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EXTENDING A SPECIFIC INTEGRAL INEQUALITY BY INCORPORATING A
WEIGHT FUNCTION

Christophe Chesneau

ABSTRACT. This note introduces a new integral inequality, extending the scope
of an existing result by incorporating a weight function and relaxing the conti-
nuity assumption. A complete proof is provided, alongside an examination of
several special cases.

1. INTRODUCTION

Integral inequalities form the basis of mathematical analysis. They provide
essential tools for establishing bounds in a variety of functional and differential
problems. These inequalities often arise in fields such as approximation theory,
convex analysis and the study of special functions, where precise control over
the magnitude of integrals is vital. Comprehensive treatments of classical re-
sults on these inequalities can be found in the books [1,2,10,13,23,24]. In
recent years, significant progress has been made in extending these inequali-
ties, including the development of new kernel functions, weighted forms, and
generalizations to broader functional spaces. Notable contributions and recent
advances are documented in [3-7,11,14-16,/18-22].

The discovery of new integral inequalities strengthens the theoretical frame-
work of the subject, expanding its applicability to modern analysis, numerical
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methods and the study of differential and integral equations. A few years ago,
the integral inequality presented in the theorem below was discussed on the
mathematical forum Math.StackExchange.com, attracting some interest within
the mathematical community.

Theorem 1.1. [12] Let f,g : [0,1] — [0, 1] be continuous functions. We suppose
that f is non-decreasing. Then we have

/ (g dx</01g(x)dx+/01f(x)dx

A proof was provided by [17]] using the mean value theorem for integrals. In
this note, we extend this result by introducing a weight function, w, relaxing
the continuity assumption and providing an alternative proof. We also discuss
several special cases of the new weighted integral inequality.

The main result, together with its proof and special cases, is presented in
Section |2| Section (3| provides concluding remarks.

2. RESULT AND SPECIAL CASES

2.1. Result. The theorem below can be considered a weighted extension of
Theorem It should also be noted that the functions ¢ and w are not re-
quired to be continuous.

Theorem 2.1. Let f,g : [0,1] — [0,1] and w : [0,1] — [0, +00) be functions. We
suppose that f is non-decreasing. Then we have

/ fg x)dr < /Olg(w)w(a:)dx + (/01 f(:c)d;c) (/Olw(x)dx> ,

provided that the integrals exist.

Proof. We begin by examining the difference

e [ s~ [ gwpir= [ (o) - o) wid

Since f(g(x)) € [0, 1], and g and w are non-negative, we have
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[ (o) = gta) wtrte < [ (o) ~ g0 6() ()i
@ = [ (=g SNt = [ ( / )du) F(g(a))w(a)dr.

9(z
Since f is non-decreasing, for any u € [¢g(x), 1], we have f(g(z)) < f(u). This,
combined with the facts that f, g and w are non-negative, gives

L] ) ([ s
9 ([ s ([ ) ([ )
|

Combining Equations (2.1)), (2.2) and (2.3)), we get

/ﬁf dx—/‘ dx<</‘f )da (Ozu ),

which implies that

(/f m</ m+(/f m)(ow )

This completes the proof. O

Setting w(x) = 1, Theorem reduces to Theorem We emphasize that
the proof does not rely on the continuity of the functions involved or the mean
value theorem for integrals. Furthermore, dealing with the weight function w is
quite natural.

The theorem below provides a refinement of Theorem [2.1|for the case where
g is non-decreasing and admits an inverse function g—*

Theorem 2.2. Let f,g : [0,1] — [0,1] and w : [0,1] — [0, +00) be functions. We
suppose that f and g are non-decreasing and that g~* exists. Then we have

/ F(g(@))w(@)d < /0 ' g()uw(x)ds 1 /0 ' F)h(a)de

where
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provided that the integrals exist.

Proof. We can reuse Equations (2.1)) and (2.2)), but Equation (2.3) requires the
modification described below. Since the integrand is non-negative, the order of

integration can be interchanged by applying the Fubini-Tonelli theorem, yielding

([ o) sstommteria < [7 ([ ston) wia
(2.4) - /O 1 ( /0 gl(u>w(m)dm> Flu)du = /0 F(2)h(z)dz

Combining Equations (2.1)), (2.2) and (2.4), we get

1 1
x)dr — d h(z)d
[ sty - [ g < [ e
which implies that
1 1
r)dr < d h(z)d
/f o< [ glie)s+ [ fana
This concludes the proof. O

In certain situations, Theorem may be preferable to Theorem |2.1], since it
provides a sharper result at the cost of a more technical upper bound.

2.2. Special cases. Some notable special cases of Theorem are presented
below. The integrals involved are assumed to exist.

- Setting g = f, Theorem [2.1] gives

[ o< [ st |
+ (/0 f(x)dx) (/D w(m)dx).

Furthermore, setting w = f yields

/(f pIc: dx</f da:+(/f dx).

This inequality is particularly elegant due to the symmetry it exhibits
between the function f and its composition fo f, and the way it balances
the integral of the squared function with the square of the integral.
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- Setting g = f~!, Theorem [2.1] gives

/01 vw(z)ds < /01 F ) w(a)de + (/Olf(x)dx) (/Olw(x)dx) |

This is reminiscent of the Young integral inequality, in that it involves a
function f and its inverse. However, the results obtained here are sub-
stantially different. For further details on the Young integral inequality,
see, for instance, [8,9], and the references therein.

- Setting w = g, Theorem [2.1] gives

/ Fg(@))g(@)ds < /Ong(x)dx+ (/Olf(x)dx) (/Olg(x)dx>.

- Setting w(z) = 2* with a > 0, Theorem [2.1]yields

/Olf(g(a:))xadasg/ol (z) O‘da:+(/ fa d:v) (/1 m)
:/01 (z) O‘dx+—/f

In particular, for o = 0, this result reduces to Theorem
- Setting g(z) = z* with a > 0, Theoremm gives

/f dx</01x w(z da:+< I d:z:) (/Olw(a:)d:z:).

- Setting f(x) = z with o > 0, Theorem [2.1] yields

/0 l ¢ (2)w(x)dr < /0 1 g(z)w(z)ds + ( /O lx“dx) ( /O lw(x)da:)

- /Olg(x)w(m)dx - i : /Olw(x)dx.

To the best of the knowledge of the author, each of these inequalities is new to
the literature.

To end this section, a notable special case of Theorem |2.2]is presented below.

Setting f(z) = 1 and w(z) = 1, Theorem [2.2] gives

1 1
(2.5) 1§/ g(x)dx—l—/ g ! (x)dx.
0 0
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This can be presented as a special case of the Young integral inequality, where
the upper limits are equal to 1.

3. CONCLUDING REMARKS

In this note, we have extended a classical integral inequality by introducing a
weight function and relaxing the continuity assumption. This provides an alter-
native proof that is independent of the mean value theorem for integrals. The
weighted inequality and its special cases demonstrate the flexibility and poten-
tial of such extensions in controlling integral expressions. Future work could
involve exploring links existing with the Young integral inequality exhibited in
Equation (2.5)), or further generalizations in multidimensional domains, with
variable functions. Applications could include fractional calculus and dynamic
equations. This would open up new avenues for both theoretical development
and practical implementation.
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