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TWO INEQUALITIES DERIVED FROM THE NESBITT INEQUALITY
Christophe Chesneau

ABSTRACT. This paper is devoted to establishing two new inequalities derived
from the Nesbitt inequality. Complete proofs of these inequalities are provided.

1. INTRODUCTION

Inequalities play a fundamental role in mathematics, particularly those involv-
ing several parameters. They often lead to deeper insights and broad general-
izations of classical results. In this paper, we establish two new multiparameter
inequalities derived from the well-known Nesbitt inequality. These results ex-
tend the scope of the classical inequality and provide new perspectives on its
applications. The precise statement of the Nesbitt inequality is recalled in the
theorem below.

Theorem 1.1 (The Nesbitt inequality). For any a,b,c > 0, we have
a n b n c S 3
b+c a+c a+b 2

For the sake of completeness, two classical proofs of this inequality are in-
cluded in Appendix. For further developments and related results concerning
this inequality, we refer the reader to [1-4].
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2. INEQUALITIES

Our first inequality involves powers of functions and the exponential function.

It is stated in the theorem below.

Theorem 2.1. For any b,c > 0 and x > 0, we have
(140 (1+5) 2 e (3o - 55
- - exp | 0 — ——— | .
c p) =P\ 2(b+¢)

Proof. For any a, b, c > 0, the Nesbitt inequality gives
a b c 3
b+c+a+c+a+b Z 2

For any = > 0, integrating both sides with respect to a over [0, z|, we have

/90 - + b + “ da>3/xda
o \b+c a+c a+bd A

Using standard primitives, we get

a® =t 3
bl 1 b > —
{2(b—|—c)+ og(a+ ¢) + clog(a + )LZO_Q:C,
so that
- + blog(x + ¢) + clog(z + b) — 0 — blog(c) — clo (b)>3
20+ o) g(x + c) + clog(x g(c) — clog(b) = S

Using logarithmic manipulations, we obtain

2

blo <1+x)+ lo <1+x)>3 __ "
& c) T8 b) = 2" 2(b+c)’

log ((1 + %)b (1 + %)c) > gx - Z(bx——ic)
2

() () 2o (G gg)

This concludes the proof.

so that

and

U

Our second inequality involves arctangent functions. It is stated in the theo-

rem below.
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Theorem 2.2. For any b,c > 0 and = > 0, we have

i arctan (i) + £ arctan (i) > §x — x—3
Ve ve) Vb Vo) — 2 3(b+c)
Proof. For any a, b, ¢ > 0, the Nesbitt inequality yields

a n b n c >3
b+c a+c a+b 2

Replacing a by a2, we also have
a? N b . c S 3
b+c a?2+c a?+b 2
For any = > 0, integrating both sides with respect to a over [0, z|, we have

/9«“ < + b + = da>§/xda
o \b+c a’>+c a’+0b A

Using standard primitives, we get

{a—g + i arctan <i> + < arctan (i)] o > §x
3(b+c) e ve) Vb V) ey — 27

so that
x3 b x c x 3
m + % arctan (70) + % arctan (%> —0> 5:5
and
b x c x 3 3
% arctan (%) + % arctan (%) > 51’ — m
This concludes the proof. O

To the best of our knowledge, these two inequalities are new in the litera-
ture. We emphasize that the variable x is not necessarily the primary quantity
of interest; it may equally be b, ¢, or a combination of several parameters. This
flexibility makes the obtained inequalities of particular interest.

APPENDIX: PROOFS OF THE NESBITT INEQUALITY

For completeness, two well-known proofs of the Nesbitt inequality are pre-
sented below.
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First proof Let S =a+ b+ cand

a b c
= + + .
b+c a+c a—+bd

e () e () e (1) -
b+c a+c a+b
a+(b+c) b+(a+c) c+(a+b)

= + -3
b+ c a+c + a-+b

1 1 1
=S + + - 3.
b+c a+c a-+b
Since 25 =2(a+b+c¢) = (b+c¢) + (a+¢) + (a + b), we have

Tz%((b+c)+(a+c)+(a+b))< ! + ! + ! )—3.

b+c a+c a-+bd

We can write

By the Arithmetic Mean-Harmonic Mean (AM-HM) inequality, for any x, y, z > 0,
the following relation holds:
r+y+z 3
> .
3 T 1l/z+1/y+1/z
Multiplying both sides by 3 (1/x + 1/y + 1/z) gives

1 1 1
(x+y+2z)|-+-+-)>09.
r Yy =z
Lettingz =b+c¢,y =a+c¢,and z = a + b, we get

((b+c)+(a+c)+(a+b)>( = + ! + ! )29.

b+c a+c a-+b

Therefore, we derive

DN | —
Nej
|
w
I
DO W

This concludes the proof. O
A more direct proof is given below.

Second proof. A non-trivial decomposition gives

a b c 3 1(( (a — b)?

b+c+a~|—c+a+b:§+§ a+c)(b+c)
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N (a —c)? (b—c)? )>23
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