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A MIXED FORMULATION FOR A BENDING DOMINATED KOITER SHELL
WITH OBSTACLE

Hanen Ferchichi

ABSTRACT. In this paper, we present a mixed formulation for a bending dom-
inated Koiter shell with obstacle in order to avoid numerical locking or the
deterioration of the convergence when the small parameter the thickness goes
to zero. This formulation is a combination between the free locking mixed for-
mulation presented in [1,/10] and the Koiter’s model with obstacle for flexural
shell proposed in [6].

1. THE KOITER MODEL FOR A BENDING DOMINATED SHELL

Greek indices take their values in the set {1, 2} and the Latin indices take their
values in {1,2,3}. Products containing repeated indices are summed. Let w be
an open convex domain of R?. We consider a shell whose midsurface is given by
S = ¢(w) where ¢ € C*(w, R?) is an injective mapping. Let d, = ¢, @ = 1,2;
3 = % be the covariant basis vectors and @ defined by @* - @, = 63; a3 = @

be the contravariant basis vectors. Let ¢ be the shell thickness. The first and
second fundamental forms of the midsurface are defined componentwise by

Qapg = C_L'a : C_ig, bag = 63 . Eme = —C_ia . C_L)g,g.

Let a = ||@ A | be the determinant of (a,s)as. We note a®® = G@* - @’ the
first fundamental form contravariant components and b7 = a*’bg, the mixed
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components of the second fundamental form. For a displacement field «, the
linearized changes of the curvature tensor X = (T,p).,s and of the membrane
tensor A = (Aup)a,s Tead in covariant components [2}3]]:

Yop(tl) = us/ap — bZbopus + bJuy s + bgug/a + bg/aug,

(1.1) %
Aop(t) = 5(Uays + Up/a) — bapus,

where the covariant derivative of displacement components and second funda-
mental form mixed components is given by:

Uass = Uag — LOgUs, Usjap = Uzap — LogUss,
b, =+ TE b T b2, T =a’- aup.

alp po-a ap”or

Let E = (E*P*)as. be the elasticity tensor, assumed to be elliptic as well as its

inverse, given by E*f = sy (@™ + a®a” + 22 a*a), where € > 0 and

v € (0,3) are respectively the Young’s modulus and Poisson ratio. We suppose
the shell clamped on a part I" # () of its boundary and set

_ o

on

Note that V' is a Hilbert space when endowed with the norm

1511y = ) llvallz + llosl[72) ">
(03

V = {# =va",v, € H'(w),v3 € H*(W); v, =0 onI'}.

Consider the bending-dominated Koiter shell problem

Find © eV
(1.2) (P)S & [ EY (@) Yu(0)vade + ¢ [, BN 0 (@) Ay, (7) y/ada
= [ F.¥adx. VTEV.

The asymptotic analysis, as the shell thickness goes to zero, show different be-
haviors of the linear elastic shell depending on the boundary conditions, the ge-
ometry of the middle surface and the applied force. The zero of the membrane
energy subspace displacements has a crucial role to distinguish this behavior.
When this space is different to zero, the shell is in bending dominated state.
In this case and in order to obtain a well posed and non trivial limit problem,
we scale the external forces in the form [1], [4], [9]: F = &3 f, where f is
independent of ¢.
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A is a bilinear form corresponding to internal energy given by

~ -, -,

3
A7) = < / EONY o (i) o (8)v/ada + & / BTN o (i7) Ay, (8) v adz.

3

12

L is a linear form corresponding to external forces

-,

(1.3) £(3) / . iadz.

Note that A is continuous and coercive on V and L is continuous. Then, the
problem has a unique solution [2,(3]]. Equivalently, « is determined as the mini-
mizer over V' of the energy functional

04575

E() — EP4EM [ —° / T o g (8) T ()

(1.4) + g / a0 N 5 (§) A5 (0)Vad — L().

2. THE KOITER MODEL FOR A BENDING DOMINATED SHELL WITH OBSTACLE

Assuming that the deformed middle surface of the shell remains in a given
half space H = {y € R3;0y.p > 0}, where p is a given non-zero vector in
R3 [6]. Then, the unknown displacement field u;(x)a’(z) of the middle surface
S = ¢(w) is determined such that the energy E(¢)) is minimized over a strict
subset U of V' given by:

2.1) U={ieV;(p)+u(r)d(r)).p>0Vr € w}.
The constrained minimization problem will be the following:

Find « € U,

(2.2) (Prnin) { E(d) = infzepy E(D).

