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ON THE WIENER INDEX OF Fyz SUMS OF GRAPHS
Liju Alex and Indulal Gopalapillai'

ABSTRACT. Wiener index is the first among the long list of topological indices
which was used to correlate structural and chemical properties of molecular
graphs. In [|5] M. Eliasi, B. Taeri defined four new sums of graphs based on the
subdivision of edges with regard to the cartesian product and computed their
Wiener index. In this paper, we define a new class of sums called Fy sums and
compute the Wiener index of the resulting graph in terms of the Wiener indices
of the component graphs so that the results in [5] becomes a particular case
of the Wiener index of Fy sums for H = K7, the complete graph on a single
vertex.

1. INTRODUCTION

A simple graph G is connected if every pair of vertices are connected
by a path. The distance d(u,v) between any two vertices in a connected graph
is the length (number of edges) of the shortest path between them. The concept
of distance in graph is of vital importance as it is the basic tool to study the
topological aspects of graphs, one among them is the Wiener index named after
H. Wiener [[11]]. Wiener index of a graph G denoted by W (G) is defined as the
sum of the distance between all pairs of vertices on a connected graph.

1
W(G) = B w;:(G) d(u,v).
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The origin of Wiener index itself comes from a study on relationship between
boiling points and structural aspects of paraffin molecules [11]]. Later in molec-
ular graph theory, Wiener index found its supreme importance in studying struc-
tural as well as physical composition of various chemical graphs [1]. In [3]] H
Hosoya introduced a polynomial associated with the Wiener index called Wiener
polynomial and obtained the Wiener index as the derivative of this polynomial
at unity. Later this polynomial was renamed as Hosoya polynomial. For furthur
results about Wiener index and Hosoya polynomial see [1,/10].

Computing the topological indices of various graph operations has been a
subject of recent research. Y. N Leh, I. Gutman computed the Wiener index of
various graph operations such as product, join, composition [13]]. D Stevanovi¢
computed the Wiener polynomial of product, join, composition by generalising
the earlier results [10]. Cvetkovi¢ proposed four new graphs S, R, ), T based
on subdivision of edges in [2]. In [[12] W Yan et al computed the Wiener index
of each subdivision graphs S, R, @, T in terms of the parent graph as well as
the other subdivision related graphs. In [5] M. Eliasi, B. Taeri defined a new
operation on graphs called /' sums based on these four subdivision graphs and
computed the Wiener index of F sum in terms of the Wiener index of the com-
ponent graphs. H Deng et al computed the Zagreb indices of F' sums [6] and S.
Akhtar, M Imran computed the forgotten index of F' sums [9]. The generalised
version of F' sums called generalized F} sums was introduced by J.B Liu et al and
they computed the Zagreb indices of the sums in terms of its factor graphs [7].
Based on the subdivisions S.R, @), T of a graph G, four subdivisions with respect
to a graph H (Sy, Ry, Qu,Ty) can be proposed by introducing a new graph H
corresponding to each edge of the parent graph and joining the endvertices of
each edge to all vertices to the corresponding copy of H. The graph Sy (G) is
the edge corona of G and H and all other subdivisions are analogous versions
of R, @, T. In this paper we obtain the inter relationship of Wiener index of four
graphs Sy, Ry, Qn and Ty. We also define a new sum called F; sums, an anal-
ogous version of F' sum in terms of F'y € {Sy, Ry, Qu,Tx} and compute the
Wiener index of Fiy sums. Thus, the results established in [5]] will be particular
case for (H = K;) of the results in this paper.
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2. Fy - SuMms

Let G, G, be two graphs with vertex set V;(G), V2(G) and edge set F,(G) and
E»(Q) respectively. Let H be any graph. Then the four graphs associated with
H are Sy (Gy), Ry(G1),Qu(G1), Ty (G1) and are as defined as follows:

(1) Sy (Gy) is the graph obtained from G, by replacing each edge e; of G

(2)

(3)

4)

with a copy of H and making every vertex in the ith copy of H adja-
cent to the end vertices of e; for each e; € E(G;). That is, Sy(G,) is
a graph with vertex set V(Sy(Gy)) = V(Gy)|JV.(H) where V.(H) =
UECIN(H), Vi(H) = V(H) Vi and the edge set E(Sy(G1)) = {(v, h),
(u,h) :e=wvu e E(Gy),h € V.(H)} U E.(H) where

E(H) =UZE(H), E(H)=E(H), VYi

Ry (Gh) is the graph obtained from G, by replacing each edge ¢; of G4
with a copy of H and making every vertex in the ith copy of H adjacent
to the end vertices of ¢; for each ¢; € F(G,) also keeping every edge
in G, as well. That is, Ry (G,) is a graph with vertex set V(Ry(G,)) =
V(G1)UVe(H) and edge set E(Ry(G1)) = {(v,h),(u,h) : e = vu €
E(Gy),h € V.(H)} U E.(H) U E(G,), where V,(H) = UZlv (i),
Vi(H) = V(H) Vi, E.(H) = U2V E,(H), E(H) = E(H) Vi.

