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THE DISTANCE RELATED SPECTRA OF SOME SUBDIVISION RELATED
GRAPHS

Indulal Gopalapillai' and Deena C. Scaria

ABSTRACT. Let G be a connected graph with a distance matrix D. The distance
eigenvalues of G are the eigenvalues of D, and the distance energy Ep(G) is the
sum of its absolute values. The transmission 7'r(v) of a vertex v is the sum of
the distances from v to all other vertices in G. The transmission matrix 7r(G)
of GG is a diagonal matrix with diagonal entries equal to the transmissions of
vertices. The matrices D*(G) = Tr(G) — D(G) and D%(G) = Tr(G) + D(G)
are, respectively, the Distance Laplacian and the Distance Signless Laplacian
matrices of G. The eigenvalues of DX (G) ( DY(G)) constitute the Distance
Laplacian spectrum ( Distance Signless Laplacian spectrum ). The subdivision
graph S(G) of G is obtained by inserting a new vertex into every edge of G.
We describe here the Distance Spectrum, Distance Laplacian spectrum and Dis-
tance Signless Laplacian spectrum of some types of subdivision related graphs
of a regular graph in the terms of its adjacency spectrum. We also derive an-
alytic expressions for the distance energy of S(C,), partial complement of the
subdivision of a cycle C, and that of S (C}), complement of the even cycle C5,.

Lcorresponding author
Key words and phrases. Distance Matrix, Distance Laplacian matrix, Distance Signless Lapla-
cian matrix, Distance spectrum, Distance Energy.
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1. INTRODUCTION

Let G be a connected graph with vertex set V(G) = {vy,vs,...,v,}. The dis-
tance matrix or D— matrix, D of G is defined as D[G] = [d,;|, where d;; is the
distance between the vertices v; and v; in G. We denote by 7r(G), a diagonal
matrix whose i'" diagonal entry is d(v;) which is the transmission of the vertex
v; € V, defined as the sum of the distance from v; to the remaining vertices of G.
The Distance Laplacian matrix and the Distance Signless Laplacian matrix of the
graph G, are defined as DX(G) = Tr(G) — D(G) and D¥(G) = Tr(G) + D(G)
respectively. The matrices D(G), DX(G) and D?(G) are all symmetric, non-
negative and irreducible.Hence all the eigenvalues are real and can be ordered.
The eigenvalues and spectrum of D(G)(respectively, D*(G), D?(G)) are said
to be the distance eigenvalues(respectively, Distance Laplacian eigenvalues and
Distance Signless Laplacian eigenvalues), in short D— eigenvalues and distance
spectrum (respectively, Distance Laplacian spectrum, Distance Signless Lapla-
cian spectrum), in short D— spectrum, of G, respectively. The distance energy
Ep(G) of G is defined as the sum of the absolute values of its distance eigenval-
ues.

Researchers have been studying distance eigenvalues of graphs for many years.
In the literature, there are very few graphs whose full distance spectrum is
known. Ruzieh and Powers [4] found all the eigenvalues and eigenvectors of
the distance matrix of path P, on n vertices. In [5], Graovac et al. determined
all the distance eigenvalues of the cycle C,, with n vertices. In [6], Atik and Pani-
grahi found the distance spectrum of some distance regular graphs including the
well known Johnson graphs. In [|8], the authors describe the distance spectrum
of the subdivision vertex join and subdivision edge join of two regular graphs
and in [9], the Distance Laplacian and Distance Signless Laplacian spectrum of
the subdivision vertex join and subdivision edge join of two regular graphs are
studied. For more results related to D— spectrum of graphs, readers may see the
survey [7] and [10,[11]. Also for the numerous applications of distance matrix
in chemistry and other branches of sciences please see [1] and the papers cited
therein.

In [3] the adjacency spectrum of the partial complement of the subdivision
graph of a regular graph G in terms of that of G is derived. A similar work on
the distance spectrum is not explored, maybe due to the fact that the distance
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matrix of the subdivision graph, in most of the cases cannot be expressed in
a workable block form. In the case of complements of regular graphs G, the
adjacency spectrum can be obtained from the corresponding information of that
of GG, whereas the distance spectrum of graph complements is not studied in
detail in the literature.

In this paper we obtain the three kind of spectra of the partial complement
of the subdivision graph of a regular graph G, complement of the subdivision
graph of a regular graph and the subdivision graph of K. We also derive the
distance energy of S(C,), partial complement of the subdivision of a cycle C,
and the distance energy of S (C,), complement of the subdivision of a cycle C,.

