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STABILITY FOR CERTAIN CLASS OF MULTIVALENT FUNCTIONS

A. EBADIAN!?, SH. NAJAFZADEH AND S. AZIZI

ABSTRACT. In this paper we investigate the problem of stability for a certain class of p-valent functions in
Ts-neighborhoods and we find the lower and upper bounds of radius of stability.

1. INTRODUCTION Let the Hadamard product (or convolution) of two

functions

(e 0]
z) =2+ Z anz” , g(2)

Sk e

Let A(p) denote the class of functions f(z) of the
form

o=
= Zp + Z bnzn,
(peN={1,2,3,. n=ptl

— 2P 4 Z anz
n=p+1i be given by

which are analytic and p-valent in the open unit disc

U={z¢€C:|z] <1} Also, let S* and K denote

the subclasses of A(1) = A consisting of starlike and

convex functions, respectively.

A function f(z) € A(p) is said to be in the class

Mp(a, B) if it satisfies

zf'(z)
me (7)) <o
where o < 0 and S > p.
We note if f(z) € My(a

(f*g)(z

)=2P + Z anbnz™

n=p+1

And the integral convolution be given by

a'n‘n.
_ZP+§ n

n=p+1

2f(2) (@)

f(2)

- p‘ + ﬂa
Also, note that if I, denotes I,(z) = 2P then

718)7 then7 fora< _17 f*Ip:Ip andf®fp:.fp.

1
2f(2) lies in the region Gp = Gp(a,f) = {w = ) ) )
f (Z) ) The convolution has the algebraic properties of
u+w : Rew < alw — p| + f}, that is, part of the ordinary multiplication. In convolution theory, the

complex plane which contains w = p and is bounded
by the ellipse

<u_nﬁ—ﬂ>2+ o o _(B-p)

a? —1 a?—1 (a2 —1)2 "

with vertices at the points
pa® —B B-p pa’—f p-p
a2 —1"Va2—-1/)'\a2-1" /a2 -1/’
pa+ﬂ70 ’ pa—ﬁ’o _
a+1 a—1
For p = 1, the class Mi(e,8) = MD(a, f)
was studied earlier by J. Nishiwaki and S. Owa [10].

Many subclasses of the class My(a, B) were studied
in earlier works [2, 11, 9, 12, 18].

! corresponding author

concept of duality is important. Many authors have
used the powerful method of duality for study proper-
ties of analytic functions(for example, see [7, 8, 17]).
The concept of duality in geometric function theory
was stated by Ruscheweyh in the book [15]. Let V*
denote the dual set of V C A(p). Then

v {ocap U290

#0,VfeV,Vze U}
For p = 1, we obtain the definition of dual set

defined by Ruscheweyh [14]. Let D C A(p) be given

such that D* = Mp(a, 8). Then it is easy to see that

(f x9)(2)

zb

f e Mp(a, B) = #0, (g € D,z € ).
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If f(2) = 27 + 307 |1 an2", then Ts-neighborhood
of the function f is defined as

TNs(f) = {g(z) =27+ Y b € Alp):

n=p+1

i Tn|an - bn| < 5} )

n=p+1

where 6 > 0 and T = {T,,};>,, is a sequence of
positive numbers.

In [16, 6] authors investigated Ts-neighborhood for
various subclasses of analytic functions.
We also define TNs(A) = Usca TNs(f), (A C A).
For p = 1, St. Ruscheweyh in [13] considered T' =
{n}y>, and showed that if f € K, then T'Ny,4(f) C
S*

Assume that A, B are subclasses of the class A.
Then the set of all functions f x g and f ® g, where
f € Aand g € B, will be denoted by A*B and AR B,
respectively. Let Ax B C C, the Hadamard product
is called T-C-stabel on the pair of classes (A4, B) if
there exists § > 0 such that T'Ns(A4) * TNs(B) C C.
Stability of the integral convolution is defined in a
similar way. The constant é7 which characterizes the
stability of Hadamard or integral convolution is called
the radius of stability and it is defined as follows.

Definition 1.1. Let A, B, C be the subclasses of
the class A and Ax B C C. Then a constant
S7(Ax B,C), such that

d7(Ax* B,C) =sup{é : TNs(A) x TNs(B) C C},

1s called the radius of stability of the convolution
on the pair (A, B). The constant d7(A® B,C),
such that

57(A® B,C) =sup{é : TNs(A) ® TNs(B) C C},

1s called the radius of stability of the integral con-
volution on the pair (A, B).

