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SOME PARAMETRIC CLASSES OF COMPLETELY MONOTONIC
FUNCTIONS INVOLVING POLYGAMMA FUNCTIONS

Bhukya Ravi and Christophe Chesneau1

ABSTRACT. This paper introduces some parametric classes of completely mono-
tonic functions involving the psi and polygamma functions.

1. INTRODUCTION

The classical Euler gamma function is defined by

Γ(x) =

∫ ∞

0

e−ttx−1dt, x > 0

and satisfies the functional relation

Γ(x+ 1) = xΓ(x), x > 0.

The function Ψ(x) = d
dx

ln (Γ(x)) = Γ′(x)
Γ(x)

, which is the logarithmic derivative
of the gamma function, is called psi function or digamma function. Moreover,
Ψ(m)(x) for m ∈ N are called a polygamma function. Properties and inequalities
related to polygamma functions can be found in the recent publications [2,4–6,
8] and the references therein.
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The integral representation of the function Ψ(x) is given in [1, Page. 26], as
follows:

(1.1) Ψ(x) =

∫ ∞

0

(
e−t

t
− e−xt

1− e−t

)
dt, x > 0.

In addition, a non-negative function f is said to be completely monotonic on an
interval I if f has derivatives of all orders on I and satisfies the inequality

(−1)nf (n)(x) ≥ 0

for x ∈ I and n ∈ N ∪ {0}. The famous Bernstein-Widder Theorem [7] states
that a function f is completely monotonic on (0,∞) if and only if it can be
represented in the form:

(1.2) f(x) =

∫ ∞

0

e−xtdφ(t), x > 0,

where φ(t) is a non-decreasing function and the integral converges for all x > 0.
The following corollary is a significant result in this area of study.

Corollary 1.1. [3, Corollary 1] For x > 0, we have

1

2x
− 1

12x2
< Ψ(x+ 1)− ln(x) <

1

2x

and
1

2x2
− 1

6x3
<

1

x
Ψ′(x+ 1) <

1

2x2
− 1

6x3
+

1

30x5
.

For x > 0 and for any non-negative integer m, we have

1

xm+1
=

1

m!

∫ ∞

0

tme−xtdt.

Using this, in [3, Equation 13], it is stated that

(1.3) Ψ(x)− ln(x) +
1

x
=

∫ ∞

0

(
1

t
− 1

et − 1

)
e−xtdt.

Based on this, we introduce parametric classes of completely monotonic func-
tions expressed in terms of psi and polygamma functions. These results make a
valuable contribution to the broader study of special functions and their associ-
ated functional inequalities.

We are now in a position to present our main results.
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2. MAIN RESULTS

Theorem 2.1. The function

fα(x) = ln(x)− α

x
−Ψ(x)

is completely monotonic on (0,∞) if α ≤ 1
2
.

Proof. Utilizing Equation (1.3), we obtain

−fα(x) = Ψ(x)− ln(x) +
α

x
=

∫ ∞

0

(
1

t
− 1

et − 1

)
e−xtdt+ (α− 1)

∫ ∞

0

e−xtdt

=

∫ ∞

0

(
1

t
− 1

et − 1
+ α− 1

)
e−xtdt.

We thus aim to apply the Bernstein-Widder Theorem, as described in Equation
(1.2), thanks to this integral representation.

Let us set

hα(t) =
1

t
− 1

et − 1
+ α− 1

=
et − 1− t+ (α− 1)t(et − 1)

t(et − 1)

with the aim to show that et − 1− t + (α − 1)t(et − 1) ≤ 0 for α ≤ 1
2
. Using the

exponential series decomposition, we get

et − 1− t+ (α− 1)t(et − 1) =
∞∑
n=2

(
1

n!
+

(α− 1)

(n− 1)!

)
tn ≤ 0

for α ≤ 1
2
. Hence, it follows from Equation (1.2) that the function fα(x) is

completely monotonic on (0,∞). □

Theorem 2.2. The function

fα,β(x) = Ψ(x)− ln(x) +
α

x
+

β

x2

is completely monotonic on (0,∞) if α ≥ 1
2

and β ≥ 1
12
.