The discussions in this paper are based upon the following lemmas and defi-

nition:

Lemma 1.1. Let G be an r— regular (p, q) graph with an adjacency matrix A and
an incidence matrix R. Let L(G) be its line graph. Then RRT = A+ rl, RTR =
A(L(G)) + 21.

Lemma 1.2. [2] Let G be an r— regular (p, q) graph with spec(G) = {r, As, ..., \p 1
Then
% — 2 2 .. —2 -2
spec(L(G)):( r Ao+ 1 Ap+ 1 )
1 1 e 1 q—p

Lemma 1.3. Let G be an r— regular (p,q) graph with an adjacency matrix A,
an incidence matrix R and an adjacency matrix B of its line graph. Let X be
an eigenvector of G corresponding to the eigenvalue —r if it exists and Y be an
eigenvector of L(G) corresponding to the eigenvalue —2. Then

1. R”TX =0and RY=0

2. If Z is an eigenvector of A corresponding to the eigenvalue )\, then it is an
eigenvector of RRT corresponding to the eigenvalue \ + r.

Definition 1.1. [3] Let G be a (p,q) graph. Corresponding to every edge e of
G introduce a vertex and make it adjacent with all the vertices not incident with
e in G. Delete the edges of G only. The resulting graph is called the partial
complement of the subdivision graph (PCSD) of G denoted by S(G).

Figure [1] illustrates the PCSD of Cs.
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FIGURE 1. S(C5)

The spectrum of an n x n symmetric matrix with & distinct eigenvalues )\; ,i =
1,2, ..., k with multiplicities m; ,i = 1,2, ..., k is represented as

MooA o A\
ml m2 ) mk;

2. THE DISTANCE SPECTRUM OF THE PARTIAL COMPLEMENT OF THE
SUBDIVISION GRAPH (PC'SD) OF A REGULAR GRAPH (¢

In this section we obtain the Distance Spectrum of the PC'SD of a regular

graph G of order p > 5.

Theorem 2.1. Let G a connected r— regular (p, q) graph with adjacency spectrum
{r,Xa, ..., \,}. Then

specp(S(G))
o+ ag=2)E /PP + @ —pg+2(pr+2¢+4r) 2(-1£VN+r) -2
B 1 1 q—p)’
1=2,3,...,p.

Proof. Let GG be an r— regular graph on p vertices and ¢ edges with p > 5 and an
adjacency matrix A(G) with eigenvalues {r, Ao, ...\, }. Let R be the p x ¢, vertex
- edge incidence matrix. Let vy, vo, ... v, be the vertices and ey, e, . . . ¢, be those
vertices corresponding to the ¢ edges of GG. Let H denote the PC'SD of GG. Then
from Definition 1.1, it follows easily that



THE DISTANCE RELATED SPECTRA OF SOME SUBDIVISION RELATED GRAPHS 27
d(’UZ‘, Uj) =2

3, if v; is incident with e,
d(v;, ex) = '
1, otherwise

d(ey,e;) =2 holdsin H.

2J = 1), Jyug+2R

Thus the distance matrix D of H is of the form D = T
Joxp +2RT 2(J — 1),

Now we find the distance spectrum of H as follows.
Let X;,i=1,2,...,q— p be the set of ¢ — p linearly independent eigenvectors
corresponding to the eigenvalue —2 of L(G). Since L(G) is regular J;, is or-

thogonal to X; and R . X; = 0. Now we see that ¢, = 0;’;1 ,i=1,2,...q—0p
are eigenvectors of D corresponding to —2. This is because
D. ) = 2(J—1), Jpxg+2R Opx1
' Jyxp +2RT 2(J = 1), X;
[0
|0

Now let Y; be an eigenvector of A corresponding to the eigenvalue \; # r. Then
there are two cases.

Case 1. \; # —r

In this case RT - Y; # 0, otherwise RRT - Y;= 0 yield Y; is an eigenvector
corresponding to —r of A.
VAit+r- Y,

RT. Y,
eigenvalue 2(—1 + /A; + ). This is because

Then: ¢; = is an eigenvector of D corresponding to the

Do | 20=0 Jpg+2R | [ VAFTY
T T +2RT 2(J — 1), RT .Y,

[ —2VNi+r-Yi+200+1) Y

— :2—1 \/)\i . i
2(—=1+ /N +7) RT Y, (=1+ )y
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. -V Y. :
Similarly we can prove that p; = RT+; is an eigenvector of D cor-

responding to the eigenvalue 2(—1 — \/\; + 7).
Case 2. \; = —r. Then by lemma 1.2, RTY = 0.

