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A MIXED FORMULATION FOR A BENDING DOMINATED KOITER SHELL
WITH OBSTACLE

Hanen Ferchichi

ABSTRACT. In this paper, we present a mixed formulation for a bending dom-
inated Koiter shell with obstacle in order to avoid numerical locking or the
deterioration of the convergence when the small parameter the thickness goes
to zero. This formulation is a combination between the free locking mixed for-
mulation presented in [1, 10] and the Koiter’s model with obstacle for flexural
shell proposed in [6].

1. THE KOITER MODEL FOR A BENDING DOMINATED SHELL

Greek indices take their values in the set {1, 2} and the Latin indices take their
values in {1, 2, 3}. Products containing repeated indices are summed. Let ω be
an open convex domain of R2. We consider a shell whose midsurface is given by
S = ϕ(ω̄) where ϕ ∈ C3(ω,R3) is an injective mapping. Let ~aα = ϕ,α, α = 1, 2;
~a3 = ~a1∧~a2

‖~a1∧~a2‖ be the covariant basis vectors and ~aα defined by ~aα ·~aα = δαβ ; ~a3 = ~a3

be the contravariant basis vectors. Let ε be the shell thickness. The first and
second fundamental forms of the midsurface are defined componentwise by

aαβ = ~aα · ~aβ, bαβ = ~a3 · ~aα,β = −~aα · ~a3,β.

Let a = ‖~a1 ∧ ~a2‖2 be the determinant of (aαβ)αβ. We note aαβ = ~aα · ~aβ the
first fundamental form contravariant components and bαγ = aαβbβγ the mixed
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components of the second fundamental form. For a displacement field ~u, the
linearized changes of the curvature tensor Υ = (Υαβ)α,β and of the membrane
tensor Λ = (Λαβ)α,β read in covariant components [2,3]:

(1.1)
Υαβ(~u) = u3/αβ − bσαbσβu3 + bσαuσ/β + bσβuσ/α + bσβ/αuσ,

Λαβ(~u) = 1
2
(uα/β + uβ/α)− bαβu3,

where the covariant derivative of displacement components and second funda-
mental form mixed components is given by:

uα/β = uα,β − Γδαβuδ, u3/αβ = u3,αβ − Γδαβu3,δ,

bβα/ρ = bβα,ρ + Γβρσb
σ
α − Γσαρb

β
σ, Γδαβ = aδ · aαβ.

Let E = (Eαβλµ)αβλµ be the elasticity tensor, assumed to be elliptic as well as its

inverse, given by Eαβλµ = ε
2(1+ν)

(aαλaβµ + aαµaβλ + 2ν
1−νa

αβaλµ), where ε > 0 and
ν ∈ (0, 1

2
) are respectively the Young’s modulus and Poisson ratio. We suppose

the shell clamped on a part Γ 6= ∅ of its boundary and set

V = {~v = via
i, vα ∈ H1(ω), v3 ∈ H2(ω); vi =

∂v3
∂n

= 0 on Γ}.

Note that V is a Hilbert space when endowed with the norm

||~v||V = (
∑
α

||vα||2H1 + ||v3||2H2)1/2.

Consider the bending-dominated Koiter shell problem

(1.2) (P)


Find ~u ∈ V
ε3

12

∫
ω
EασλµΥασ(~u)Υλµ(~v)

√
adx+ ε

∫
ω
EασλµΛασ(~u)Λλµ(~v)

√
adx

=
∫
ω
~F · ~v
√
adx. ∀ ~v ∈ V.

The asymptotic analysis, as the shell thickness goes to zero, show different be-
haviors of the linear elastic shell depending on the boundary conditions, the ge-
ometry of the middle surface and the applied force. The zero of the membrane
energy subspace displacements has a crucial role to distinguish this behavior.
When this space is different to zero, the shell is in bending dominated state.
In this case and in order to obtain a well posed and non trivial limit problem,
we scale the external forces in the form [1], [4], [9]: ~F = ε3 ~f , where ~f is
independent of ε.
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Ã is a bilinear form corresponding to internal energy given by

Ã(~u; ~̂v) =
ε3

12

∫
ω

EασλµΥασ(~u)Υλµ(~̂v)
√
adx+ ε

∫
ω

EασλµΛασ(~u)Λλµ(~̂v)
√
adx.

L̃ is a linear form corresponding to external forces

(1.3) L̃(~̂v) = ε3
∫
ω

~f · ~̂v
√
adx.

Note that Ã is continuous and coercive on V and L̃ is continuous. Then, the
problem has a unique solution [2,3]. Equivalently, ~u is determined as the mini-
mizer over V of the energy functional

E(~v) = EB + EM − L̃ =
ε3

2

∫
ω

aαβγδ

12
Υαβ(~v)Υγδ(~v)

√
adx

+
ε

2

∫
ω

aαβγδΛαβ(~v)Λγδ(~v)
√
adx− L̃(~v).(1.4)

2. THE KOITER MODEL FOR A BENDING DOMINATED SHELL WITH OBSTACLE

Assuming that the deformed middle surface of the shell remains in a given
half space H = {y ∈ R3; oy.p ≥ 0}, where p is a given non-zero vector in
R3 [6]. Then, the unknown displacement field ui(x)ai(x) of the middle surface
S = ϕ(ω) is determined such that the energy E(~v) is minimized over a strict
subset U of V given by:

(2.1) U = {~u ∈ V ; (ϕ(x) + ui(x)ai(x)).p ≥ 0 ∀x ∈ ω}.