Bebnarz in [3] studied T-C-stability for certain
classes of analytic functions. Also, Bednarz, Kanas,
Sokét and Aghalary et al.[4, 5, 1] recently investi-
gated the problem of stability for various subclasses
of analytic functions. In this paper we investigate
the problem of stability for the class Mp(a, §) in
Ts-neighborhoods and we find the lower and upper
bounds of radius of stability.

2. PRELIMINARIES

We shall require the following definitions and lem-
mas to prove our main results.

Lemma 2.1. Let

Hyz) = —2 i |p+(1-p)z-

p(l-2 B-p]|’

where

B=ta+f+i\/t?— (ta+f—p)?,
B—p

l—«

(t* — (ta+B—p)* >0,

<t<

Then a function f € A(p) is in My(a, B) if and
only if for all z in U,

(FrH)E) ¢
zpb
Proof. Let us

(f*ljw # 0, (z € U). Then we have

assume that for f €

A(p),

(fx Hi)(z) _

zP o

= { <f (2) * Pz _;((11__21;);1"“) -
s

(60 5= )} 1

B

5
2f'(2) B (2f'() .,
__»p B-p ( P I ))
_ Bpf(z) —pzf'(2)
- p(B-p)zP 70,
zf'(2)
i 7 °

Since boundary of region G, = Gp(a,f) can be
taken as B = ta ~|—ﬁ:l:i\/t2 — (ta+ B — p)? for any
_ _ 1
h-r <t < u, this means that 2f'(2)
l-« l+a f(z)

completely either inside G, or complement of G,
!
for all z € U. At z = 0, 2f(z)

, 1)
z}{(g) C Gy for all z € U,which shows that
f € My(a, B). The converse part follows easily since
all the steps can be retraced back. This completes
the proof of lemma 2.1. a

lies

=p € Gp so

that

In view of the definition of dual set and Lemma
2.1 we can easily obtain the following result.

Corollary 2.1. Let

D = {heA:

P
h(z) = z Bz

g p+(1—p)z—B_p]},
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where
B =ta+p+i\/t? - (ta+ B —p)?,
(t* — (ta+ B —p)*> >0,
ﬁ_pgtgp_ﬁ,a<—1,ﬁ>p)-
l—-«o l+a

Then D* = My(a, B).

Lemma 2.2. Let a < =1 and § > p. If h(z) =

2P+ ZZOZPH cpz™ € D. Then

|Cn| <

Proof. From the power series of the function h(z) €

B-p

+(n-p)(l-a)

B-p

D in Corollary 2.1 we obtain

B—-n
Cp = ,
and therefore
o _ P+ (n—p)n+p-—20ta+p)]
|Cn| - t2 .
Since _p§t§f+ , then —2(ta+p) < 2(t—
—a a
and we get
2 o P+ (n=p)ln+p+2(%t—p)]
|C77'| — t2
P+ (n—p)(n—p+28)
= 5
_(n—p+?t)?
=
and so
n +t
leal < =
Now, since ,13—p < t, we obtain
—-a
e |<n—p—|—t
m= t
n—p
=1
+ t
L B-pt(n-p)l-a)
- B-p

Corollary 2.2. Let a < —1 and f > p. The func-
tion g(z) = 2P + Az"™ € My(a, B) if and only +f

(2.1)

B—p

(g% h)(2)

zPb

SR gy s T g L

Proof. First we prove the sufficient condition. Since

= |1+ crAz"7?|
>1—lc Az
>1—1z|>0
(z€U, heD)

then by Corollary 2.1, g € D* = M,(a,B). Assume
next, for neccessity, that g € M,(c, 8), and

_ZP Z ﬂ p+ﬁ )(1—a)anD.

n=p+1 p

Then
G+M)E) _ |, Bf-pt-pi-a) .,
zP B-p
Then, for |A| > horp
t(n-—p)(l-a)
point ¢ € U such that (g };)(O = 0, so that the
inequality (2.1) must hold. O

Corollary 2.3. Let a < —1,8 > p and f(z) =
2P 430 L1 an2™ € A(p). If

[ee]