Qu(Gh) is the graph obtained from G, by replacing each edge e; of G
with a copy of H and making every vertex in the ith copy of H ad-
jacent to the end vertices of e; for each e¢; € F(G;) along with edges
joining all the vertices in the ith copy of H to all the vertices in the jth
copy of H whenever e; adjacent to e; in GG;. That is, Qy(G,) is a graph
with vertex set V(Qgu(G1)) = V(G1) | V.(H) and edge set E(Qu(G1)) =
{(v,h), (u,h):e=vue E(Gy),h € V.(H)}UE.(H)UE(H.V H,) where
Vo(H) = UZIVi(H), Vi(H) = V(H) Vi, B(HVH,) = {(he,hs) : he €
V(H),hy € V(H)}LE(H) = UV E(H), E(H) = E(H) Vi and
H., H, are the copies of H corresponding to the edge e, s € F(G;) and
e, s are adjacent in G.

Ty (Gh) is the graph obtained from G, by replacing each edge e; of G
with a copy of H and making every vertex in the ith copy of H adjacent
to the end vertices of ¢; for each ¢; € E(G,) along with edges joining all
the vertices in the ith copy of H to all the vertices in the jth copy of H
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Gy =Dy, Go="P3, H=1,

FIGURE 1.

whenever e; adjacent to e; in G; and keeping every edge of G; as well .
That is, Tx(G) is a graph with vertex set V(T (G1)) = V(G1) U Ve(H)
and edge set E(Ty(G,1)) = E(Gy) U{(v,h), (u,h) : e =vu € E(Gy),h €
V(H)} U E.(H) U E(G,) U E(H,VH,) where V,(H) = UZlv (i),
Vi(H) = V(H) Vi, B(HVH,) = {(he,h,) : h, € V(H.),h, € V(H,)},
E.(H) = in(lel)lEi(H), E;(H) = E(H) Vi and H,, H, are the copies of
H corresponding to the edge e,s € E(G;) and e, s are adjacent in G;.
Ty (Gh) is called the total graph associated with H.

Corresponding to the four new graphs Sy (G1), Ry(G1), Qu(G1), Tu(Gy), we
define four new sums called Fy sums associated with the graph H. Let Fy be
any one of the symbols Sy, Ry, Qy, Ty. The Fy sum of G; and G is denoted by
G1 +r, Ga, is a graph with vertex set V(G +5, G2) = V(Fu(Gy)) x V(Gs)
and the edge set E(Gi +r, G2) = {(a,b)(c,d) : a = ¢ € V(Gy) and bd €
E(G3) or ac € E(Fy(Gy)) and b = d € V(Gy)}. We consider the newly added
vertices as white vertices and already existing vertices as black vertices. Let
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V(H) = {u1,us,...,u,} in this discussion. By e;; we mean the vertex u; in the
ith copy of H corresponding to the edge ¢; € E(G;). Figure 1 is an illustration
WlthG1 :P4,G2:P3 andH:P2

3. DISTANCE IN Fy(G), Fy(G) = {Su(G), Ry(G),Qu(G), Ty(G)}

Let G be a connected graph with V(G) = {vy,v9,...,v,} and E(G) = {ey, e,
...,en} and let H be any graph with V(H) = {uy,us,...,u,}. In each Sy(G),
Ry(G), Qu(G), Th(G), the vertex e;; is as defined above. The edge connecting
u,v on a path is denoted by u — wv.

Lemma 3.1. Let GG be a connected graph and H be any graph, u,v € V(G). Then

ds, ) (u,v)
2
Proof. Let the vertices u,v in G are connected by a shortest path of P : u =
vg = v = vy .. =% v = v, = v length ¢. Now fix a vertex u; € V(H).

Then in,

de(u,v) = = dry(c) (U, v) = dry(6)(u,v) = (dou e (u,v)) — 1.

Su(G): Since each edge in G is replaced by a graph H in Sy (G) the edge
v;—1 —° v; in P can be replaced by the shortest path v;_; — ¢;; — v; of
length 2. Thus, every edge in P is replaced by a path of length 2 in
Su(G). The new shortest path connecting u, v in Sy (G) is
Ps, u=1v)—e1; = vV1 —> €y —>Vg... > €_1j = Vp_1 — €V = U