Yi |. . . .
Then: p; = [ 0 ] is an eigenvector of D corresponding to the eigenvalue —2.

For
oo | 20-1, Ju+2R ][V
P gy 2RT 20D, || 0
9.y,
= =20
0 @

Thus, we have altogether constructed p + ¢ — 2 eigenvectors and correspond-
ing eigenvalues and there remains two. By the very construction, all are lin-
early independent. The already constructed eigenvectors are orthogonal to

J, .
P and . Therefore, these two vectors span the remaining two

O qul

eigenvectors of D. Thus, they are of the form ¢ = [ gjp xt ] for some («, 3) #
gx1

0,0). Therefore, if w is an eigenvalue of D with an eigenvector o1 from
(0,0) , g g ,

«
quxl
D apa | _ w @Jpx1 , we get the system of equations:
quxl
2p—Da+(g+2r)B=0

(p+4)a+2(q—1)8 =0

Then ¢ is a non- trivial solution to the above system of equations, which in turn
2p—1) q+2r
p+4  2(¢—1)
equation is 22 — 2(p+q—2)x + 3pqg — 2pr — 4p — 8¢ — 8r +4 = 0 and this completes
the proof. O

are the eigenvalues of the matrix , whose characteristic

Note: The case when p = 1,2 and 3 are not admissible as the PC'SD in these
cases are not connected. When p = 4 and r = 2, G is C,; and the PCSD is
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Cs whose distance spectrum is already known. When p = 4 and r = 3,G is K,
and the PCSD is the subdivision graph of K}, the distance spectrum of which
is given in Theorem |5.4

3. THE DISTANCE LAPLACIAN SPECTRUM OF THE PARTIAL COMPLEMENT OF THE
SUBDIVISION GRAPH (PC'SD) OF A REGULAR GRAPH (¢

In this section, the Distance Laplacian Spectrum of the PCSD of a regular
graph G of order p > 5 is obtained.

Theorem 3.1. Let GG be a connected r- regular (p, q) graph with an adjacency ma-
trix A(G) whose spectrum is (r, A, ... \,). Then the Distance Laplacian spectrum
of the PCSD of G is

(p+q+4r)+a (Bp+3¢+4r)£p
2 2 i=2,3....p
q—p 1 1

p+2q+2r

where o = +/(p + q)% + 8(pr + 2q + 4r) and 3 = \/(p—q)2+16()\i+r)

Proof. The Distance Laplacian matrix D’ of H is of the form

Dt =

2p+q+2r)—2J —J —2R
—J —2RT (p+2q+2r)—2J |

Now we find the Distance Laplacian spectrum of H as follows.
Let X;,7=1,2,...q — p be the set of ¢ — p linearly independent eigenvectors
corresponding to the eigenvalue —2 of L(G). Since L(G) is regular, Ji4, is

orthogonal to X; and by Lemma|1.3 RX; = 0. Now we see that ©; = O;; ',
i=1,2,...q — p, are eigenvectors of D,
For
Do [ (2p+q+2r) —2J —J—2R 0
' —J —2RT (p+2q+2r—2J) | | X;
= _ 0 =(p+2q+2r) -6
| pr2gronx, | TP i
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Let \; # r be an eigenvalue of A with an eigenvector X;. We investigate the

condition under which y; = is an eigenvector corresponding y of D,

RT X,
For from D' - ;= pu - x;, we get

(2p+q+2r)] —2J _J—92R tx, | [ ex
_J —2R" (p+2g+2m0—27 | | R”"x, | M| R'X,
(1) 2p4+q+2r)t —2(N; +71) = put
(2) —2t+ (p+2q +2r) = pu.

