IN POROUS MEDIA

never fully saturates.

This difference in the treatment of the right boundary explains the growing
discrepancy observed in the plots at large times: it reflects a physical difference
in the modeling of the outlet condition, rather than two solutions of strictly the
same problem. A rigorous comparison would require harmonizing this condition
— either by imposing a zero-flux condition in our formulation; or by introducing
an explicit sink in Genuchten’s solution.

c(x,t)

0.4 1

c(x,t)

FIGURE 4. Concentration profiles c¢(x,t) on the spatial domain = €
[0, L] with L

t=0.1

— Our
® Genuchten and Alves (1982)

c(x,t)

0.8

0.6 4

0.2

0.04

0‘,0 0‘,2 0‘,4 0‘,6 0‘,8 1‘,0
x (km)
t=0.7

0.‘0 0.‘2 0.‘4 0.‘6 0.‘8 1.‘0
x (km)
t=1.0

— Our
® Genuchten and Alves (1982)

c(x,t)

0.8

0.6 1

0.4

0.2

0.0 4

— Our
® Genuchten and Alves (1982)

Genuchten.

Since the goal is to derive the analytical solution by extending the bounded

0.0 0.2 0.4 0.6 0.8 1.0
x (km)

1.0, obtained with the analytical solution of

domain [0, L] to [0, o[, an equivalent form of the solution is needed.
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5. ANALYTICAL SOLUTION IN THE HALF-SPACE
In this first part, we recover the same result (3.5 by expanding G(z, s) in series.

5.1. Inversion of GG by the Poisson summation formula.
(L-2)8 _ oy~ (L-2)B

_ az—BLe
G(z,s) = —e =T

o0
= —ew_BL(e(L_x)ﬁ — e_(L_I)'g) Z e 2L since |e_25L| <1

n=0
oo oo

— _ea® Ze—ﬁ(x-l—QnL) + o Z 6—6((2n+1)L—x)'
n=0 n=0
We obtain the solution c¢(z,t) by applying the inverse Laplace transform £7! in
reference [1]]:
a a?

e 4t

24/ mt3 7

Lt e V"] = (a >0),

and knowing by definition that

£ [F(s - 30)] =eslLt [F(s)} :

we get
c 5 0 aebsot o2 ( 0)
“HeT W T = e bt a > 0).
24/ mbt3

Applying this last relation to compute g(z,?):
g(x,t)=L7" [G(az‘, 5)]

— 0 Z )Cfl |:67,B(:v+2nL)j| + o Z ‘cfl |:€75((2n+1)fo)
n=0 n=0

[e.9]

we X (T + 2nL)ePrsol  @iann)?
)

e 4Dqqt
2\/ 7'['D11t3
o0

Di1sot n e
e (2 DL = )Pt ot

€
2\/ 7TD11t3

n=0

n=0

eaerDu sot

a 2\/ 7TD11t3 nZ:O

(x +2nL)e *Put — ((2n+ 1)L —x)e  *Put

_ (z+2nL)> _ ((2n+1)Lz)2]
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We can make the second sum more explicit:

e _(@n+D)L-x)2 s v
Z((Qn + 1)L —xz)e *Put = Z q2(n+1)L —x), q(y) = ye *Put

n=0

3
Il
=)

I
NE

q(2nL — x)
1

3
Il

=— Z q(x —2nL), since ¢ is odd
n=1

=— _Z q(x +2nL)

—! _ (z42nL)?
= — Z (x +2nL)e *Put .
Thus g(x,t) takes the form
eaac+D1150t o _ (z+2nL)? —! _ (z+2nL)?
T,t) = ——— T +2nL)e  *Put + x+2nl)e  *Put
0(0.8) = =5 e | 3o+ 0L 3 o)
6ax+D1180t _ (z+2nL)>
(5.1) g(z,t) = (x4 2nL)e out .

a 2\/ 7TD11t3 %

Recall the following theorem [6].

Theorem 5.1 (Poisson summation formula). Let a be a strictly positive real number
_ 2 . . . .
and wy = <. If f is a continuous function from R to C, integrable, and such that

C

3C >0, Ja> 1, Vz €R, |f(2)] < ——%
(1 + [z])

and

then
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2
Y

The function ¢(y) = ye *Put satisfies all the hypotheses of Theorem 5.1} so

1 nm inm 7L
Y a2l = = S q(Be L gly) = ye i
nez 2L nez L
_ (27TD111;)-L\/247TD11t Z ime_Dllt%eimTwm
meZ
—  CTPUOVATDUE S oD (o=t 7).
m=1
It follows that
4(7TD11t>% > —-D t7n27r2 . mmx
(5.2) > q(z+2nL) = — S me PR sin —
nez m=1
Substituting relation (5.2)) into (5.1),
€a$+D1150t B 42
(5.3) g(x+2nL),  qly) = ye Pur