5 p—p+(n—p)(l-a)

there exist a

|an| <1,

then f € Mp(a, B).
Proof. Let f(z) = 2 + Z;’o:pﬂ anz™ € A(p) and
h(z) = 2P + 3707 1 caz™ € D. Since for all n > 2,
p-—p+(n—p)(1-0

p-p

|Cn| <

Then we have

(f+h)(z)

zP

1+ Z anCnz"

n=p+1

o)

>1- Z |anlcnl|2]
n=p+1
(o]

>1- " lanllcal > 0.
n=p+1
h
Thus % # 0 and from Corollary 2.1 we have
f € D* ="My(a, B). O
Lemma 2.3. Let ¢ < -1 and f > p. For
f € A and for every € € C such that |¢| < 6,
»
if Fe(z) = f(zl)% € Mp(a,B), then for every
(f*h)(2)
zPb

he D, >46,(zeU).

Proof. Let F. € My(a, ). Then by Corollary 2.1,

Vh e D,Vz €U (#x )
P

(f*xh)(z)+ez £0in

(1+€)zP
(f xR)(2)

o # 0. Equivalently,
Do UERE)
zP

—e which

shows that > 4. O

Lemma 2.4. ([15]) Let f(z) and g(z) be in the
class K and §* respectively. Then, for every func-
tion F(z) analytic in U, we have

1)+ F(2)9(2) o .
Oy eae) €CAFW), 2T,
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where Co denotes the closed conver hull. Proof. Let f(z) = 2P + Z;’O:pﬂ anz™. Then
o . p
Deﬁ(n;tlon 2.1. 1 F.(z) = f(zl)::z
KW ={feAlp): f(z) =2P""®(z), 2K} . oo
{f e Aw): 12 (2), # €K} AT
Lemma 2.5. Letp < f <p—(l+a) anda < —1. If - 1+e
f€Mp(a,B) and g € KP). Then fxg € My(a, B). @) [P+ ) + R 2"
Proof. Let f € M(a,B) and g € K®). Then B I+e
zf'(2) _ . p—1 7= 1 2
@) € Gp, g9(z) =2P71®(2), = f(z) % %
where $(z) € K. To prove the required result, it is = f(z) * k(z),
sufficient to prove that
where
A+ ) o e
1-2
We have _ h(a)
2(z17Pf(2) _ - zf'(z) =7 “h
SR (2) i) L
moreover, from propreties of region G, we have and h(z)% Now,
-z
Zfl(z) ba + IB 2e 2
SO wo e
Then I+e .
_ —pz €
2(z'7Pf(2)) _ B-p+a+1 = + ——, where p = :
> 0. — —
Re AP (2) ot >0 l—pz 1-2 14€
1 1
Thus, z! P f(z) € S*. Now we have Hence |p| < ] |_6||6| < 3 gives |e| < T Thus
z(g* f)'(z) _ g9(z) x2f'(2)
= % 1 - 2|pllz| — |o||2[?
(NGRS re (50)) > A o
- 1@( ) % £(2) if |p|(]2|? —1|— 2|z]) — 1 < 0. This inequality holds fcl)r
_ ®(2)x227Pf(2) all [p| < 3 and |z| < 1, which is true for |¢| < T
C B(2) 2172 f(2) Therefore h is starlike in U and so
z2f'(z) - Z h(t) 2. hpz™ 1
P(z) ¥ T 2 f(2) | = BnZ% _ h(z)#1
f(2) o ¢ Z+ZQ n (2) xlog 1-2z)’
d(z) %21 Pf(z) ’1—
Then by using Lemma 2.4, we have is convex for |e] < 7
! Also we have
BT 1S P2 s L
29+ /)(z) _ 1) (f *k)(z) = (k * f)(z) = 2~ "h(2) * f(2)
(g * f)(z) <I>(Z) * zl—pf(z) _ o p—1 1-p
_ 2P [h(2) x 21 P f(2)]
€ Co(F(U)) C Gy, .
7(2) = 277" [h(2) * F(z)]
z
here F(z) = d G, i ion.
where F(z) 5 and G, is a convex region _ 1 [h(z) . (zF’(z) v log (1 1 ))]
Then f * g € Mp(a, B). O -z
_ 1
Definition 2.2. A function f € A(p) s said to be =zt [ZFI(Z) * (h(z) * log (1_2)>]
wn the class Ny(a, B) if for all z € U, () U(2)]
!
2f'(2) + (1~ p)f(2) € My(e0, ). = 2 [Pz (2) + (1 - p)f(2) ¥ (2)]
Lemma 2.6. Letp< f<p—(1+ ) 1and a < —1. — (2f'(2) + (1 — p)f(2)) % 221 9(2),
If f € Np(o, B), then for € with [e] < 4’ where F(z) = 2'7Pf(z) and ¥(z) = h(z) *