Ru(G), Tu(G) : The path P itselfis a u — v path in Ry (G), Tu(G). Now
we show that P is the shortest path, For let P* be the shortest u — v
path in Ry(G), if P* consist only the vertices v € V(G), then P* = P.
If not, let e; be a vertex other than v € V(G), then the u; — ¢; — v;
can be replaced by the edges u;v;, thus P* is not the shortest in Ry (G).
Similarly, Let P* be the shortest path in T (G), if P* consist only the
vertices of GG, then P = P*, if not there exist a section of P* of the
form v; — ¢; = €41 — ... = e; — u; of length [ + 1 with all the
internal vertices of this section is in V.(H). Then, this section of P* can
be replaced by smaller section u; — w;41 — ...uj_1 — u; of length [.
Thus P* is not the shortest, so P is the shortest path in Ry (G), Ty (G).
Qu(G) : In Qy(G) to go from one vertex u € V(G) to another vertex
v € V(G) we have to essentially go through an edge in G. Also the path
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e;; — V; — €(;+1); can be replaced by a shorter path ¢;; — e(;41);. Thus a
path P of length [ in G
P:yg =T —2 .0 =814
corresponds to a path of length [ + 1 in Qx(G,) of the form
PQu(a) Vo = €1 = €z ... €1-1); = €(1—1);
U

Lemma 3.2. Let G be a connected graph and H be any graph with e;;, ey, €
V(H)NV(Fy(G)) where Fy = Sy or Ry or Qu or Ty (vertices belonging to the
same component of H). Then

1, if (vj,v) € E(H)

S 2, otherwise

Proof. For each path other than the edge (e;;,eix) € E(Fu(G)), we can replace
the path by a shorter path e;; — v; — ¢;;, of length 2. O

Lemma 3.3. Let G be a connected graph and H be any other graph with e;;, ey, €
V(H)NV(Fy(G)) where Fy = Sy or Ry or Qp or Ty (vertices belonging to the
different component of H). Then

dS G (el"aetk>
H( )2 J = dp ) (e, em) — 1 = do, ) (€ij, ew) = dry ) (€ij, eur)

Proof. Fix avertex u; € V(H), Lete, f € E(G) and the shortest path from e to f
of length [ in the line graph L(G) be

e=e)—"e —-2ez... >%e =f.
Then the corresponding shortest path of length [ in Qg (G), Ty (G) is
eo; — ey — ezj... =" ey
From this path, we obtain a shortest path of length 2/ in Sy (G) as
€oj —> V1 —> €15 —> Vg —> €35 ... = U — €.

Similarly, from the above path, we obtain a shortest path of length [+1 in Ry (G)
as

€oj — V1 —> V2... = U —7 €.
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Lemma 3.4. Let G be a connected graph and H be any other graph with v € V(G),
€ij € V(H) N V(FH(G)) where Fy =Sy or Ry or QH or Thy. Then

dsy(c) (v, €;5) + 1
2

= dry () (v, €j) = 1 = dgu(e) (v, €i5) = dry () (v, €35).
Proof. Consider a shortest path of length 2/ — 1 in Sy (G) as
€oj —> U1 — €15 —> Vg —> €35 ... — V.
From this, we obtain the shortest path of length [ in Ry (G) as
€oj —> V1 —> V2...—> V.
The corresponding shortest path of length [ in Qy(G) is
eoj =t ey = ez — .

We choose either one among the above two paths as the shortest path of length

From this lemmas, we obtain the relationship of wiener index among the four
graphs as

Theorem 3.1. Let G be a connected graph and H be any graph with vertex sets
V(@), V(H) and edge set E(G), E(H) respectively. Then

(D) W(Sk(Q)) = 2W(Tu(G)) — V(G| E(G)|IV(H)],
@) W(Su(G)) = 2W(Qu(G)) = [V(G)|(IV(G)| = 1) = [V(G)[[E(G)[|V(H)],
(3) W(Su(G)) = 2W(Ru(G))-2(|E(G)| = 1) |[V(H)P=V (G E@G)||V(H)]

Proof. We divide the sum into three parts as

Z dFH(G u, v Z dFH(G u, U Z dFH(G)(eijvekt)

u,weV (Fg(G)) u,veV(Q) ezj,ektEV(FH(G))ﬂV(H)

+ > dpy ) (u, €35)

ueV(Q)e; €V (Fu(G))NV (H)

and by using Lemmas 1-4 we get the desired result. O
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4. POLYNOMIALS ASSOCIATED WITH F(G)

The Wiener index of four graphs Fy(G) = {Su(G), Ru(G),Qu(G),Tu(G)}
are mutually related. A similar observation can be done in the case of Hosoya
(Wiener) polynomials as well. Throughout this section we denote W (G;p) as
the Hosoya (Wiener) polynomial of GG in the variable p.

