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NORMALITY CRITERIA FOR FAMILIES OF MEROMORPHIC FUNCTIONS WITH
SHARED VALUES

SHYAMALI DEWAN

ABSTRACT. In this paper we have discussed normality criteria of a family of meromorphic functions. We
have studied whether a family of meromorphic functions F is normal in D if for a normal family G and for
each function f € F there exists g € G such that (f(k))n = a; implies (g(k))”L =a, (1 =1,..,2) for two
distinct non zero constants a; and n (> 2), k being positive integers. In this approach we have considered
the functions with multiple zeros and multiple poles. We also have proved another result which improves

the result of Yuan et al. [1].

1. INTRODUCTION

Let D be a domain in the open complex plane C
and F be a family of meromorphic functions defined
in D. The family is said to be normal in D, in the
sense of Montel [2], if for any sequence {f,} C F
there exists a subsequence { fnj} converging spheri-
cally locally uniformly to a meromorphic function or
00.

Let f and g be two meromorphic functions and
a € C then we say that f and g share a counting
(ignoring) multiplicities if f —a and g — a have same
zeros counting (ignoring) multiplicities. Again, g = a
whenever f = a, we denote it by f =a — g = a.

Schwick [3] first proved an interesting problem
concerning sharing values of family of meromorphic
functions.

Hayman [4] proposed a conjecture: If F be a fam-
ily of meromorphic functions in D and n € N and
each f € F satiesfies f™ (z) f/(z) # 1 then F is nor-
mal in D.

In 1988 Gu [5] proved the conjecture for n > 3.
Pang [6] proved the conjecture for n = 2. In 1995
Chen and Fang [7] proved the same for n = 1.

In 2004 Fang and Zalcman [8] studied a problem
concerning sharing values and they obtained the fol-
lowing result:

Theorem 1.1. [8]. Let F be a family of meromor-
phic functions in D andn € N. If for each pair of
functions f and g tn F, f and g share the value

0, and f*f/, g*g/ share a non-zero value a in D
then F 1s normal in D.

In 2008 Zhang [9] obtained some normality criteria
concerning multiplicities of zeros and poles of the
functions of the family of meromorphic functions. He
proved the following theorems.

Theorem 1.2. [9]. Let F be a family of meromor-
phic functions in D. If for each f € F have poles
and zeros of multiplicities at least 3. If for each
fandg inF, f/ and g/ share a nonzero value a
n D then F is normal in D.

Theorem 1.3. [9]. Let F be a family of meromor-
phic functions on D and n (> 2) be an integer. If
for each pair of functions f and g in F, f*f/ and
g"g/ share a nonzero value a in D, then F is nor-
mal.

In 2011 Yuan et al. [10] improved Theorem 1.2 by
diminishing multiplicity of poles. They proved the
following Theorem 1.4.

Theorem 1.4. [10]. Let F be a family of mero-
morphic functions in D. If for each f € F all poles
have multiplicities at least 2 and zeros of multi-
plicities at least 4 and also for each f and g n
F, f/ and g/ share a nonzero value a in D then F
1s normal in D.

Yuan et al [10] also proved Theorem 1.3 for n = 1,
by proving
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Theorem 1.5. [10]. Let F be a family of mero-
morphic functions on D and each function f € F
have multiple zeros and for each pair of functions
f and g in F, ff/ and gg/ share a nonzero value a
n D, then F s normal.

Recently Yuan et al. [1] also proved a result concern-
ing sharing values between two families of functions.
They proved

Theorem 1.6. [1]. Let F and G be two families
of meromorphic functions imn D C C , k being
a positive integer and a;, (¢ = 1, 2) be two dis-
tinct nonzero constants. Suppose for each f € F,
all of its zeros are of multiplicities at least k + 1
and all its poles are multiple. If G be normal
and for each f € F there exists g € G such that
f®) = a; = g®) = a; then F is normal in D.

They also proved another result for £ = 1 in Theorem
1.6 by considering the family of functions containing
only multiple zeros.