P
F(z)= f(zl)% € Mp(a, B). log (11z> Now from f € WNy(a,pB), we have
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z2f'(z) + (1 —p)f(2) € Mp(a, B) and since ¥(z) € K
then by Lemma 2.5 we have

(zf'(2) + (1 = p) f(2)) * 2P71¥(2) € My(e, B).
Thus F.(z) = (f * k)(2) € My(a, B). O
Lemma 2.7. Letp< f<p—(1+a) and o < —1.

If f € Np(a,B) and h € D, then ‘(f*zf;)(z) > %

Proof. Let f(z) = 22 + 3207 11 an2™ € Np(a,B)

and h € D, then from Lemma 2.6 for |¢| < 3 we have
£(z) + 22

F(z)= re € Mp(a, ). Thus

1

—P(2)

2P

Fi(2)] £0, |e] < %

Now from the properties of Hadamard product we
obtain

2 Ih(e) +

flz)+eP 1 »
R 2 - 2 1h(e) # (f(2) + e2?)]

= L1z «

2P

x f(z)] # —e, and so

O

* f@)]+e£0.

L hG)

Hence for |¢] <
(FmE)]| o 1

zP — 4
Lemma 2.8. Let § > p and o < 0.
Mp(a, B), then

If f e

2(8 —p)
|ap+1|§ 1—a '’

and

ol 22 T (3828,
(n>p+2).

Proof. Let f € My(a, 8). Then
() <12

<a (5

- p‘ + 8
- p) + ﬁ)
implies that

B —pa+ (ax—1)Re (i{éi?) > 0.

And let us define the function p(z)

b
21'(2)
1)

B—pa+(a—1)

p-p
Then p(z) is analytic in U, p(0) = 1 and Rep(z) >
0 (z € U). Therefore, if we write

oo}
n=1

(2.2) p(z) =

(2.3)

then |p,| < 2 (n > 1). From (2.2) and (2.3), we
obtain that
(a—1) Z (n —plapz™
n=p+1

=(f- p)an

Therefore we have

(2P + Z nZ

n=p+1

ap =
F-—r
(n—p)a—1)
(pnfp +pnfp71ap+1 + ... +p2an72 +p1an71)a

foralln >p+ 1. Whenn=p+1,

— 2B —
aper] < P Pppy < 2P2D),
And when n =p+ 2,
apsal < 5= (leal + Ipr )
2(8 —p) 2(B —p)
21— )( "1 a )
Let us suppose that
2(B —p)
(2.4) |ak|§m
(1+ lapt1] + . + |ak—2| + |ak—1])
2( —p)
SG-pi-a)
i 2(8 — p)
1 - k> 2
1 (1+56=5) w2+

Then we see

(25) 1+ lapeal oo+ lax szl + lax 1] <
k—1—p
2(8 —p)>
< 14 - .
- Hl ( i(1-a)
]7
By using (2.4) and (2.5), we obtain that
2(6 - p)
a <
ol S T - a)
(L + lappa] + oo + |ak—a| + |ar—1] + |a])

2(8 — p)
(k+1-p)(1—-a)

. (1 ¢ i(zf)(_lp—) a)>

This completes the proof of the lemma 2.8. |
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Corollary 2.4. Leta< -l andp< f<p+2. If
f E MP(aHB); then

an < "B (> gy

Proof. Since a < —1 and p < B < p + 2, then

1
< > 0 < f—p < 2 and from Lemma 2.8

l-—«a
for n > p + 2 we obtain that

lan| <
n 1
(n pl—a I{( )
B B
= RINCE )
7j=1
_F-p,
n—p
(ﬂ+ﬁ—m0+ﬂ—mmm—p—1+ﬂ—m
Ix2x.x(n—p-—1)
_(B-p)f-p+1)---(f-ptn—p—1)
(n —p)!
2x3x4x..x(n—-p)x(n—p+1)
_(B-p)(n—p+1)
2
n(B — p)
- 2
Also, for n = p+ 1 again from Lemma 2.8 we have
28 —
opal < 2P0
<f-p
S(p+1§ﬁ—pX
O