Theorem 4.1. Let GG be a connected graph and H be any graph. Define
A={e€ E(Tu(G)):e= (u,v),uorveV(G)}.
Then

W (Tw(G); p? 1 1
W(Su(G);p) = w + (1 - 2—9) W(G;p?) + (1 - }—)) W(Tu(G)/A;p?).
Proof. Splitting the sum into three different parts,

W (S Z pdsmm uy) Z pisue (e en)

uweV (G ezjﬁktEV(FH(G))mV(H)

+ Z pdSH(G) (ue45)
weV(Gei; €V (Fu(G))NV (H)

2 : pZdTH(G)uv + E p2dTH(G)(€ijuekt)_l

u,veV(QG) eijert €V (Fr(G))NV (H)
+ Z pZdTH<G) u,€45)— + Z p2dg u,v) (1 o 1)
ueV(GQ)e;; €V (F(G))NV(H) u,veV (G

+ > pPira@ i) (1 = 1)

eij.ext €V (Su(G))NV (H) b

W(su(@p) = LD (D i)+ (1- 1) WEa(©)/a),

U
Theorem 4.2. Let G be a connected graph and H be any graph. Define
A={ec€ E(Ty(Q)) :e = (u,v),uorveV(G)}.
Then
W(Ru(G),p) = W(Tu(G);p) + (p — 1) W(Tu(G)/A; p).
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Proof. Splitting the sum into three different parts,
_ Z deH(G)(“:U) + Z deH(G)(ez‘jﬁkt)
u,veV(G) eij.ert €V (Ru (G))NV (H)
+ Z deH(G) (u,e45)
ueV(G)ei; €V (Ru(G))NV (H)
— Z pdTH(G)(uv'U) + Z pdTH(G) (eijrext)
U,UGV(G) eij,ektEV(TH(G))ﬂV(H)
+ Z pdTH(G) (weij) 4 (p—1) Z pdTH<G)(€ij,ekt)
uEV(G)EijEV(TH(G))ﬂV(H) eij,€ktEV(TH(G))ﬁV(H)
=W(Tu(G);p)+ (p — 1) W(Tu(G)/A; p).
O

Theorem 4.3. Let GG be a connected graph and H be any graph. Then
W(Qu(G),p) = W(Tu(G);p) + (p— 1) W(G;p).

Proof. Splitting the sum into three different parts,

W(Qu(G),p) = Z deH(G)(u,v)+ Z deH(G)(eijvekt)
a)

u,weV( eij et €V (Qu(G))NV (H)

+ Z plem @) (weis)
ueV(G)ei; €V (Qu(G))NV (H)

_ Z pdTH(G) (wo)+1 Z pdTH(G)(eijvekt)
uweV(G) eijext €V (T (G))NV (H)

+ Z pdTH(G)(uveij)
weV (Gei €V (T (G))NV (H)

— piTa(e) (wv) 4 Z P (€iser)
uweV(G) eij.ext €V (T (G))NV (H)

+ Z pdTH(G)(uvei]') +(p—1) Z pd(c)(uw)
ueV (Ges; €V(Ty (G)NV (H) uweV(Q)

= W(Tu(G):p) + (p— 1) W(Gp).
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5. THE WIENER INDEX OF F'y SUMS

In this section, we compute the Wiener index of the four Fj; sums of graphs.
Wiener index of the F; sums can be computed by finding the distance relations
among all kinds of vertices in the sum. So we first obtain the distances between
various kinds vertices in Fy = {Sy, Ry, Qu, Ty }-

Lemma 5.1.

a. Let G G4 be two connected graphs and H be any graph v = (uy, us) be any
black vertex. Then for all v = (vy,v2) € V(G1 + 5, G2) With Fy = Sy, Ry
we have

d(u, U‘Gl +FH Gg) = d(ul, Ul‘FH(Gl)) + d(UQ, UQ’GQ).

b. Let Gi G, be two connected graphs and H be any graph. If e;,e; € E(Gy)
then for all u = (e, u2), v = (ej,v2) € V(G1 +p, Ga) wWith us # vy
FH = SH, RH Then:

2 + d(uz, v2|Go) ifi=7g

d(eik, €je| Fr(G1)) + d(ug, v2|G2)  if i # j

c. Let G4 G, be two connected graphs and H be any graph, If e;,e; € E(G)
then for all u = (e, uz2), v = (ej1,v2) € V(Gy +p, G2) With us = vy
Fy = Sy, Ry, (white vertices in the same copy). Then:

d(u,v|Gy +py G2) = d(ei, eje| Fu(Gh)).

d(u,v|Gy +p, Go) =

Proof.

a. Let ¢ = d(u,v|G1 +r, G2), 1 = d(uy,v1|Fu(G1)) and o = d(uz, v2|Gs),
and let

. 1 1 1 1
Pl‘u12t0—>t1—>“'t;p1_1—>t$1:/Ulj

2

e — &2 2 2 _
Py :ug =85 —> 87— ...8, 1 — S, = U,

be the corresponding shortest paths. Then using these two paths P, P,
we easily construct a new path from u to v in G; +p,, G as

Ps: (ulvu2) - (t(1)’3(2)) — (tisg) - "'(til—las(%)

= (ts,50) = (v1, 5)

(v, 88) = (v1,87) = ... (v1,82)) = (v1,v2).
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Thus, © < x; + x5. Also corresponding to every path P from u to v in
G1 +ry G,

P : (ug,up) = (té,sg) — (t%,s?) — ...(151 52 )

rz—17 2x—1

— (tL,52) = (v1,v2),

T T

we construct a path from u; to v; as u; =t} — 1 — .. .tzlﬂ_l — t;1 =

: 2 2 2 2 _
in Fy(G1) and a path of the form uy = s5 — s7 — ...5,, ;| — s, =
vy from wuy to vy in G5 by replacing every consecutive similar vertex

(uuuu..u) by a single vertex(u). Thus x; + xo < x = y; + ¥, that is
d(u,v|Gy 45, G2) = d(uy, v1|F(Gr)) + d(uz, v2|G2).

