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UNIVALENCE CONDITIONS FOR A NEW INTEGRAL OPERATOR

SH. NAJAFZADEH1, A. EBADIAN AND H. RAHMATAN

Abstract. In the present paper, we will obtain norm estimates of the pre-Schwarzian derivatives for
F�;�(z); such that

F�;�(z) =

Z z

0

nY
i=1

(f 0

i(t))
�i

�
fi(t)

t

��i
dt ; (z 2 D);

where �i; �i 2 R, �i = (�1; �2; � � ��n); � = (�1; �2; � � ��n) and fi belongs to the class of convex univalent
functions C � S:

1. Introduction

Let D = fz 2 C : jzj < 1g be the open unit disk in

the complex plane and H denotes the space of holo-

morphic functions on D. Further, let A denote the

class of functions f(z) of the form :

f(z) = z +

1X
n=2

anz
n ;

which are analytic in the open unit disk D and sat-

isfy the condition f(0) = f
0

(z)�1 = 0. The subclass

of A, consisting of all univalent functions f(z) in D

is denoted by S.

A function f 2 A is a convex function of order

�; 0 � � < 1; if f satis�es the following inequality

Re

(
zf

00

(z)

f
0(z)

+ 1

)
> �; z 2 D;

and we denote this class by C(�):

Similarly, if f 2 A satis�es the following inequality

Re

(
zf

0

(z)

f(z)

)
> �; z 2 D;

for some �; 0 � � < 1, then f is said to be starlike of

of order � and we denote this class by S�(�); see [6].

We note that

f 2 C , zf 0(z) 2 S�; z 2 D:

In particular case, the classes C(0) = C; S�(0) = S�

are familiar classes of starlike and convex functions

in D:

For a locally univalent holomophic function f , we de-

�ne

Tf (z) =
f 00(z)

f 0(z)
;

which is said to be pre-Schwarzian derivative. For a

locally univalent function of f in D; we de�ne the

norm of Tf by

kTfk = supjzj<1(1� jzj2)

����f 00(z)f 0(z)

���� :
It is well-known that from Becker;s univalence cri-

terion, see [4], every analytic function f in D with

kTfk � 1 is univalent in D: Conversely kTfk � 6

holds if f be univalent.

Theorem 1.1. Let f be analytic and locally uni-

valent in D:Then

i) if kTfk � 1 then f is univalent, and

ii) if kTfk � 2; then f is bounded.

Proof. See [4, 5]. �

Theorem 1.2. Let 0 � � < 1 and f 2 S:

i) If f is starlike of order �, i.e Re

�
zf 0(z)

f(z)

�
> �

then kTfk � 6� 4�:

ii) If f is convex of order �, i.e

Re

�
zf 00(z)

f 0(z)
+ 1

�
> �, then kTfk � 4(1� �):

Proof. See [8]. �

The study of the integral operators has been

rapidly investigated by many authors in the �eld of
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univalent functions. The integral operator

�[f ](z) =

Z z

0

f(�)

�
d�;

was introduced by Alexander, see [1]. Note that

f 2 S�(�) , �(f) 2 C(�):

For the complex number 
, Kim and Merkes, see

[9] considered the nonlinear integral transform

�
(f)[z] =

Z z

0

(
f(�)

�
)
d� :

For fi(z) 2 A and 
i > 0; for all i 2 f1; 2; : : : ng:

Breaz and Breaz in [2] introduced the following inte-

gral operator:

Fn[f ](z) =

Z z

0

nY
i=1

�
fi(t)

t

�
i

dt :

In [10] Kim, Ponnusamy and Sugawa de�ned the fol-

lowing integral operator

I
 [f ](z) =

Z z

0

(f 0(t))
dt ;

for 
 2 C; f 2 A: Breaz et.al, [3] introduced the fol-

lowing integral operator

F
1;
2;��� ;
n [f ](z) =

Z z

0

nY
i=1

(f 0i(t))

idt:

Recently Frasin introduced the following integral op-

erator in [7],

F�;�(z) =

Z z

0

nY
i=1

(f 0i(t))
�i

�
fi(t)

t

��i

dt ; (z 2 D);

(1.1)

for �i; �i 2 R, fi(t) 2 C:

In this paper, we shall give the best estimate for

the norm of pre-Schwarzian derivatives of integral

F�;�(z) :

2. Main Results

Theorem 2.1. Let �i 2 R, i 2 f1; 2; � � �ng , fi 2 C

and gi 2 S�: Suppose that F�;�(z) is locally univa-

lent in D:

1) If

kTfik �

1

2Pn

i=1 �i
; kTgik �

1

2Pn

i=1 �i
;

(2.1)

then F�;� is univalent.