Tt) = —————
g( ) 2\/ 7TD11t3 neZ
we obtain, equivalently to the residue method (3.5), the same expression for

g(x,t):

- 2mmr Dy 4 . mMTX
(5.4) g(x,t) = —e ZTe sin( 7 ).

m=1

The series and describing the solution c¢(z,t) describe the same
convection-diffusion physics. This reflects two complementary mathematical view-
points: complex analysis (the residue method leading to (5.3)) and Fourier anal-
ysis (Poisson summation leading to (5.4)). Their agreement, despite the different
derivations, is consistent with the correctness of the computation. The residue
method makes the spectral structure explicit through the poles of the Green’s func-
tion, while the Poisson summation gives a series form that is convenient for com-
putation. Together, the two representations offer complementary theoretical and
numerical perspectives on flow in porous media.

Under the additional assumption c,(t) = ¢,

t
c(z,t) =ch + () — ¢) / g(x, 7)dr.
0
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In this second part, we use the analytical solution modelling pollutant convec-
tion on the domain [0, L] to obtain an extension to the half-space [0, +occ[. From
the expression of g,

eox+Diisot _ (z+2nL)?
E (x 4+ 2nL)e *Put |

T,t) = —————
g( ) 2\/ 7TD11t3 nel

obtained from the series expansion, we now show, when L — oo, that the terms
with n # 0 become negligible, since e Pt~ decays exponentially with L.

Lemma 5.1 (Negligibility of the n # 0 terms). For fixed = € [0, +oo[ and t > 0, set

_(z+2nL)2
Rp(z,t) = Z (x 4+ 2nL)e  *Put .
nez\{0}
Then Ry (x,t) — 0. Moreover, there exist Ly > 0 and a constant C' > 0, indepen-
—00

dent of L, such that

2

Ru(z,0)| < CLe ™, YL > Lo,

Proof. For L > x (which holds for L large enough, = being fixed), we have, for all
n>1,
r+2nL >2nL —x > (2n—1)L > 0,

and by symmetry, for all n < —1,
|z +2nL| > (2|n| — 1)L.

The function h(y) = ye_#m is decreasing on [v/2Djt, +oo[. As soon as L >
v/2Dqt, we thus have, for all n # 0,

_(@n|-1)L)?

_(z+2nL)2
|(z+2nL)e” Put | < (2|n| —1)Le  Pu

Consequently,
> _(@n-1)p)2
[Ri(2,)] <2 (2n—1)Le Pt
n=1
L2

Setr =e *Puf € (0,1) for L > 0. The general term of the series satisfies

_ ((2n—1)L)?

(2n —1)Le” Put = (2n — 1)L =1 < (2n — 1)L 721,
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since 7 € (0,1) and (2n — 1)> > 2n — 1. The series }_, ., (2n — 1)r*"~! converges
(power series in r with radius of convergence 1), bounded above by a universal
constant K as soon as r < 1/2, i.e. as soon as L > Ly := 2y/D;;tIn2. We thus
obtain
L2 L2
|Rp(z,t)| <2KLr=2KLe Put =: C Le *Put, VL > Ly,
which tends to 0 as L. — oo and gives the announced uniform bound. O

Proposition 5.1 (Limit of the Green’s function). For fixed = € [0,4o00| and t > 0,

T _ (m—vgt)?
T,t) — gol,t) = ———=1¢€ D1t |
o.1) T 9l 1) = —5 s

Moreover, for L > L, g is bounded, uniformly in L, by a function that is integrable
in t on any interval (0, 7).

Proof. From (5.1)),

eaI+D1150t

) P
g( ) 2\/ 7TD11t3
Lemma [5.1] gives Ry (z,t) — 0 as L — oo, SO

z2
[we i 4 Ry (a,1)].

€a$+D1150t 22
T,t > — re 4Diit,
g( ) L—oo 24/ 7TD11t3
2
Using o = 57—, 50 = —42—0%1, and the identity
2 2
x (x — vot)
ar + Dysgt — —— = ———
MR 4Dt 4Dyt

(already used to recover (3.5) via residues), we obtain the stated formula. The
uniform bound follows directly from the one in Lemma applied in the same
identity. O

Proposition [5.1] only gives pointwise convergence g (z,7) — goo(x, 7), for fixed
7. To justify the limit L. — oo inside the convolution integral defining c;(z,t), a
uniform (in L) integrable-in-7 bound is also needed; we establish it now.