Lemma 2.9. Let L, : A — A s the integral oper-
ator defined by
L) =150 [ e s
0
and Rey > 0, then L,[K] C K.
Corollary 2.5. Let 1 < p < 3, then

oo
n
zZ)=2+ 7z"€IC
9(2) Eﬁp+”_1

2
— 1—
Proof. Let1<p§3and'y:L+lp, n >
p_
2. Since f(z) = z+ Y00, 2" € K and v > 0, then

by Lemma 2.9 we have

y+1
27

Lylfl(z) = g(z) =2+ ) ﬁz” € K.

3. MAIN RESULTS
Throughout this section T' = {T}52 ., will al-
ways be the sequence given by
f—p+(n—p)(1-0a)
B—p ’

unless otherwise mentioned.

T, =

Theorem 3.1. Let 1 <p <3 and

{p<ﬁ§p—w+D -3<a< -1,
p<pf<p+2 a< -3,
Then for
0<6 <
ﬂ(ﬂ—erl—a)(erS)rJr (p+D(E-p+1-a)
4(B - p) 4(B —p)
_[w—p+1—®@+@]
4B —p) ’
we have
TNs(Mp(a, B)) ® TNs(KP)) C My(a, B).

Proof. Let fo(z) = 2P + ZZOZPH a0n 2™ € Mp(a, f)
and go(2) = 2P + EZOZPH bonz™ € K. Then
go(z) = 2P71®(z) where ®(2) =z + ) ;o di2* € K
and so we have gg(z) = zi"—i-zzc’:pﬂ dn_pt+12™. Con-
sequently, by, = d,, where m =n —p+ 1 for alln >
p+ 1. Also suppose that f(z) = 2P +E;L°°:p+l anz™ €
TN(S(fO) and g(z) = 2P + ZZOZPH bp2™ € TN6(gO)'
We want to show that
(f®g+h)z)

- £0, (h € D).

By the identity
f®gxh=
fo®go*h+ fo®(9— go) ¥ ht
(f = fo) ®goxh+(f - fo) ® (9 — go) * h,

we obtain

(3.1)

‘U®9*M@)2

zb

_ ‘(fo ® (9 — 90) * h)(2)

zb

_‘((f—fo)®

vV

‘(ﬁa®nghXZ)

B ‘((f — fo) ® g0 * 1) (2)

2P

(g9 — go) *
2P

m)|

From Lemma 2.5 we have (fo * g0)(2) € Mp(a
We have

2(fo ® go)'(2) + (1 — p)(fo ® 90)(2) =

(foxg)@) s+ Y Lo

n=p+1

 B)-

and

n+1l-—p 1 l .
p 2T — P
2P + Z - z Z+Z +l—1 2.
n=p+1
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Then clearly, for p = 1 and by using Lemma 2.5
and Corollary 2.5 for 1 < p < 3 we conclude that
2(fo ® 9o)'(2) + (1 - p)(fo ® g0)(2) € My(ct, B) and
thus fo ® go € Np(a, B). Now from Lemma 2.7 we
obtain

>1
2P — 4

Moreover, since ®(z) = z + Y40, dxz® € K and
bon, = dyy, Where m = n—p+1foralln > p+1
and also for all n > p+ 1, m > 2 therefore |bg,| =
|dm| < 1. Also by making use of Corollary 2.4 and
Lemma 2.2 for h(z) = 2P + E;’o:p_H cn2™ we obtain
_ _ _p)(1 —
laon| < n(ﬂ2 P 4 el < B p+(; p)(1-a)
—-p
respectively. Now, from the definitions of T'Nj(fo)
and T N;s(go) we have

i |20n[6n — bon||¢n|

n
n=p+1

2
n=p+1
§(B—p)
- 2
So
= |aonl[br — bonllcn| _ 8(8 —p)
. < .
(3:3) Z n - 2

n=2

Similarly, we get

> b n n - n n 1 -
S |Bon||an — aon||cn] < S Talan — aonl
n=p+1 n P+ n=p+1
)
3.4 < —.
( ) T p+1
Finally, we have
i |an - aOngn - b0n||cn|
n
n=p+1
(8 - p) f:
= Tn|bn - b0n|
G+ -pri-a) 2,
8*(8 —p)