2) If

kTfik �
1Pn

i=1 �i
; kTgik �

1Pn

i=1 �i
;

(2.2)

then F�;� is bounded, where F�;� is the integral

operator de�ned as in (1.1).

Proof. Since

kTF�;�k = supjzj<1(1� jzj2)

����F�;�00(z)F�;�0(z)

���� ;

then,

kTF�;�k = supjzj<1(1� jzj2)

�

��������
(
R z
0

Qn

i=1(f
0
i(t))

�i

�
fi(t)

t

��i

dt)00

(
R z
0

Qn

i=1(f
0
i(t))�i

�
fi(t)

t

��i

dt)0

��������
= supjzj<1(1� jzj2)

�

��������
�1[f

00
1(z)][f

0
1(z)]

�1�1

�
f1(z)

z

��1

[f 01(z)]�1
�
f1(z)

z

��1

�

[f 02(z)]
�2

�
f2(z)

z

��2

[f 02(z)]�2
�
f2(z)

z

��2

�

� � � [f 0n(z)]
�n

�
fn(z)

z

��n

� � � [f 0n(z)]�n
�
fn(z)

z

��n

+

�1

�
f1(z)

z

�
0

�
f1(z)

z

��1�1

[f 01(z)]
�1 [f 02(z)]

�2

�
f2(z)

z

��2

[f 01(z)]�1
�
f1(z)

z

��1

[f 02(z)]�2
�
f2(z)

z

��2

�

� � � [f 0n(z)]
�n

�
fn(z)

z

��n

� � � [f 0n(z)]�n
�
fn(z)

z

��n + � � �

��������

= supjzj<1(1� jzj2)�

��������
�1

f1
00(z)

f10(z)
+ �1

�
f1(z)

z

�
0

�
f1(z)

z

�

+ � � ��n
fn

00(z)

fn0(z)
+ �n

�
fn(z)

z

�
0

�
fn(z)

z

�
��������

= supjzj<1(1� jzj2)�

��������
nX
i=1

�i
f 00i (z)

f
0

i(z)
+

nX
i=1

�i

�
fi(z)

z

�
0

�
fi(z)

z

�
��������
:

By Alexander theorem we have fi(z) = zg0i(z) where

gi(z) 2 S�:
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Hence we have

kTF�;�k =

supjzj<1(1� jzj2)

�����
nX
i=1

�i
fi

00(z)

fi0(z)
+

nX
i=1

�i
gi

00(z)

gi0(z)

�����
� supjzj<1(1� jzj2)

nX
i=1

�i

����fi00(z)fi0(z)

����
+ supjzj<1(1� jzj2)

nX
i=1

�i

����gi00(z)gi0(z)

���� :
Then,

kTF�;�k �

nX
i=1

�isupjzj<1(1� jzj2)

����fi00(z)fi0(z)

����
+

nX
i=1

�isupjzj<1(1� jzj2)

����gi00(z)gi0(z)

���� :
So,

kTF�;�k �

nX
i=1

�ikTfik+

nX
i=1

�ikTgik(2.3)

From (2.1), (2.2) and (2.3) and applying theorem 1.1,

we obtain the assertions. �

Theorem 2.2. Let fi; gi and i 2 f1; 2; 3; � � �ng be

a family of analytic functions and fi are convex

of order �i; i 2 f1; 2; 3; � � �ng and gi are starlike of

order �i; i 2 f1; 2; 3; � � �ng then,

kTF�;�k �

nX
i=1

�i(4� 4�i) +

nX
i=1

�i(6� 4�i)

Proof. From (2.3) and by using theorem 1.2 we con-

clude the proof. �

Corollary 2.1. Let fi; gi and i 2 f1; 2; 3; � � �ng be

a family of analytic functions and fi are convex

of order � and gi are starlike of order � then,

kTF�;�k � (4� 4�)

nX
i=1

�i + (6� 4�)

nX
i=1

�i :
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