Lemma 5.2 (Integrability of the inverse Gaussian kernel). For every a > 0, the
function T — 773/2¢=%/7 is integrable on (0,t], and

t
/ 77320797 dr < \/E
0 a
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Proof. Set u = a/7, so that 7 = a/u and dr = —%du. As 7 ranges over (0,t], u
ranges over [a/t, +00). We obtain

¢ 00 —3/2 ee
/ 7_—3/26—a/7'd7_ _ / <g> e—u% du = a—l/Q / u—l/Qe_u du
0 a/t u u a/t

< a1/2/ uw2e dy = ail/QF(%) = \/g < +00.
0

Lemma 5.3 (Boundedness of ¢,). Under Assumption there exists M., > 0 such
that |c,(s)| < M., for all s € [0,1].

O

Proof. By Assumption ¢, is of class C*(R"), hence continuous on the compact
set [0, t]; by the Weierstrass theorem, it is bounded there. O

Corollary 5.1 (Uniform domination and limit in the convolution integral). For
fixed x € [0, +o0[ and t > 0,

LLITOO cr(z,t) = coolm, t),

where cp(x,t) = O+ [ gr. (2, 7) () — ¢y (t—7)) dr and coo (1) = Q+ [ goo(, 7) (0 —
cp(t —7))dr.

Proof. Case z = 0. As explained in Remark [3.1] ¢,(0,-) = —dy = ¢(0,-) as
distributions, for every L > 0 and in the limit L — oo alike, since G1(0,s) =
G (0,s) = —1 for every s.

Case r > 0. From the proof of Lemma there exist L; = Ly(z,t) >
max (2\/D11t1n 2, V2D t) and C > 0 such that, for every L > L; and every
T € (0,1,

Ly
|Rp(z,7)] < CLye *Pur.
Indeed, the threshold Ly(7) = 2v/D;;7 In 2 and the monotonicity threshold v/2D;;7
used in the proof of Lemma [5.1| are both increasing in 7, hence bounded by their
values at 7 = t; the bound obtained for fixed 7 therefore remains valid uniformly
for every 7 € (0,t] as soon as L > L.
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Since Dy;s9 < 0 (because sy = —v3/(4D?,) < 0), we have eP11%7 < 1 for every
7 > 0. We deduce, for every L > L, and every 7 € (0,1],

eoz:t—i—DusoT 22
r,7T)| = | ——|xe Pur + R l’,T:|
9227 = | 5 | w7
e f _ a2 _ 13
< — 732 [xe bt 4+ CLye 4D117] = M(x,T).
~ 27Dy, ! (,7)
By Lemma (5.2} applied successively with a = & and a = %, each of the two

terms 7%/2¢~*"/4Pn7) and 7-3/2¢~L1/(4Dn7) is integrable on (0, t]; hence M (z, ) €
LY((0,1]).
Using Lemma we obtain, for every L > L, and every 7 € (0, ],

g, 7) (€ = eplt = 7)| < (1] + Me,) Mz, 7) = M(7),

with M € L'((0,]), independent of L.
On the other hand, Proposition gives g (z,7) — goo(x, 7) for every 7 € (0, ¢]
as L — +o0, SO

9@, 7)() = cp(t = 7)) —— goolz, T) () — ¢ (t — 7)) for every 7 € (0, ¢].

L—oo a
The hypotheses of the Lebesgue dominated convergence theorem are thus sat-

isfied. We conclude
t

lim gr(x,7) (cg —cp(t — T))dT = /0 Joo(, 7')(02 —cp(t — T))dT,

L—+o00 0

ie. i = Coo . U
ie L_lglooc,;(a:,t) Coo(T, 1)

Thus only the index-0 term contributes significantly, and Corollary [5.1] justifies
rigorously the approximation

eaac—i—Dusot g2 T _(I_vot)2
Joo(2,1) = ————=2e P11t = ———=o-—p Pul .
OO( ’ ) 2\/7TD11t3 2\/7TD11t3
The solution ¢(x,t) in the semi-infinite case is therefore
t 2
(z—vqgT)
0 X - 0
Coo(T,t) =, — | ———=¢€ Pur (¢, —c,(t —71))drT.
OO( ) ) a /0 QW (a p )

This expression gives the general solution for the semi-infinite case, where the
influence of the boundary condition at x = L disappears as L — oo. The function
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Jso(,t) is now a Gaussian shifted by the velocity vy, and the solution depends on
the boundary condition c,(t).