. Consider the case u = (e, u2), v = (ejt, v2) With uy # vs.

Case Ii = j: Let ¢; = wv; and ug = s3 — 57 — ...85271 — 832 = vy be
the shortest path of length y, from u, to v, in Gs. Fix u;, then we easily
construct a shortest path from u to v using the edges e;;u; and e;u; and

the path from u, to v, as

P (e, uz) = (e, 55) = (us, s5) = (g, 87) .. (g, 52,)

— (1, 57,) = (eje,v2)
of length 2 + d(ug, v2/G5).

Casell s 7& j Let d(eik, Gjt|FH<G1)) = Y1, = d(U,U|G1+FHG2), d(UQ,’UQ) =

xy and let e, = py — pi — ...p;, ., — p,, = ¢ (Where p, | € V(Gy)

2
r1—1

the corresponding paths. Now we construct the following two paths in
G+ Fy Go.

since Fy = Sy, Ry) and uy = s2 — s7 — ...s — s = vy be

Piu= (p(1)7u2) — (piau2) — ~-(p@1,1_1au2) = (pgl/1—1783>

(p;1—1783) — (p;1_175>%) - ... (p;1—178i1) — (6jt7'02) =v

of lengths z; + v, thus z = d(u,v|Gy +p, G2) < 1 + y;. to prove the
reverse part, we assume that there exist a path P from v to v in Gy +5,, G2
and proceeding as in the proof of (a.) we will establish that z; +y; < z.
Thus, d(u,v|G1 4+, G2) = d(eir, eje| Fu(G1)) + d(ug, v9|G2).

. As in the proof of (a.) consider the shortest path form e;; to e;; of length
Y1, €k = Py = P1 — ---Dy, 1 — Dy, = ¢ which corresponds to a path
(€irsu2) = (po,u2) — (pr,u2) = .. (py,_1,u2) = (py,, u2) = (eje, us) Of
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same length from u to v.Conversely, since uy = vy, d(ug,v2) = 0 every
such path P in G; +p, G2 must have same second component thus the
shortest path from « to v must be of the same length as the shortest path
from e;;, to e;q.

O

Lemma 5.2.

Let Gy ,G5 be two connected graphs H be any graph and v = (uy,us)
be any u black vertex. Then for all v = (vy,v2) € V(G +p, G2) with
Fy = Qu, Ty we have

d(u, v|G1 +ry G2) = d(ur, v1|F(Gr)) + d(uz, v2|Go).

. Let Gy , G5 be two connected graphs and H be any graph. If e;,e; € E(G),

then for all u = (e, u2), v = (ejt,v2) € V(G +r, G2) with us # vy
FH = QH; TH Then:
d(u,v|Gy +5, Go) =

2 + d(uz, v2|G2) if i=Jus #F v

L+ d(ew, ej| Fu(Gr)) + d(ug, v2|Ge)  if i # j,us # vo
Let G , G be two connected graphs and H be any graph. If e;,e; € E(Gy),
then for all v = (e, uz), v = (eji,v2) € V(Gy +p, G2) with uy = vy
Fy = Qpy, Ty, (white vertices in the same copy). Then:

d(u, U|G1 +FH GQ) = d(@ik, Gjt|FH(G1)).

Proceed as in the case (a.) of Lemma 5, we easily obtain the result using
similar arguments.

. Case I, i = j,us # vy: Then proceed as in the Case I of Lemma 5(b) to

get the results.

Case IIi # j,us # vo: Let d(ew, ejt|Fu(G1)) = y1, d(ug,v2) = 1, © =
d(u,v|Gy 4+, G2) and let ey = py — p; = ...p,, | — p,, = ¢; and
uy = s§ — s — ...sa_, — s> = v, be the corresponding paths.
Let ujv; = ¢; and ujv; = e;, also use the fact that the shortest path
connecting e;, e in Fy = Qu, Ty must be a path consisting only of
vertices in the copies H (V.(H)) as every path of e;, — v} — e, (Where

v} is common vertex of both the edges ) can be replaced by a single

(2
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edges e;ze;; which is shorter. Fix a vertex ujl such that %1 is closer to e;,
than vjl-( we can similarly fix u; as well). Now we construct the following
path P, in G| +p5, Gs.

