Journal of Computer Science and Applied Mathematics
JCOMPSCI - oo 8,10.2, (2026), 207-212
APPLMATH  1ssN: 1857-9582 https://doi.org/10.37418/jcsam.8.2.3

ON THREE ONE-PARAMETER FAMILIES OF CYCLIC INEQUALITIES
Christophe Chesneau

ABSTRACT. This paper is devoted to the study of three one-parameter families
of cyclic inequalities. Complete proofs of these results are provided.

1. INTRODUCTION

Cyclic inequalities have numerous applications in the study and proof of frac-
tional inequalities. One of the most classical and well-known examples is the
Nesbitt inequality, stated below. For any «, b, ¢ > 0, we have

a n b n c_ o 3
b+c¢ c+a a+b 2
This inequality was generalized by introducing an adjustable parameter, 6, in

[6]. The resulting generalization is stated below. For any «, b, ¢, > 0, we have
a . b n c_ S 3 .
Ob+c Oc+a Oa+b 0+1
This inequality gives rise to a one-parameter family of cyclic inequalities, with

the classical Nesbitt inequality recovered as the special case § = 1. Various
proofs, extensions, refinements, and related results concerning this inequality
have been established; see, for example, [[1-6].
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In this paper, following the approach of [6]], we introduce and establish three
one-parameter families of cyclic inequalities of increasing mathematical com-
plexity. In a certain sense, these results complete the collection of cyclic in-
equalities presented in [3].

2. CYCLIC INEQUALITIES

Our first one-parameter family of cyclic inequalities is stated in the theorem
below.

Theorem 2.1. For any a,b,c > 0 and 6 > —2, we have

a*(a+00 —b) b (b+ch—c) 02(c+a€—a)> 0
a? + abf + b2 b2 + bel + 2 c24+cab+a?2 — 0+2

(a+b+c).

Proof. Using a non-trivial decomposition and the inequality x + 1/x > 2 for any
x > 0, we have

aQ(a—l—bG—b)_a_ a+b >a_a—|—b

a2+abd +b2  O+a/b+blaT  O+2
Similarly, we have

Po+cd—c b+c o bte

2+bcd+c2 " O+blete/b T 0+2
and

*(c+ab — a) c+a c+a

@ tcal+ar 0+cla+ajc Z6_9—1——2'
Adding the three inequalities above, we get
a*(a+00 —b) V(b+chd—c) Ac+ab—a)
a? + abf + b? b2 + beh + ¢ 2 + cab + a?
atb+c 0
O+2  0+2

This concludes the proof. O

>a+b+c—2-

(a+b+c).

Some special cases of Theorem [2.1] are presented below.
If we take § = —1, then we have

a’(a — 2b) b3(b — 2¢) A(c — 2a)
> — b .
a? —ab + b? bQ—bc+02+02—ca+a2_ (a+b+c)
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If we take 6 = 0, then we have

a*(a—0b) bi(b—c) c*(c—a)
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>0
a? + b? b? + 2  + a? ’
which is not trivial at first glance.
If we take 6 = 1, then we have
a’ b3 c3 1
a? + ab + b2 + b2 + be + c? + c? + ca + a? < g(a+b+c).

If we take 6 = 2, then we have

(12 bQ 2

+ + >LYatbio
a C).
Cl—'—b b+C c+a 2

Naturally, other integer or decimal values of # can be handled in a similar
fashion.

Our second one-parameter family of cyclic inequalities is stated in the theorem
below.

