Journal of Computer Science and Applied Mathematics
JCOMP SCI Vol. 8, no.1, (2026), 115-120
APPLMATH  1ssN: 1857-9582 https://doi.org/10.37418/jcsam.8.1.14

SOME COMPLETELY MONOTONIC FUNCTIONS ASSOCIATED WITH THE
RATIO OF GAMMA FUNCTIONS

Bhukya Ravi and Christophe Chesneau'

ABSTRACT. This paper introduces some monotonic functions associated with
ratios of gamma functions.

1. INTRODUCTION

We begin by revisiting the key concepts of our study. A function f is said to
be completely monotonic on an interval [ if f has derivatives of all orders on 7
which alternate successively in sign, that is,

(1.1 (=1)"f™(z) >0

for all x € I and for all n > 0. If inequality in Equation is strict for all
x € I and all n > 0, then f is said to be strictly completely monotonic. The
famous Bernstein-Widder Theorem [16]] states that a function f is completely
monotonic on (0, co) if and only if it can be represented in the form:

(1.2) f(z) = /00 e da(t), = >0,
0

where «(t) is a non-decreasing function and the integral converges for all = > 0.
The following lemma will be at the heart of our proofs.
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Lemma 1.1. [5] The function e "® is completely monotonic on an interval I if
h'(zx) is completely monotonic on I.

An extension of Lemma can be found in [4,8]. Completely monotonic
functions play an important role in areas such as mathematical analysis [[16],
probability theory [3]], numerical analysis [2], physics [[11]], and the theory of
special functions.

The Euler gamma function defined by

[(x) :/ e "N dt, x>0,
0

is one of the most important functions in analysis and its applications. There
is an extensive literature on the gamma function. In particular, inequalities
involving the gamma function and its logarithmic derivative v = I"/T" have
been studied by many authors [1-3,/5,/11,/14]. The integral representation of 1
is given by [9], as follows:

T’ oo —t _ ,—at
(1.3) W(x) = r((j)) - —7+/0 %dt, z> 0.

In this paper, we introduce classes of completely monotonic functions ex-
pressed in terms of the psi and polygamma functions. These results contribute
to the broader study of special functions and their associated functional inequal-
ities.

We are now in a position to present our main results.

2. MAIN RESULTS

Theorem 2.1. The function
5
2.1 f(ﬁ)zr @)z +a+b+c) ’
(x+a)l(z+b)l(z+c)l(x+a+b)(x+a+c)(z+b+c)
a,b,c >0,

is completely monotonic on (0, o).

Proof. Let us set h(z) = —log f(x). Then we have
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P(z) =(z+a)+(z+b)+Y(z+c)+¢(z+a+b)+¢(z+a+c)+¢(z+b+c)
—5Y(z) —Y(zr+a+b+c).

Using Equation (1.3]), we obtain the integral representation

1 —et

_ ptatb) _ p—tlate) _ eft(b+c)) dt

_ /oo e Tt <(1 _ e,t(b+c))<1 . efta)
0 1 - 6_t

L4 eth _gte _ o—tlath) _ 6—t(a+c)>dt'

o] —xt
h,(l') _ / € <5 + 6—t(a+b+c) —eto _ €_tb _ e te
0

This shows that h'(x) is completely monotonic on (0, c0). Hence, by Lemma
and Equation (I.2), the function ¢="*) = f(z) is also completely monotonic on
(0,00). O

Theorem 2.2. For all ny,ns,n3 € N such that n = ny + ny + ns, the function

()" T(z+a+b+c)™
[(z 4 a)™T(x + )T (x4 ¢)mT(x +a + b)™’

2.2)  f(x)= a,b,c >0,
is completely monotonic on (0, o).

Proof. Let us set h(z) = —log f(z). Then we have

B (z) = notp(x + a) + nz(x + b) + nyb(z + ¢) + mp(z + a + b)
—np(z) —m(z+a+b+c).

Using Equation (1.3), we obtain the integral representation

/ * e —t(a+b+c) —ta —tb
B (z) = n+nie — nge” " —nge
o l—et

— e — nle_t(’”b))dt

o] ef:vt .
. __—t(a+d) __—tc
_/O T <n1(1 e (1 —e™™)

+no(l —e™) + ng(1 — e_tb))dt.
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This proves that #/(z) is completely monotonic on (0, co). Hence, by Lemma
and Equation (I.2), the function ¢ "*) = f(z) is completely monotonic on
(0, 00). O

Theorem 2.3. For all n; € Nwithn = Y_F | n; and a; > 0, the function
_ ['(2)"T(z + 2?21 a;)™
[T T+ 0+ 20 )

is completely monotonic on (0, o).

()

Proof. Let us set h(x) = —log f(z). Then we have

k k—1 k
W (x) = Z na(x + a;) + g (az + Z ai> —n(x) — ngy <x + Z ai> :
i=1 i=1 i=1
Using Equation (1.3]), we obtain the integral representation

o8] —xt
0 — €

k
- E ne " — nke_t(a”“ﬁ”*“k*l))dt
i=1

1—et

k—1
+3 (1 - e‘t‘“)>dt.
=1

This proves that /4/(x) is completely monotonic on (0, c0). Hence, by Lemma
and Equation (T.2), the function ¢ "*) = f(z) is completely monotonic on
(0, 00). d

o] —xt
- / C (1 — et — et
0

In 1997, H. Alzer [1] proved that the function

B Tz + ag)
f((E) N I];[l F([E + bk)

is completely monotonic on (0, cc). The following theorem provides an exten-
sion of this result.
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Theorem 2.4. Let ay, b, and ¢;, be real numbers such that ¢, > 0 and 0 < a;, < by,
forall k =1,... n. Then the function

(2.3) fla) = H (F(‘”—”’“))

is completely monotonic on (0, c0).

Proof. Let us set h(x) = —log f(z). Then we have

n

W(x) = ch(iﬁ(l’ +ay) = (z +by)).

k=1

Using Equation (1.3), we obtain the integral representation

n 00 —xt
W)= o / 16 — (e — ) dt
k=1 70 n

o0 —xt
= / 16 = (Z Ck (e*tbk — em’“)>dt.
o 1—

k=1

This proves that #/(z) is completely monotonic on (0, co). Hence, by Lemma
and Equation (I.2), the function ¢="*) = f(z) is also completely monotonic on
(0,00). O

3. CONCLUSION

This paper establishes several new classes of completely monotonic functions
involving ratios of gamma functions. These results extend existing monotonicity
properties and could prove useful when studying inequalities related to special
functions.
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