The constrained minimization problem will be the following:

(2.2) (Pmin)

{
Find ~u ∈ U,

E(~u) = inf~v∈U E(~v).

Since U is a non-empty closed and convex subset of V , the problem (Pmin) has a
unique solution and is equivalent to the problem (PU) of variational inequalities
[6]:

(PU)


Find ~u ∈ U
1
12

∫
ω
EασλµΥασ(~u)Υλµ(~v − ~u)

√
adx+ ε−2

∫
ω
EασλµΛασ(~u)Λλµ(~v − ~u)

√
adx

≥
∫
ω
~f.(~v − ~u)

√
adx, ∀ ~v ∈ U,
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The asymptotic behavior of the constrained problem (PU) and the unconstrained
problem (P ) are similar in the sensa that the solutions of their limit problems
are pure bending displacements. In fact, the limit problem of (P ) is defined on
the space of admissible pure bending displacements:

VF = {~v = via
i, vα ∈ H1(ω), v3 ∈ H2(ω); vi =

∂v3
∂n

= 0 on Γ and Λασ(~v) = 0}.

The solution of the limit problem of (PU) is defined on UF the non-empty closed
and convex subspace of VF such that the deformed middle surface remains in
H [6]:

UF = {~v ∈ VF ; (ϕ(x) + vi(x)ai(x)) · p ≥ 0 ∀x ∈ ω},

and satisfies the inequality [6]:

1

12

∫
ω

EασλµΥασ(~u)Υλµ(~v − ~u)
√
adx ≥

∫
ω

~f · (~v − ~u)
√
adx, ∀ ~v ∈ UF .

3. A MIXED FORMULATION FOR A BENDING DOMINATED KOITER SHELL WITH

OBSTACLE

It is shown in literature that the deterioration of the approximation occurs for
small thickness when using the standard finite element methods for a bending
dominated shell [1,4,9].

This phenomenon is called the numerical or the membrane locking. The au-
thors in [1] provide a free locking mixed formulation. The same technique is
used in [10] to provide a stable numerical solution for the Koiter shell model.
The numerical studies of the mixed numerical schemes proposed show a good
properties of convergence as expected [5,7,8].

The numerical trouble is in relation with the subspace of the limit problem.
The bending dominated behavior is showed for bending dominated Koiter shell
with obstacle [6] therefore membrane locking is expected for numerical solu-
tion.

To apply the remedy of a mixed solution, we introduce a new variable λ which
represents the membrane stress aside a multiplicator factor. We set, for a real c0
such that 0 < c0 < ε−2,

λ = (λαγ)αγ , λαγ = (
1

ε2
− co)EαγσµΛσµ(~u).
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Let the set:

W = {χ;χαβ ∈ L2(ω)}.

We define the bilinear form A, B and C by:

A(~u; ~̂v) =

∫
ω

1

12
EασλµΥασ(~u)Υλµ(~̂v)

√
adx+ c0

∫
ω

EασλµΛασ(~u)Λλµ(~̂v)
√
adx,

B(~v; ξ) =

∫
ω

Λασ(~v)ξασ
√
adx, C(λ;

ξ) =

∫
ω

(E−1)ασδµλδµξ
ασ
√
adx.

We define the bilinear form:˜̃
A(~u, λ; ~̂v, λ̂) = A(~u; ~̂v) +B(~̂v, λ)−B(~u, λ̂) +

t2

1− cot2
C(λ, λ̂)

Then the total energy is given by:

E(~u, λ) = EB + EM − L̃ =
1

2
{ε3 ˜̃A(~u, λ, ~u, λ)} − L̃(~u) for (~u, λ) ∈ U ×W,

where L̃(~u) is given by (1.3) and

EB =
ε3

2

∫
ω

1

12
EασλµΥασ(~u)Υλµ(~u)

√
adx,

EM =
ε3

2
[c0

∫
ω

EασλµΛασ(~u)Λλµ(~̂v)
√
adx+

ε2

1− coε2

∫
ω

(E−1)ασδµλδµλ
ασ
√
adx].

We endow W by the standard L2 product norm and by the semi norm:

|||λ||| = sup~v∈V
B(~v;λ)

‖~v‖ .

Theorem 3.1. The minimisation problem

(Mmin)

{
Find (~u, λ) ∈ U ×W such that
E(~u, λ) = inf(~v,λ̂)∈U×W E(~v, λ̂)

has a unique solution and is equivalently to the problem (MU):

(3.1) (MU)


seek pairs (~u, λ) ∈ U ×W such that

A(~u; ~̂v − ~u) +B(~̂v;λ) ≥ l(~̂v − ~u) ∀ ~̂v ∈ U,
B(~u; λ̂)− ε2

1−cot2C(λ; λ̂) = 0 ∀ λ̂ ∈ W,

where l(~v) =
∫
ω
~f · ~v
√
adx.
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Proof. The bilinear forms A, B, C are continuous respectively on V × V, V ×W
and W × W . We note also that A is V−elliptic and C is W−elliptic, so the

bilinear form ˜̃
A is V ×W elliptic. Moreover, U ×W is a non empty closed and

convex subspace of V ×W . Then the problem (Mmin) has a unique solution. �

Remark 3.1. The problem (3.1) correspond to the saddle point problem

(3.2) inf~u∈U supλ∈W{12A(~u; ~u) +B(~u;λ)− ε2

2(1−coε2)C(λ;λ)− l(~u)}.

It has a unique solution. The primal variable is the solution of the initial problem
(2.2).
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