Theorem 2.2. For any a,b,c > 0 and 6 > —2, we have
a® + a?bh + a?b + ab?0 — b3 b+ b2l + b2c + bl — 3
a? 4 abf + 2ab + b20 + 2b2 b% + bcl + 2bc + 20 + 2c2
A+ 2ab + ca + ca?d — a® 0
> (a+b+c).
c? + cab + 2ca + a0 + 2a? 0+ 2

Proof. Using a non-trivial decomposition and the inequality = + 1/x > 2 for any
x > 0, we have

a® + a®bl + a’b + ab®0 — b*
a2 + abb + 2ab + b0 + 262

Similarly, we have

B a+b >a_a+b
0+ (a+0)/b+0b/(a+0b) — 6+2

b3 + b%ch + bc + b2l — & B
b2 + be + 2bc + 20 + 262

B b+c >b_b+c
O+ O+c)/c+c/(b+c) ~ 0+ 2

and

A+ c2ab + 2a + cad — a® B

2+ cah + 2ca + a0 + 242

ct+a > ct+a
— c— :
0+ (c+a)/ata/(c+a) ~ 6+ 2
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Adding the three inequalities above, we get
a® + a’b + a®b + ab®0 — V? N
a? + abb + 2ab + 26 + 20?
3+ c2ab + 2a + ca®f — a®
2+ cab + 2ca + a6 + 2a?

a+b+c 0
> -2 = ,
>a+b+c—2 732 9+2(a+b+c)

b® + b%ch + bc + b2l —
b2 + bl + 2bc + 20 + 2c2

This ends the proof.

Some special cases of Theorem [2.2] are presented below.
If we take 6 = 0, then we have

a® +a’*h— b b+ b*c—
a? + 2ab + 262 b2 + 2bc + 2¢2 +
which is not trivial at first glance.
If we take 6 = 1, then we have
a® + 2a*b + ab* — b?
a? + 3ab + 3b?

A3+ cta—a?

>0
2+ 2ca+2a%2 —

b3 + 2b%c 4+ bc? — 2

A+ 22a + ca® — a?
b2 + 3bc + 3¢2

2 4 3ca + 3a?

1
2§(a+b+c).

Naturally, other integer or decimal values of # can be handled in a similar
fashion.

Our third one-parameter family of cyclic inequalities is stated in the theorem
below.

Theorem 2.3. For any a,b,c > 0 and 6 > —2, we have

a*(al + a + bo) N b2 (b0 + b + ch)
a?0 + 2a® + abl + 2ab + b> b0 + 2b% + beh + 2be + 2
c*(c + ¢+ ab)

0
> b .
026+202—|—ca6—|—26a+a2_9+2(a+ +¢)

Proof. Using a non-trivial decomposition and the inequality = + 1/x > 2 for any
x > 0, we have

a*(al + a + bo)
a20 + 2a2 + abf + 2ab + b2

B a+b

B >a_a—|—b
0+ (a+b)/a+a/(a+b) —

0+2
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Similarly, we have

b2 (b0 + b+ ch) h_ b+c >b_b+c
b20 + 202+ beh +2bc+ 2~ O+ (b+e)/b+b/(b+c) T O+2
and
c*(c + ¢ + ab) . c+a >, Ccta
20 +2c2 +cab +2ca+a2 O+ (cta)/ct+c/lcta) T O+2
Adding the three inequalities above, we get
a?(af + a + bo) b2 (b0 + b+ c0)
a0 + 2a? + abf + 2ab + b>  b?0 + 2b% 4 bcl + 2bc + 2
N *(ch + ¢+ ab)
20 + 2¢% + cab + 2ca + a?
a+b+c 0
> -2 = .
>a+b+c ) 9+2(a—|—b+c)
This completes the proof. O

In particular, if we take # = 1, then we have

2(2 2(2 2(2 1
a*(2a + b) b*(2b + ¢) c*(2c+a) > Latbro.
3a2 +3ab+ 0% 3b2+3bc+c2 3c¢2+3ca+a® T~ 3

Naturally, other integer or decimal values of # can be handled in a similar fash-
ion.

We conclude this paper with a family of cyclic inequalities that we leave as a
conjecture. For any a, b, ¢ > 0 and 0 > —2, we have
a® + a?bh + ab*0 + ab®> + b* b + b cl + bc*0 + be? + ¢
a? + abf + b? b2 + be + 2
3+ c2ab + ca?0 + ca® + a® - 20+ 3
2+ cab + a? —0+2

(a+b+c).
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