Pyzu = (pg,uz) = (p1,u2) = ... (Py,—1, ) = (Ujl-au2)

— (ujl,sf) — . (ul,s2) — (€ji,v2) =

Jj 7T

of lengths 1 + 1 + y1, thus z = d(u,v|Gy +p, G2) < 1 + 21 + y1. To
prove the reverse inequality, fix a vertex v} such that distance between
v} and e is the shortest compared to that from u; to ej in Fy(Gy).
Then (v}, u,) is a black vertex and let P be the shortest path between
(eix, uz) and (ej, v2) of length x. Then we obtain a shortest path P* from
(v}, uz) to (ej, vs) by deleting the edge connecting (e, u2) and (v}, us)
of length x — 1 in P. By replacing consecutive similar vertices in the
first and second components of P* by a single vertex, we get a path
P, from v} to ej; of length say s; and a path say P, from uy to vy of
length s, in F(G;) and G, respectively. Since d(v},ej;) = d(ei, e;) in
F(Gy),wehave s; + sy > a1 +y; so0x =1+ 51 + 59 > 1+ x; + y;. Thus
r=d(u,v/Gi1+r, G2) = 1+x1+y1 = 1+d(ei, ee| Fu(Gr)) +d(uz, v2|Ga).
c. Proceed as in case (c.) of Lemma 5 to obtain the required result.

U

Using this, we find the Wiener index of Fy Sums in terms of the Wiener index
of its component graphs.

Theorem 5.1. Let GG; , Gy be two connected graphs and H be any graph and Fy; =
Sy or Ry. Then

W(G1 +r, Go) = [V(Go)PW(Fr(G) + (VGO + (IE(GIIV (H)])?
F2(V(G[[E(G)|IV(H)]) W(Gs)
+ (IV(G2)I = V(G)l) (IE(G)IIV (H)]) -

Proof. We divide the vertex set of G| +,, G5 into two different subsets as

A= {U = (U1,U1) € V(Gl + GQ) U= (U1,U1) € V(Gl) X V(Gg)},
B ={u= (u1,v1) € V(Gy +p, Ga) :uy € V.(H),v; € V(G2)}.
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We divide the sum of the distances between the vertices of G +p,, G into dif-
ferent components to calculate the Wiener index:

W(Gl + GQ Z du U’Gl + Gg Z du U’Gl +ry Gg)
uveA uEAvEB
1
+3 > d(u,v|Gy 45, Ga).
u,vEB

Now we find the three sums separately. To find the first sum, we use the fact that
Vu= (ul, Ul), v = ('LLQ, UQ) € A, d(u, ’U|G1 +FH GQ) = d((ul, Ul), (UQ, ”UQ)’Gl +FH GQ)
d((ul, Ul), (Ug, U2)|G1 +FH GQ) = d(ul, u2|FH(G1)) + d(vl, U2|G2) and Lemma 5.

Ay

Z (u U‘Gl +FH G2 Z d ulvvl) (u2>v2)‘G1 _'_FH G2>

u,VE u,vEA

Z d(uy, ug| Frr (Gh)) + d(v1, v2| Go)
), (uz2,v2

(u1,v1),(u2,v2)
1
-5 XY dwmwlFaG)+ Y Y donnlG)
u1,u2€V(G1) v1,02€V(G2) u1,u2€V(G1) v1,02€V(Ga)

= WV@P Y sl Fu(G) + V(E)PIV(Ga).

ul,UQGV(Gl)

N | =

N[ —

Now consider the case where u = (uy,v1) € V(G1) x V(Gs), v = (ejt,v2), €t €
Ve(H), vy € V(Gy) (or vice versa). By Lemma 5 we have d(u,v|G; +5, G2) =
d((ur, v1)(€jt, 02)|G1 +ryy G2) = d(un, €5e| Fr(G1)) + d(vy, 02| Ga),

> d(u, |Gy 45y Go)

ucAvEB

Y d(ur,epn), (v1,0)|Gr +y Go)

ucAveEB

Y. (dur el Fu(Gh)) +d(vr,02]Ga))

(u1 7v1)7(€jt,v2)

DO | —
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d(uy, et| Fu(Gh))

By considering the reverse case as well, the total distance is

1
Ay = > d(u, |Gy 45y Go)

u€AvEB

=V(G)P Y Y dluren|Fu(G)

Ul GV(Gl) ethVe(H)

+2[V(G)IIE(G|V(H)W(Ga).