Eliminating y from (1) and (2), we get
262 + (p— @)t — 2(\i +7) = 0.
So that ¢ has two values

. —(p—q)+\/(p—q)2+16(Ai+r)
1= 4 )

_(p_Q)_\/<p_Q>2+16(/\i+r)
ty = .
4
Thus we get —2t; + (p + 2¢ + 2r) and —2t, + (p+ 2¢ + 2r) fori = 2,3,...,p

as eigenvalues and there remains two. The two remaining eigenvectors of D*

are then of the form 7 = for some («, 5) # (0,0). Now suppose that o is

an eigenvalue of D¥ with an eigenvector 7. Then from D¥ 7 = o 7, we can see
q+2r —q—2r
—-p—4 p+2r
whose characteristic equation is 2> — (p + ¢ + 4r)z + 2(2r2 + qr —2q — 4r) =0
and this completes the proof. O

that the remaining two are the eigenvalues of the matrix

4. THE DISTANCE SIGNLESS LAPLACIAN SPECTRUM OF THE PARTIAL
COMPLEMENT OF THE SUBDIVISION GRAPH (PC'SD) OF A REGULAR GRAPH G

In this section, the Distance Signless Laplacian Spectrum of the PC'SD of a
regular graph G of order p > 5 is obtained.
The proof of the following theorem is on similar lines as that of Theorem
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Theorem 4.1. let G a connected r- regular (p,q) graph with an adjacency ma-
trix A(G) whose spectrum is (r, Aa,...\,). Then the Distance Signless Laplacian
spectrum of the PC'SD of a regular graph G is

(Bp+bg+4r—8)ta (Bp+3¢+4r—8)+p
2 2r —4
P+ 29 + 2r 5 5

q—p 1 1

1=2,3,...,pwhere

a=+/(3p—3¢)2+4(pqg+2pr +4¢+8r) and B=+/(p—q)?+16(\; +r).

5. DISTANCE SPECTRUM OF THE COMPLEMENT OF THE SUBDIVISION GRAPH OF A
REGULAR GRAPH

In this section, the Distance Spectrum of the complement of the subdivision
graph of a regular graph is obtained.

Theorem 5.1. Let G be an r—regular (p,q) graph with adjacency spectrum {r,
A2, ..., Ap}. Then Distance spectrum of the complement of the subdivision graph of
Gis

—9) + 244 2q+2
1 1 q—p

1=2,3,...,p.

Proof. Let G be an r— regular graph with p vertices and an adjacency matrix
A(G). Let R be the incidence matrix of G. Let F' denote the complement of the
subdivision graph of G. Then by a proper labelling of vertices in F, it follows
easily that

d(?}i, Uj) =1

2,
d(v;, ex) =
1, otherwise

if v; is incident with e,

d(@k, €l) =1.
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(‘]_I)P JPXQ+R

Thus the distance matrix D of F' has the form D = . .
J, gxp + R (J —1 )q

Now the rest of the proof is along similar lines as that of previous theorems. [J

Now we present the following theorems, the proofs of which can be similarly
obtained.

Theorem 5.2. Let G a connected r- regular (p, q) graph with adjacency spectrum
(7, A, ... A,). Then the Distance Laplacian spectrum of the complement of the sub-
division graph of a regular G is

(p+q+2r)£/(p+q)2+4(pr+2q +2r)

p+q+r 5 ptag+rEvVA+r
q—0p 1 1
1=2,3,...,D.

Theorem 5.3. Let G a connected r- regular (p, q) graph with adjacency spectrum
(7, Aa, ... Ap). Then the Distance Signless Laplacian spectrum of the complement of
the subdivision graph of G consists of the numbers:

<p+q+r—2 A p+q—|—r—2im>

q—p 1 1

304 30+ 2 — 4) - 214 29+ 2
A:(p+ q+2r—4) \/(;H-Q) +4(pr + 2 + T))Z':Q,?),...,p.

-1 -1
Theorem 5.4. Let A be the adjacency matrix of K, with spectrum (p . 1) .
p —_—

Then the Distance spectrum of the subdivision graph of K, is

(p+2¢—2r—1)xa 0 —2(p—1)
2
p—p—2
1 -1
9 p

where a = \/(2¢ — 2r)2 + p> + 5pqg — 2pr —2p — 8¢+ 4r + landr = p—landq =
p(p—1)
TR
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-1 -1
Theorem 5.5. Let A be the adjacency matrix of K, with spectrum b ) 1) :
p —
Then the Distance Laplacian spectrum of the subdivision graph of K, is

Bp+3¢q—4r)+a (Tq—p+4)+p

4q — 3 6
4=op 2 2 ,
q—p 1 p—1
where +/(3p + 3¢)? — 8(3pr —4r +6q),8 = \/(¢g—p)?+16(p—2) and r = p —
-1
land q = p—(p )
2
. . . p—1 -1
Theorem 5.6. Let A be the adjacency matrix of K, with spectrum . uk
p —

Then the Distance Signless Laplacian spectrum of the subdivision graph of K, is
p+1lg—12r -4+ «

4q9—-3p+6 5 A ’
q—0p 1 p—1
where A — (7q—5p—|—8)i\/(q—25p+12)2—|—16(p—2)’
a=+/(p+5¢)2—8(p+q+4r—2pqg+ 10qr + pr — 8r2 — 2),
r:p—landq:]@.