Theorem 1.7. [1]. Let F and G be two families
of meromorphic functions in D C C. If all zeros
of each f € F have multiplicities at least 3 and
a; (=1, 2) be two distinct nonzero constants. If
G be normal and for each f € F there exists g € G
such that f/ = a; = g/ = a; then F is normal in
D.

In this paper we have taken f(*) " instead of f(*) in
Theorem 1.6 where n > 2. which is presented in Sec-
tion 3. Also we improve Theorem 1.7 by diminishing
multiplicity of poles of the functions.

2. PRELIMINARIES

In order to prove our theorems we require the follow-
ing results.

Lemma 2.1. [11]. Let F be a family of meromor-
phic functions on the unit disc such that all zeros
of each f € F have multiplicity greater than p and
all poles have multiplicity greater than q. Let a be
a real number satisfying —q < oo < p. Then F 1is
not normal at 0 if and only if there exist

1) a numberr, 0 <7 < 1;

2) points z, , |zn| < 7T;

3) functions f, € F;

4) positive numbers p, — 0;

such that

N N N N

gn (T) = pniafn (zn +pnT)
converges spherically uniformly on each compact
subset on C to a nonconstant meromorphic func-

tion g (7), its all zeros are of multiplicity greater

S. DEWAN

than p and its all poles are of multiplicity greater
than g and its order ts at most 2.

Lemma 2.2. [12]. Let f(2) = anz™ + apn_12" * +

q(z)

--+4ag+ ——= where ag,- - ,a, are constants with
p(2)

an # 0 and ¢(z), p(z) are two coprime polyno-
maals, neither of which vanishes identically with
degq < degp. Also let k be a positive integer b a
nonzero complex number such that f*) # b and
zeros of f have multiplicities at least k + 1 then
Fl = -9
kE(z —¢)
plex numbers.

, where c¢,d are distinct com-

Lemma 2.3. [13] Let f be a meromorphic func-
tion, k> 1 and € > 0 then we have:

(k — 2)F(r, f) + N(r, §> <

< 2N(r, ;) +N (r, f(lk)) +eT(r,f)+S(r, f).
Lemma 2.4. [12] Let f be a meromorphic function
of finite order n (> 2), an integer, and f has only
zeros of order at least n and poles of order at least
2 then for each k, (1 <k <n—1), f(® assumes
every nonzero finite value infinitely often.

3. MAIN RESULTS

Lemma 3.1. Let f be a meromorphic function
with finite order and k,n (> 2) be two posttive in-
tegers. If zeros of f are of multiplicity at least
k + 1 and no poles are simple and if f*)" (2) # a
then f(z) is constant.

Proof. Obviously we have f(*) (z) # a. If we have
f® (2) = a then f is a polynomial of degree k but
zeros of f(z) has degree at least k + 1 which is a
contradiction.

We consider three cases:

Case 1. Suppose f be a polynomial. As above we
conclude that f can not be a polynomial.

Let f be a transcendental meromorphic func-
tion of finite order. If £ = 1 then by Lemma
2.4 we get f/(z) assumes every value infin-
itely often which contradicts f(® (z) # a. If

k > 2 then by Lemma 2.3 we have:

Case 2.

1

N f)+ M) <2 W)+ N g

+eT(r,f)+ S(r, f).

)+

S~
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From Milloux inequality for a # 0, o0 we have

T(nf) <N(rf)+N ( ]{) ;

1
+N (Ty f(k) _a> -
1
—N("’ym)"‘s(ﬂf)-

From the above two inequalities we have

—, 1 1
S2 N(r’f)+N(r’]‘(’<)—(1>+
+e T(r, f) +S(r,f).

T(r, f)

Considering zeros of order > k+ 1 > 2 and

1
€ = — we have
6

T(‘/‘,f) §6N (va(k)l_a’) +S(T7f)

which contradicts f(*) (2) # a.