Now consider the case where u = (e;;,v1), v = (eji, v2), €ij, €50 € Ve(H),v1,v9 €
V(Gsy). We divide the sum into three different parts with respect to i = j, vy # va,

Z.7éj,1)17£1}2 andi:j,vlzvg. Let

1 . .
Sy = 3 Z {d(u,v|G1 +F, G2) : v1 # va9,i = j},
u,veEB
1 . .
SQ = 5 Z {d(U,U’Gl +FH G2) O 7& Vg, 1 7é j}a
u,vEB

1 ) )
Sy = 5 Z {d(u,v|Gy +5, Ga) 1 v1 = 9,7 = j}.

u,vEB

Then,

1
Az = B Z d(u,v|Gy +p, G2) = S1 4+ S2 + Ss.

u,vEB

(5.1)
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Now,

| —

Sl Z 2 + d(Ul, ’U2|G2)

(€iksv1)(ejt,v2)€EB

2 > 2
€V (G2

Yv17£v2 eipej,€Ve(H) i=j

DO | —

v1,v2
1
+§ Z | ‘d(U1702|G2)
v1,02€V (G2)v1#v2 e;e54,EVe(H) i=j

= (IV(G)? = [V(G2)|) [EGIIV(H)| + (|IE(G)IV (H)]) W (Gb).
Similarly,

1
Sy = 2 Z d(ein, €ji| Frr(Gr)) + d(v1, 02| Go)

u,vEB

Z Z d(@ik,ejt‘FH<G1))

v1,12€V(G2) e;rej € Ve (H)i#]

Z Z d(Ul,U2|G2)

v1,02€V (G2) eixejt€Ve (H)Z;ﬁj
> > dlewm, el Fu(Gh))
’U1,’U2€V(G2) eikejteve(H)i;éj

(IEGOIVH))? = |E(G)||[V(H)[) W(Ga).

N | —

N —

+

DO | —

+

—

Also,

1 . .
S3 = 92 Z {d(u,v|Gy +F, Ga) 1 v1 = 2,7 =5}

u,vEB

D> o dlew el Fu(Gh)),

V1,02 GV(GQ)’Ul =V2 €ik€jt eVe (H)ZZ]

W(G1 45, G2) = A1+ As + A3

:%W(GQ)\? S dlunus Fr(Gh) + V(G PW(Ga)

ul,UQEV(Gl)

HIVIG)IE Y D dlur el Fu(Gh)) + 2[V(G1)||E(G)||V (H)| W (Ga)

u1€V(G1) et €Ve(H)
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4 Z Z 2+ Z Z d(v1,v|Go)

v1,02€V (G2)v17#v2 €;pejt,€EVe(H) i=j v1,02€V(G2)v17#v2 €ipejt,EVe(H) i=j

SEVIEIE Y dlew e FulGh)

eixejt€EVe(H)i#]

+ ((IEGIIV(H)|)? = |E(G)||V (H)|) W(G2)

FSIVEIE Y dlenenlFu(G)

€eik,ejt €EVe(H)i=j
= [V(G2) "W (Fr(G)) + (IV(GL)I” + (IE(G)|[V (H)|)*
H2\V(GO)IIE(G)||V(H)]) W(G2)
+ (IV(G2)I” = V(Go)|) (IB(G)IIV(H)I)
U

Theorem 5.2. Let G, G5 be two connected graphs, H be any graph and F; = Qpy
or Ty. Then

W (G 45, Go)

= [V(G)PW (Fu(G1)) + (IV(G) PP + (IB(G)IIV (H)])?
2V (GOIIE(G)I|V(H)]) W(Ga2) + 5((|E(G1)HV( )N)?
HEGHIIV(H)) (V(G2) P — [V(Ga)))

Proof. Define A, B as in Theorem 1. Then

W(Gl +FH GQ Z d u U|G1 +FH G2 Z d U U|G1 +FH GQ)
quA uEAvGB
1
+ 5 Z d(u,v|G1 +FH GQ)
u,vEB

As in Theorem 1 we divide the sum into three different parts and calculate the
sum of the distances. Now, the first two parts are as same as in Theorem 1, so
its enough to find only the third sum. As in the previous cases we break down
the third sum into four different parts

> d(u,v|Gy 45y, Go) = C1 + Ca+ Cs + Cy.

u,vEB
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Let u = (e;5,v1), v = (€jt, v2), €5, €50 € Ve(H),v1,v2 € V(G2). Then,

1 . .
C) = 5 Z {d(u’U|G1 +ry GQ) - U1 7é V2, :‘7}

u,veB

1 . .
Cy = 5 Z {d(u7U|G1 +ry GQ) - U1 = V2,0 #]}

u,vEB

1 . .
Cs = 9 Z {d(u,v|Gy +F, Ga) 1 v1 = 2,7 =5}

u,vEB
1 . .
C4 — 5 Z {d(U,U|G1 —I—FH GQ) U1 ?é V2,1 7é ]}
u,veB
By Lemma 6, we have,

1 . .
Cr =3 > {d(u, |Gy 4y, Go) w1 # vayi = j}

u,vEB

Z 2+ d(v1, v2|Go)

(eir,v1)(ejt,v2)€B

> 2

v1,02€V (G2)v1#v2 eipeji,EVe(H) =]