B8 <GB -pri-a)

By virtue of (3.2),(3.3),(3.4) and (3.5), inequality
(3.1) gives

(f ® g *h)(2)

(3.6)

S1_6B-p & _ 8*(8 —p)

4 2 p+1 (p+l)(B-p+tl-a)

The right side of (3.6) is positive whenever

0<6<
ﬂ(ﬁ—p+1—a>(p+3)r+ (p+1)(B—p+1-a)
4(B —p) 4(B - p)
B {(ﬁ—p+1—a)(p+3)}
4(6 —p) '
O
Corollary 3.1. Let 1 <p <3 and
{p<ﬁ§p—@+D —3<a< -1,
p<B<p+2 a< —3.

Then we have
Sr(Mp(at, B) ® KP), My(ar, B)) >
\/[(ﬁ—p+1—a)(p+3)r LD -pi1-a)

4(8 —p) 4(8 —p)
_ {(ﬁ—p+1—a)(z>+3)}
4(8 - p) '
Theorem 3.2. Letp< <p+2 and a < —1. For
0<6 <
\/[(p+1)(ﬁ—p+1—a)]2 L +D(E-p+i-a)
16 B—p
 p+1)(B-p+1-a)
4 ?
we have

TNs({Ip}) ® TNs(Mp(a, B)) C Myp(a, B).
Proof. Let fo(z) = Ip(z) = 2P and go(2) =
zP + EZOZPH bonz™ € Mp(a,B). Also suppose
that f(z) = 2P + Z;’o:pﬂ anz™ € Ns(fo) and
g(z) = 2P + Z;o:p_H bpz™ € Ns(go), then we have
Zzo:pﬂ Tnlan| < 6 and Ezo:pﬂ T|bn — bon| < 6.
We want to show that

(f ®9) * h)(2)

o #0, (h € D).

We have

fo®goxh+ fo®(g—go)*h
+(f—fo)®gp*xh+(f—fo)®(g—go)*h.

Therefore, we obtain

‘(f@g*h)(z) >
S ‘(fo ® go xh)(2)| |(fo® (9 — g0) * h)(2)

B ‘ ((f — fo) ® go * h)(2)

2P

B ‘((f—fo)® (9 —g0) ¥ h)(2) |

zPb
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Observe that, (fo ® go * h)(z) = 2P and
(fo ® (g — go) x h)(z) = 0. Moreover we have

zP

‘ ((f = fo) ® g0 * h)(2)

(o]

lan||bon||cnl
<> T

n=p+1

and

((f — fo) ® (g — g0) * h)(2)

zPb

i |an||bn — bon||en]

n

IN

n=p+1
1 oo
S -

p+1 Tn|an||bn_b0n|

n=p+1

5(B —p) =

6%(6 — p)
T+ -ptl-a)

Now, following the same techniques as in the proof
of Theorem 3.1 we conclude the result and we omit
details.

|

Corollary 3.2. Let p < B < p+2 and o < —1.
Then we have

67 ({Ip} ® My(a, B), Mp(e, B)) >

\/[(p+1)(ﬂ—p+1—a)]2 L prD(B-p+1-a)
16 p—p
(p+1)(B-p+1-0a)
; .

Corollary 3.3. Let § > p and a < —1. Then we
have

57 (Mp(a, B) ® KP), My(a, B)) <

m:ﬂ1+21—a))r+p(ﬁ—p+1—a)

B-p B—p
3.7) — [1 + 2(1/3__0;)] ,

and

or({Ip} ® Mp(a, B), Mp(a, B)) <

(3.8) #2:\/i+(p+1)(,?6—_pp+l—a)

Proof. Let go(z) = 2P + 2Pt 4+ 2PT2 + .| fo(z) =

1
5"

B E ot e) = D(2) = 2. Since
Go(z) =22 Yz +22+23+--- = Zp*l(li) and

z

1> € K then gy € K®). Also from Corollary 2.2,
we have fo € My(a, ). Let

5(8 —p)
B—-p+l-qa
€ TNs(go) C TNs(K®),

g(z):z”+(1+ )z”+1—|—z”+2—|—...

fle) ="+ (ﬁ—ilf—a(l—’_é)) =

€ TNs(fo) C TNs(Myp(a, B)),
(8 —p)

F-pri-a
€ TN;s(ho) C TNs({L,}).