If ¢, (t) = c) (constant), the integral can be evaluated explicitly in terms of error
functions. The general solution then becomes

_ (z—vg7)?
4D T d7—

t
CoolT, T = - CO—CO/Le
wh=a-e=9) | 5 /mpum

To compute [(z,t) = fg goo(x, 7)dT, We first determine its Laplace transform:

o0 t T _(x—UOT)Q
L’[Im,t}:/ eSt(/ — ¢ Dur dT)dt, 0<7<t<o0.
( ) 0 0 2\/7TD117'3

Interchanging the integrals (Fubini’s theorem [10]),

oo T _(ﬂ')—vo‘f‘)2 oo
E[[ x,t]:/ —————¢ 4Dur (/ e_Stdt)d, 0<7<t< @
O = )y vt : noo0sTsts

T © 1 . (e=un?
= e ur dr
2sy/7Dy1 Jo VT3
02 0o 2
xre?Pu 1 (e Y0 N\ _a?
- — 7-_5_1@ (s 4D11) 4D117 1
28\/7TD11 0
’UO.’I)
re2Pu 47Dy s vg
= S exp [ —xy [+
2sv/m D11 T Dy, 4Dy,
2oz ] s o v3
=e2Pu—exp | —x4| =—
S D11 4D11

Inverting £ [I (x, t)} , We obtain

v
e?P11 vow T 4 vt _ v T — vt
I(x,t) = e?Puerfc | ———= | +e Puerfec | —— | |,
(@) 2 [ (Qant) (2\/D11t> ]

with erfc the complementary error function,

erfc (z) = %/ et
™ x

Substituting I(x,t) into the expression of ¢(x,t), we obtain

0_ .0
Cq — Cp | 2oz x + vpt x — vt
Coo(T, 1) = € — L [6’3011 erfc( % ) +erfc< 0 )

2 2\/ Dllt 2\/ Dllt
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When ¢,(x) = 0 for all = > 0, the solution reduces to

Al wpe x + vot x — vot
5.5 wol(z,t) = 2 lePu erfe | ——= fc | ———
(5.5) Coo(, 1) 5 [eP erfe (2 Dnt) + erfe (2 D11t>

Solution extends the original formulation for the longitudinal disper-
sion equation in porous media exactly like in reference [[9], combining molecular
diffusion and convective transport of contaminants in a unidirectional flow. This
generalization is consistent with the boundary conditions and reproduces the ex-
pected asymptotic behaviour, which supports its use for describing the coupled
dispersion-convection process in spatially bounded domains.

6. CONCLUSION

We have presented a unified analytical solution of the 1D convection-diffusion
problem at constant velocity, first on a bounded domain and then on the half-
space. The Laplace transform gives two equivalent representations of the Green’s
function: a spectral series (residues) and a spatial series (Poisson summation),
whose agreement supports the correctness of the solution. The lack of a complete
analytical solution in the existing literature for the bounded case necessitated a
comparison with the results reported in [[15]]. The excellent agreement observed
between our results and those of [15]] provides strong validation of our approach
and enables us to draw further conclusions regarding the boundary conditions.
The limit . — oo, often taken for granted heuristically in the literature, is here
derived, recovering in this way the classical Ogata and Banks type solution [9]]. A
natural extension of this work concerns the case of a spatial and time-dependent
wind velocity V(x,t) and its generalization to two or three dimensions.

CONFLICT OF INTEREST

The authors declare no conflict of interest.

APPENDIX A. THE FUNCTION ¢ SATISFIES THE HYPOTHESES OF THEOREM

Provided the hypotheses of Theorem |5.1|are satisfied, it allows us to express the
solution g as a mixed series. To check these hypotheses, consider the following
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representation of g(z,t):

eaa:—l—DHsot 2
r,t) = ————— x4+ 2nl), = ye D11t
9w, t) = = mnezzq( ), aw) =y
(1) qis integrable.
Indeed,

+o0 y2 y2 400

[latoay =2 [ ety = apafe#in] ™ < aput < oo

R 0 0

Hence ¢ € L'(R).
Let r := |y|. We want to bound the function
7'2
r(1+r)% *Put
uniformly in > 0.
-Ifr <1,
r2
r<1l = q(r) <2% Put <2%
-Ifr>1,
2

r>1 = r(l+r)*< 9opatle ™ byt

Note that

Y4
suprpe_#iﬂ = (2D11tp> By

r>0 €
2

Indeed, 1, (rg) = 0 = 1o = /2Dy,fp with h,(r) = rP¢”#u7. This
leads to

p+1
(2D11t<p + 1)) 2

sup hp41(r) = .

r>0

Hence, for every r > 0,

p+1
q(?“) S 201 max {1, (w) } = CDH'

e

(2) ¢ satisfies the second hypothesis of Theorem [5.1
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Since ¢ is integrable, let ¢ denote its Fourier transform. A basic property
of the Fourier transform gives

2

q&) = ifﬁ(f)a u(y) = efﬁ

d
=1— 47TD11t6_D11t£2

dg
- _i(2D11t)\/m €—D11t§2
’qA<€)’ < (2D11t)\/myf‘€*[)ut£2.

In particular, setting £ = muwy, the series

> 1d(mwo)| < oo,
since
Z |g(mwo)| < (2Dnt) /4w Dt Z mlwe~Prtimuo)”,

. 2
and the series > >°__ m|wp|e=*(™0)” converges for every s > 0.
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