+ % Z Z d(’Ul,Ug|Gg)

v1,02€V (G2)v17v2 eipeji,€Ve(H) i=j

= ([V(Ga)? = [V(Ga)]) |E(G)||V(H)| + (|E(G1)||V (H)|) W (G

N | =

N | —

Now,
1 ) )
Ca =3 > {d(u,v|Gy +r, Ga) tvr = v, # j}
u,vEB
1
=3 Z Z d(er, €je| Fr(Gh)).
v1,02€V (G2)v1=v3 ;e €Ve (H)i#j
Similarly,
1 ) .
Cs = § Z {d(u,v\Gl +Fy G2> 1V = U2, = ]}
u,vEB
1
= 5 Z Z d(eikzaejt|FH(G1))'
v1,02€V (G2)vi=v2 ejpejt €Ve(H)i=j]
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Similarly, by Lemma 6,

1
Cy= 3 Z {d(u,v|Gy +F,; Ga) 1 v1 # va,0 # j}

u,vEB

— % Z (1 —+ d(eik, ejt‘FH(Gl)) + d(UDUQ‘G?))

u,vEB

-5 > ¥ o

U17’U2€V(Gz)v1751)2 eikejteve(H)i;éj

_|_% Z Z d(eik,ejt|FH(Gl))

v1,02€V (G2)v1#v2 ejreji €Ve (H)ij

-+ % Z Z d(vl,v2|G2)

v1,02€V (G2)v1#v2 €;ejt €Ve(H)i#]
(E@G)IIVH)])?* = [EG)IIV(H)]) (IV(G2)* = [V(G2)])

Z Z d(eir, e;t| Fr(Gh))

v1,2€V (G2) eikejteVe(H)z’;éj

+ ((EG)||V(H)) = |E(G)IIV(H)|) W(Ga).

_l_
N =~

Thus we obtain,

W(Gl +Fy Gg)

S V@ Y dn,wlFu(@) + V(G PIV(G)

u1,u2€V(G1)

FIVGP Y D dlun el Fu(Gh)) + 2[V(GI[E(G)|[V(H) W (Gy)

u1 €V (G1) e]'tEVe(H)

V(G2)* = [V(G)I) [E(GOIIVH)| + (IE(GOIIV (H)]) W(Ge)

Z Z d(@ik,ejt|FH<G1))

v1 ,’UQEV(GQ)’Ul =v9 eikethVe(H)i;éj
(Ge)

~~

+
_|_

DO | —

Z d(eik,ejt|FH<G1))

v1=v2 e;jre;t Ve (H)i=j

+

N | —

v1,v2€V

45 (B@IVE)? ~ [EGIVE) (VG - [V(E)))
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by XY dlew el FulGh)
v1,02€V(G2) e;pejt €Ve(H)i#]
+ ((B@IIVE])? — |BGIIV(H)]) W(G)

= V(G2) "W (Fu(G) + (IV(G)I” + (IE(G)IIV (H)])*
H2IV(GIE(GIIV(H)|) W(G2)

+ % ((E@GOIVH)D? + [E(G)IIV(H)]) ([V(G2)]* = [V(G2)])

Illustration 1. If H = K, we obtain the results in [|5]].

Illustration 2. If Gy, Gy, H are paths P,, P,,, P, with n,m > 3 respectively, then
the Wiener index is:

a. W(P, +s, Pn) = %(2n3r2m +n%r?m? — 6n2rim + 4nrm + 2n%rm? —

o2nrim? —6n2rm—+ 10nr>m —2nrm? + 2n3m—+n?r? +r2m? — dnrm+2n’r —
2nr? + n®m — 6mr? — 8nr + 6mr + 6mn + n? + r2 — 6m + 6r);

m
. W(P, +gp, Pn) = —(@°r*m + n*r*m? 4 2n°rm + 2n*rm? — 2nr*m? —

nr2m+n3m —2nrm? +n2m? —n2r? +r2m? — 8nrm — 2n%r + 2nr? +5nm —

dnr 4+ 6rm — n? — r? — 6m + 6r);

m
. W(P, +q, Pn) = —(n**m + n*r*m? + 2n’rm + 2n*rm? — 2nr*m? +

2nrim — 2nrm? + n®m + n?m? — 4n2r? + r2m? — 1lnrm — 2n%r + 8nr? —
3r¥m + 3n*m + 2nm — nr 4+ 9rm — n? — 4r* — 6m + 3r);

. W(P, +1,, Ppn) = %(n?’er + n?r?m? + 2n3rm + 2n%rm? — 2nr’m? +

onrim — 2nrm? 4+ n3m + n?m? — An%r? + r’m? — 11lnrm — 2n°r + 8nr? —
3r2m + 5nm — nr + 9rm — n? — 4r% — 6m + 3r).

6. CONCLUSIONS

In this paper we have defined Fy sums of graphs and obtained the relationship

among distances of these four graphs and their Hosoya polynomial. We also
computed the Wiener index of Fy sums of two connected graphs. These sums

can be defined in terms of various other products such as strong product and
lexicographic product. Other topological indices can also be computed for the
Fy sums.
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