6. THE DISTANCE ENERGY OF TWO GRAPHS RELATED TO THE CYCLE C),

Theorem 6.1. For p > 6,

4
( 443 cot21+§(4p—9);p50(b mod 3)
P
— p—1 T T 4 B
Ep (S(C,)) =< 8cos TXQ_p csc2—p+§(4p—10);p:1( mod 3) .
1 4
\ 8 cos p—g lep cscgp+§(4p—8);p52( mod 3)

Proof. By Theorem 2.1 we have

mJ
_ p—6 3p+2 2(—1+ 2cos— ,
Specp (S(Cp))= ( p> J=12...,p—1.
1 1 1
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The distance energy of S(C,) is the sum of the absolute values of all of its
eigenvalues which in turn is twice of the sum of its positive eigenvalues. There-
for first we find the positive eigenvalues other than p — 6 and 3p + 2.

For this we consider the following three cases.

Case 1. p=0 mod 3)

The numbers 2(—1 + 2cos ﬂ) are positive only for U j < % and conse-
P p :

quently for j = 1,2,..., g Thus the positive values from 2(—1 + 2 cos ﬂ) are
p

s 27 T P
2(—14+ 2cos—), 2(—1+ 2cos—), ..., 2(—1 4+ 2cos(— x =)).
( p) ( p) ( (p 5)

2 2
Let C = QCOSZ+2COS—W+"'+2COS(Z X ]—9) and S = 2sin — + 2sin — +
p p p 3 p p

., TP
ceo 4+ 2sin(= x D).
+ sm(p ><3)

P
b 1—a3
SoC+iS=2{a+a®+ - +ad3} =2a : , where a = €. Equat-
. -1 3 . o
ing real parts, we get C' = - + g cot 21 The positive contribution from
P
N -1 3 '
(=14 2cos ﬂ) is ?p t5+ \/T—c:ot % The numbers 2(—1 — 2cos %) are
. T, 2 . 7
positive only for —j > 3 Then the positive values of 2(—1 — 2cos —) are
p
2 2 2
2(—1— 2cos %), 2(—1— 2cos(§ + g)), ey 2(-1— 2(:08(% + <§ 1) % %)).
2 2 2
Let C = —2cos§ — 2cos(?7T + g) — = 2c:os(?7T + (‘g —1) x g) and
2 2 2
S = —QSing - ZSin(g—f—g) — = QSin(g—l—(g —1) x %) SoC'+1iS =
P p
, -1 . 1—ad
_262271'/3{1_’_&_’_@2_’_..._’_&3 }:_2 67,27T/3 1 o .
-«
. -1, V3 m o .
Equating real parts, we get C' = <> + - cot 5 Therefor the positive contri-
P
mj \/5

: . —p  —1 .
bution from (—1— 2cos —) is — + —+—— cot . Therefore the total positive
D 37272 Ty

o : -2 .
contributions from these eigenvalues = 2{Tp —1++/3cot 21} Distance Energy
p
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4
= 2x sum of positive eigenvalues = 2 x {p — 6 + 3p + 2 + 21/3 cot TP 2}.

2p 3
_ 4
Ep(S(C,))=4+/3 cot 2% - 5Up-9).
The other two cases p =1 mod 3) and p =2 mod 3) can be similarly proved.

4

The proof of the following theorem is along similar lines as that of Theorem

6.1]
Theorem 6.2.
( 8
2V/3 cot21+§p ;p=0 mod 3)
— 2
Ep (S (C’,,)) = 4cos(p 3 X 21)6086621 + §(4p —1);p=1 mod 3)
p p
1 2
\ 4cos(p_?|: X ;p)cosec;p + 5(4]0 +1);p=2 mod 3)

7. CONCLUSION

In this paper, we considered distance related spectrum of some subdivision
related graphs. We propose the computation of distance related spectrum of
some other classes of graphs related to subdivision graphs.
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