Proof. Utilizing Equation (1.3), we obtain

Ψ(x)− ln(x) +
1

x
=

∫ ∞

0

(
1

t
− 1

et − 1

)
e−xtdt,
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so that

fα,β(x) = Ψ(x)− ln(x) +
α

x
+

β

x2
=

∫ ∞

0

(
1

t
− 1

et − 1

)
e−xtdt+ (α− 1)

∫ ∞

0

e−xtdt

+ β

∫ ∞

0

te−xtdt

=

∫ ∞

0

(
1

t
− 1

et − 1
+ α− 1 + βt

)
e−xtdt.

We thus aim to apply the Bernstein-Widder Theorem, as described in Equation
(1.2), thanks to this integral representation.

Let us set

hα,β(t) =
1

t
− 1

et − 1
+ α− 1 + βt

=
et − 1− t+ (α− 1)t(et − 1) + βt2(et − 1)

t(et − 1)

with the aim to show that et − 1− t+ (α− 1)t(et − 1)+ βt2(et − 1) ≥ 0 for α ≥ 1
2

and β ≥ 1
12
. Using the exponential series decomposition, we get

et − 1− t+ (α− 1)t(et − 1) + βt2(et − 1)

=

(
α− 1

2

)
t2 +

∞∑
n=3

(
1

n!
+

(α− 1)

(n− 1)!
+

β

(n− 2)!

)
tn ≥ 0

for α ≥ 1
2
, β ≥ 1

12
and n ≥ 3. Indeed, for α ≥ 1

2
, we obtain

1

n!
+

(α− 1)

(n− 1)!
+

β

(n− 2)!
≥ −1

2(n− 1)!
+

1

n!
+

β

(n− 2)!

=
1

2n!

[
2βn2 − (2β + 1)n+ 2

]
≥ 0

for all n ≥ 3 and if β ≥ 1
12

. By Equation (1.2), the function fα,β(x) is completely
monotonic on (0,∞). □

Theorem 2.3. The function

fα(x) =
α

x
− 1

x3
−Ψ′′(x)

is completely monotonic on (0,∞) if α ≥ 0.
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Proof. Using the integral representation in Equation (1.1), we obtain

fα(x) =
α

x
− 1

x3
−Ψ′′(x) = α

∫ ∞

0

e−xtdt− 1

2

∫ ∞

0

t2e−xtdt+

∫ ∞

0

t2

1− e−t
e−xtdt

=

∫ ∞

0

(
α− t2

2
+

t2et

et − 1

)
e−xtdt.

We thus aim to apply the Bernstein-Widder Theorem, as described in Equation
(1.2), thanks to this integral representation.

It remains to show that α − t2

2
+ t2et

et−1
≥ 0 for all α ≥ 0 and t ≥ 0. Using the

exponential series decomposition, we get

α− t2

2
+

t2et

et − 1
=

1

2(et − 1)

[
2αt+ (α + 2)t2 +

∞∑
n=3

(
2α

n!
+

1

(n− 2)!

)
tn

]
≥ 0

Hence, it follows from Equation (1.2) that the function fα(x) is completely
monotonic on (0,∞). □

Theorem 2.4. The function

fα(x) =
α

x2
− 1

x3
−Ψ′′(x)

is completely monotonic on (0,∞) if α ≥ 0.

Proof. Using the integral representation in Equation (1.1), we obtain

fα(x) =
α

x2
− 1

x3
−Ψ′′(x) = α

∫ ∞

0

te−xtdt− 1

2

∫ ∞

0

t2e−xtdt+

∫ ∞

0

t2

1− e−t
e−xtdt

=

∫ ∞

0

(
αt− t2

2
+

t2et

et − 1

)
e−xtdt.

We thus aim to apply the Bernstein-Widder Theorem, as described in Equation
(1.2), thanks to this integral representation.

It remains to show that αt − t2

2
+ t2et

et−1
≥ 0 for all α ≥ 0 and t ≥ 0. Using the

exponential series decomposition, we get

(2αt− t2)(et − 1) + 2t2et

=
1

2(et − 1)

[
(2α + 2)t2 +

∞∑
n=3

(
2α

(n− 1)!
+

1

(n− 1)!

)
tn

]
≥ 0.
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Hence, it follows from Equation (1.2) that the function fα(x) is completely
monotonic on (0,∞). □

3. CONCLUSION

This paper establishes the complete monotonicity of several parametric classes
of functions involving the psi and polygamma functions by employing their in-
tegral representations.
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