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SOME RESULTS ABOUT A SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS

DONKA PASHKOULEVA

ABSTRACT. In this article the author continues the examination of the class I?, which is a subclass of the
class of close-to-convex functions. In addition to the already obtained sharp growth and distortion results
for this class there is given the radius of convexity of the class K and also a result concerning the derivatives

of the functions from the class K.

1. INTRODUCTION AND DEFINITIONS

Let us first recall the main necessary definitions.
Let S denote the class of functions of the form

flz)=2z+ Zakzk
k=2

which are analytic and univalent in the open
unit disk F = {z: |2| < 1}.
Let C denote the class of convex functions [1]:

f(z) € C if and only if for z € E,

Zf”(Z)}
R {1 + > 0.
f'(2)
By S* we denote the class of starlike functions [2]:
2f'(2)
f(z)

A function f(z) analytic in F is said to be close-
to-convex in E, if there exists a function g(z) € S*
such that for z € £

2f'(z)

" 9(2)
The class of such functions is denoted by K, [4].
The classes S, K, S* and C are related by the
proper inclusions

CcS*CcKcS.

> 0.

f(z) € S* if and only if for z € E, R

> 0.

Now we will consci)gler a class K defined as follows:

Let f(z) = z + Zanz" be analytic in E. Then
n=2
f(z) € K if and only if there exists a function
g(z) € C such that for z € E

9(2)
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R > 0.

Since ¢ C S*, it follows that K C K and so, the
functions in K are univalent.
Let P be the class of functions h(z) given by

h(z) = 1+ chz”, which are analytic and have
n=1
positive real part in E.
Let © be the class of functions w analytic in F
such that w(0) =0 and |w(2)| < |z| for z € E.

2. KNOWN RESULTS

Theorem 2.1. ([3]) If g(z) € C, with g(z) = z +

i b,z", then

n=2

(4)

b <1 (n=2,3,...),

1
(i4) |bs — b3 | < max <371—u>,

1
) |bs — pb3| < 3 (1—b2]?).

Theorem 2.2. ([5]) Let h(z) € P, with h(z)
1+chz", Then
n=1

(1) len] <2 (n=1,2,...),
2 2
g l |ei |
Gl cg_
(i7) C2 5| = 5
1
Equality holds when h(z) = 1 tj
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Theorem 2.3. ([3]) Let g(z) € C, with g(z) =
z+ Z b,z". Then, for z =re' € E,
n=2

— < @l < T
1+r = V9 - 1-r’
1 1
< / <
(1 + T)2 — |g (Z)l — (1 _ /r)2 I
L o jwe| o 1
1+r = 9(2) - 1-r
Equality holds if and only if g(z) = #, le] = 1.
(1—e2)
Theorem 2.4. ([2]) A function h(z) € P if, and only
if
1
h(z) = L(z)’ 2 €E,
1—w(z)

where w € (.

Theorem 2.5. ([6]) If h(z) € P, then for z = re'?
€FE

1—7r 147
6) < 5@ < 1gr’
. zh' (2 T
" h(i)) Y
(114) W' (z)] < T 5“2) :
Equality is attained when h(z) = 1 i— Z, le] = 1.

3. SOME OF THE BASIC PROPERTIES
OF FUNCTIONS IN K

Theorem 3.1. Let f(z) € K. Then for
z=re? ¢ B,
1—7r
(141r)2

1+7r

<GS g

—In(l )+ —— < [f(2)]

2r

<In(l- .
< In( T)+1—r

Each inequality is sharp for fo(z) defined by

zT
3.1 =7Zlog(1l — ith =1.
(3.1) fo(2) = Tlog(1 —w2) + =, with |o

Theorem 3.2. Let f(z) € K, with
o
fz)=2+ Z anz", then for z € E,
n=2 1
lan| <2 ——
n

for
Equality is attained for fo(z) defined in (3.1).

n > 2.

Theorem 3.3. Let f(z) € K and be given by f(z) =

z+ Z anz". Then

n=2
5 9 2
Z_Z < Z
3~ 1t qu_g,
2 1 2 2
2 .
asz — pas| < - 4+ — — <<=
3 pag| > 3+9'u7 ng_ﬂ_ga
2
%7 Zfiguél

For each u, there is a function in K such that equality
holds.

These results have been obtained by the author
[7] by means of classic methods by using the already
known results mentioned in Section 2.

Other kind of author’s results on some classes of
functions related to the class of the convex functions
can be found in the recent papers [8] and [9].

4. SOME ADDITIONAL RESULTS FOR THE CLASS I’%
Theorem 4.1. If f(2) € K, then, for z=re’ € E

2
larg f'(z)| < arcsin Hirz + arcsin 7.
T

The bound is sharp.

Proof. Since f(z) € K , we may write from Theorem

2.4
2f'(z)  14+w(z)

) " 1-w()’
where w(z) is analytic in E with w(0) = 0 and

|lw(z)] < 1. Also, it is known [2] that the image
of the closed disc |z| < r under the transformation
14+w(z) . L o
h(z) = ————= is contained in the closed disc with
1—w(z)
the center A and radius p, where
1472 2r
=12 P12
1—r 1—r

Thus we have

z2f'(z)  1+47? 2r
— < , eC.
g(2) 1-r2| =152 7
This implies that
! 2
arg 2f'2) < arcsin ! ,
g(2) 1472
or
. 2r g9(2)
'(2)] < arcs ——.
|arg f'(2)| < arcsin 5.2 + |arg ;
For the function g(z) € C,
arg 9(z) < arcsinr (seell])
z
and so |arg f'(z)| < zamcsinl_i_ir2 + arcsinr as re-

quired.
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To show that the inequality is sharp, chose 6; and Also from Theorem 2.5,

02 so that
zf'(z) 1461z
4.1 == 0 = ]_
(41) g(2) 1—012 104]
and
z
O O = Lt

w .
where §; = — at any point on |z| = r so that
z

z2f'(z) 2r

= arcsin .
g(2) 1472

Taking 0, = r [77“ +1y/1 — 72| at any point on
z

|z| = r in (4.2), we obtain
9(2)
z

Combining (4.3) and (4.4) shows that for this choice
of f(z) and g(z) and 6; and 65

(4.3) arg

(4.4) arg = arg(l 4 02z) = arcsinr.

2
15,2 + arcsinr
on |z| =r. O

arg f'(z) = arcsin

Theorem 4.2. If f(z) € K, then f(z) maps
1
{z 2 < 3} onto a convex set. The function fo(z)

given by (3.1) shows that this result is the best possi-
ble.

Proof. Tt follows from (1.1) that we can write
zf'(z) = g(2)h(z) for g(z) € C and h(z) € P. Differ-
entiating logarithmically, we have

Sf7(2)  2g(z) | 2H(2)
e Tk Tk
from which it follows that
)N g (2) |2 (2)
s w(1e FeD) = w50

since g(z) € C, we know from Theorem 2.3 that

29’ (2) 1
R > .
g(z) — 1+r

(4.6)
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zh (z) r
h(z) | = 1—r%
Thus from (4.5), (4.6) and (4.7) we obtain

(4.7)

z2f" (=) 1 2r 1-—3r
R({1 > - = .
( + f'(z) ) —14r 1-72 1-—12
Hence,
2f"(z) 1
R(1 0 f =
( + 702 >0 for |z] < 3
and the result is proved. O
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