To show (3.7) and (3.8) it is sufficient to prove that
f ®g ¢ Mp(a7ﬁ) When 5 > M1,

h(z) = 2P + pt1

and
h® f ¢ My(a, ) when 6 > us.

We have
(f ®9)(2) = 2"+

B—p §(8—p) +1
e pria O () 7

_ p—p 5(6—p)
Let 0(6) = ooy pr1oay O 9 (L 20
Then we have @(u1) = ﬁ—p% and ¢(8) >

@(p1) for & > pq, therefore by Crollary 2.2 we have
(f ® 9)(z) ¢ Mp(a, ) when 6 > p1.
Also we have

(8-p)*

(oD = s —p 112

5 (6+6%) 2P,

and

(ﬁ_p)Q 2y _ B—p
G+ B -—p+i-ap )= g
thus similarly h ® f ¢ Mp(a, §) when é > po. d

Theorem 3.3. Let § > p and o < —1.

have
5 — f—p+l—a
1 ,B—P )

Then we

(1) for
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T Ns, ({Ip}) * T'Ns, ({Ip}) C Mp(a7ﬂ)r
(i) for

5 :\/(p+1)(ﬁ—p+1—a)
2 ,B—P )

TN52({IP}) ® TN52({IP}) C Mp(a716)'
The result 1s the best possible in each case.

Proof. (i) Let

F@ =2+ Y ane" € TN, ({1,))

n=p+1
and
x>
9(z) =2P + > bn2" € TNs, ({Lp}).
n=p+1
By making use of definition T'Ns, ({I}) we have
(3.9) > Talan| <61,
n=p+1
and
[ee)
(3'10) Z Tn|bn| S 51-
n=p+1

Since 8 > p and a <
p—p+(n-—p)(l-a)
B—p
+ 1) so that from (3.9) we get

1, T, =

is an increasing function of
n(n>p

o

(B —p)&s

n=p+1 —ptl-a

which implies that

(B —p)d1

Al < >p+1).
|a I_ﬁ_p+1_a(n_p+ )

Using the above inequality and (3.10), it follows that

= B-pr+(n—-p(l-0)
|a'n||bn|
ngl B-p
(B —p)&3
“f-p+l-a 7

which in view of Corollary 2.3, (f*g)(z) € My(a, B).
The proof of (ii) is similar to part (i) and we omit the
details.

To see that the containment relation in (i) is the best

pssible, we consider the functions f and g defined in
U by

£2) = 9(a) = 27+ | o B,

clearly, f,g € TN;s,(Ip) and (f*g) € Mp(a, §). Also
considering the functions f and g defined in U by
(+1)(B-p) pi1

fE)=ez) =+ gy 1=a®

it is easily seen that the result in (ii) is the best pos-
sible. This evidently completes the proof. |

Corollary 3.4. Let 8 > p and a < —1. Then we
have

(V)

Sr({r}+ (I} Myl ) =[P 5 =2,

(1)

(p+1)(B-p+1-a)

5T({IP}®{IP}7 Mp(a’ﬁ)) = \/ B—p

Proof. (i) From Theorem 3.3 we have
(3.11)

_ |f-p+l-a
sr({Ip} * {lp}, Mp(e, f)) = &1 = 1/7'6_;0 :

Moreover, let

6(B—p)

Fpii_a”  €TN:({L}).

f(z) =g(z) =2 +
Then we have

T ke

5(8 —p)

2
ﬁ—p-’—l—a) y then (p(s) > @(61) =

for § > ;. Therefore, by Corollary

Let p(6) = (

B—p+l-—a
2.2, (f*x9)(z) ¢ Mp(c, B) when 6 > 6;. This means
that

(3.12) 6r({Ip} *{Ip}, Mp(a, B)) < b1.

The relations (3.11) and (3.12) give the result. The
proof of part (ii) is similar to part (i) and we omit
the details. O
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