Case 3. Let f be rational. Then by Lemma 2.2 we
bz — d)Ft!
kEl(z—¢)
that poles of f are multiple.

have f(z) = , which contradicts

Hence f(z) is constant. O

Theorem 3.1. Let F and G be two families of
meromorphic functions in D C C, k being a pos-
ttve integer and a;, (1 = 1, 2) be two distinct
Suppose for each f € F, all
of its zeros are of multiplicities at least k + 1
and no poles are stmple. If G 1s normal and
for each f € F there exists g € G such that
fR" = gy = g = then F 1s
normal in D.

nonzero constants.

a; and n > 2

Proof. Suppose F is not normal in D there exists at
least one zg € D where F is not normal. Without
loss of generality let zo = 0. Then by Lemma 2.1
there exists sequence {z;} of complex numbers with
z; — 0 and a sequence {p;} of positive numbers with
p; — 0 such that:

Fi (€)= p;™ f; (2 + pi€) = F(€),

locally uniformly with respect to the spherical met-
ric, where F' is non constant meromorphic in C all of
whose zeros have multiplicity at least k4+1. Moreover
order of F' is less than two.

Now let

(FO5) © = (597) G5 +08) = (FO7) (@

also converges uniformly with respect to the spher-
ical metric. Then using Lemma 3.1 we know that
(F(R)™) (€) takes two distinct non-zero finite values
{a1,a,}. We set & , and £*, to be two zeros of

(F(k)n) — a; and (F(k)n) — ay respectively. Obvi-
ously & # £*, and then choose 6> 0 small enough
such that D(§, ,0) N D(£*,,6) = 0 where:

D(& ,80)={€¢:1£—¢& | < 6} and

D(¢%0,8)={ £:] £~ &%| < 6}.
By Hurwitz’s theorem there exist points §; €
D(& ,6) and £*; € D(£%,6) such that for suffi-
ciently large 7,

(f]-(k)n) (zj + p;€) —a1 =0, and

(fj(k)n) (2 + pj€) —az =0.
From the hypothesis: (gj(k)") (z; + p;€) = a1 and

(6;™") (2 + p;€) = az.
Since G 1s normal without loss of generality we as-
sume that:

95 (2) = 9(2)

converges locally spherically uniformly. As 7 — o
we have:

0 <
= | <gj(’°)n) (zj +pi€) — <9j(k)n) (zj +pi€) |,

ie., 0<la; —as| =|(g;®") (0)— (g;®") (0)| =0,
which is a contradiction. This completes the proof of
the theorem. |

la1 — as

Theorem 3.2. Let F and G be two families of
meromorphic functions in D C C. If each f €
F,all zeros and poles have multiplicities at least
2 and a; (1 = 1, 2) be two distinct nonzero con-
stants. If G be normal and for each f € F there
exists g € G such that f/ = a; = ¢/ = a; then F
1s normal in D.

Proof. Suppose F is not normal in D there exists at
least one zg € D where F is not normal. Without
loss of generality let zo = 0. Then by Lemma 2.4
there exists sequence {z;} of complex numbers with
z; — 0 and a sequence {p;} of positive numbers with
p; — 0 such that:

Fi (€)= p; ' fi (2 +pi€) = F(¢)
and poles are multiple. Again we have
F/ (&) = £/ (2 + p;6) = F/(§)

converges uniformly with respect to the spherical
metric.

Combining with Lemma 2.4 we know that (F/) (€)
takes two distinct non-zero finite values {a1, a,}. Set
& &%, two zeros of (F/) — a; and (F/) — ay re-
spectively. Obviously & # £*, and then choose
§ > 0 small enough such that D(& ,8) N D(€*,,6) =
0 where D(&,6) = { € : |€—& | < 6} and
D(%0,8) = { €11 €~ €%l < 3},
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By Hurwitz’s theorem there exist {; € D(& ,9) and
£, € D(€%,9) such that for sufficiently large j it
holds:

(fj/) (2 + pj€) —a1 =0,

(fj/) (25 + ps€) —az = 0.
From the hypothesis

(9:) (25 + ps6) = a1, and (g,7) (25 + ps6) = aa.
Since G is normal without loss of generality we as-
sume that:

95 (2) = 9(2),
converges locally spherically uniformly. As 7 — oo
we have

0<las—azl = (g’ ) (2 +p6)- (957) (z +ps6) |,

ie0 < |a; —az] =| (¢/) (0)— (g/) (0)] =0, which is
a contradiction. O
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