Since U is a non-empty closed and convex subset of 1/, the problem (P,,;,) has a
unique solution and is equivalent to the problem (Py) of variational inequalities
[el:
Find v e U
(Pu) § 5 [, B2 00 (@) Y au (0 — @)y/ade + €2 [ E*M Ny (@) Ay, (0 — @) /ade
> [ f.(¢—d)ade, YT €U,
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The asymptotic behavior of the constrained problem (P, ) and the unconstrained
problem (P) are similar in the sensa that the solutions of their limit problems
are pure bending displacements. In fact, the limit problem of (P) is defined on
the space of admissible pure bending displacements:

v 0
Vi = {0 = uvia', v, € H (w),v3 € H*(w);v; = % =0 onI and A,,(?) = 0}.
n

The solution of the limit problem of (Py) is defined on Uy the non-empty closed
and convex subspace of Vi such that the deformed middle surface remains in
H [6]:

Up = {v € Vi; (o(z) + vi(z)a’(z)) - p > 0 Vo € w},
and satisfies the inequality [6]:

1 .
- Ea“A“Tag(ﬁ)TAM(U—ﬁ)\/ﬁdagz/f-(U—ﬁ)\/Eda:, V7 € Up.

3. A MIXED FORMULATION FOR A BENDING DOMINATED KOITER SHELL WITH
OBSTACLE

It is shown in literature that the deterioration of the approximation occurs for
small thickness when using the standard finite element methods for a bending
dominated shell [|1,4,9].

This phenomenon is called the numerical or the membrane locking. The au-
thors in [1] provide a free locking mixed formulation. The same technique is
used in [10] to provide a stable numerical solution for the Koiter shell model.
The numerical studies of the mixed numerical schemes proposed show a good
properties of convergence as expected [5,7,(8].

The numerical trouble is in relation with the subspace of the limit problem.
The bending dominated behavior is showed for bending dominated Koiter shell
with obstacle [6] therefore membrane locking is expected for numerical solu-
tion.

To apply the remedy of a mixed solution, we introduce a new variable A which
represents the membrane stress aside a multiplicator factor. We set, for a real ¢,
such that 0 < ¢y < €72,

1
A= Aay)ays AT = (5 = ) BV A, (4).

2
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Let the set:
W= {x;x* € L*(w)}.
We define the bilinear form A, B and C by:

A 0) = / %anna(mm(ﬁ)\/&dmco / ETMN oo (@) Ay, (0)V/ad,
B@§) = [ Auw(@eads, C(x
g) = /(E_l)om&u/\wgaa\/adx‘

We define the bilinear form:

where L (i) is given by (1.3) and

3
1
B = O [ BT @@

3 2

EM = %[CO / ECTM A oo () Ay, (0)/ad + : < : / (E™ D) aosuA* A7/ adz].
w — CoE” Jy
We endow W by the standard L? product norm and by the semi norm:
B(w:))
|||é||| = SUPgev TF[ -

Theorem 3.1. The minimisation problem

M Find (u,)) € U x W such that
M) {B(E. 2) = inf e B )

has a unique solution and is equivalently to the problem (My):

seek pairs (u,)\) € U x W such that
(3.1) (My){ A(@0 — @)+ B(0;)) > (0 — @) Vo € U,
B(#: ) = 5 zC0) =0V AeW,

1—cot?
where (V) = [ f-oyadz.
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Proof. The bilinear forms A, B, C' are continuous respectivelyon V' x V, V. x W
and W x W. We note also that A is V—elliptic and C' is W—elliptic, so the

bilinear form A is V x W elliptic. Moreover, U x W is a non empty closed and
convex subspace of V' x WW. Then the problem (M,,;,) has a unique solution. [

Remark 3.1. The problem (3.1)) correspond to the saddle point problem

(3.2) infaev supyen { AT @) + B(; A) — 55, C(A ) — 1(@) }.

It has a unique solution. The primal variable is the solution of the initial problem

(2.2).
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