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AN ALTERNATIVE PROOF FOR AN EXTENSION OF THE NESBITT
INEQUALITY

Christophe Chesneau

ABSTRACT. This paper investigates a parametric generalization of the Nesbitt
inequality and provides an alternative proof based on the Jensen inequality. A
new cyclic product inequality is also derived.

1. INTRODUCTION

One of the most classical and well-known cyclic inequalities is the Nesbitt
inequality. It states that, for any a, b, c > 0, we have

a

b+ c
+

b

c+ a
+

c

a+ b
≥ 3

2
.

A parametric generalization of this inequality was established in [6, Theorem 1]
by introducing an adjustable parameter k. Specifically, for any a, b, c, k > 0, we
have

a

kb+ c
+

b

kc+ a
+

c

ka+ b
≥ 3

k + 1
.

The proof is based on the Cauchy-Schwarz inequality. Another parametric gen-
eralization was established in [7, Corollary 8] by introducing an adjustable pa-
rameter λ. Specifically, for any a, b, c > 0 and λ ∈ [0, 1], we have

a

b+ c+ λa
+

b

c+ a+ λb
+

c

a+ b+ λc
≥ 3

2 + λ
.
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The proof is also based on the Cauchy-Schwarz inequality. Further develop-
ments and recent advances concerning the Nesbitt inequality can be found in
[1–7]. In this paper, we contribute to [7, Corollary 8] by providing an alterna-
tive proof based on the Jensen inequality. A new cyclic product inequality is also
derived.

2. RESULT

We formulate [7, Corollary 8], followed by the new proof.

Theorem 2.1. [7, Corollary 8] Let a, b, c > 0 and λ ∈ [0, 1]. Then, we have

a

b+ c+ λa
+

b

c+ a+ λb
+

c

a+ b+ λc
≥ 3

2 + λ
.

Equality holds if and only if a = b = c.

New proof. Let s = a+ b+ c. We define

xa =
a

s
, xb =

b

s
, xc =

c

s
.

Then, we have
a

b+ c+ λa
=

a

b+ c+ a− (1− λ)a
=

xa

1− (1− λ)xa

.

Set k = 1− λ. We define
F (x) =

x

1− kx
.

Using standard differentiation rules and k ∈ [0, 1], we compute

F ′′(x) =
2k

(1− kx)3
≥ 0.

So F is convex on (0, 1).
By the Jensen inequality and

∑
i∈{a,b,c} xi = s/s = 1, we have

1

3

∑
i∈{a,b,c}

F (xi) ≥ F

1

3

∑
i∈{a,b,c}

xi

 = F

(
1

3

)
.

Thus, we obtain ∑
i∈{a,b,c}

xi

1− kxi

≥ 3 · 1/3

1− k/3
=

1

1− k/3
.
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Substituting k = 1− λ gives

1− k

3
= 1− 1− λ

3
=

2 + λ

3
.

Hence, we have ∑
i∈{a,b,c}

xi

1− (1− λ)xi

≥ 3

2 + λ
,

so that
a

b+ c+ λa
+

b

c+ a+ λb
+

c

a+ b+ λc
≥ 3

2 + λ
.

Equality holds when xa = xb = xc = 1/3, i.e., a = b = c. This completes the
proof. □

Theorem 2.1 thus contributes to the literature by demonstrating how the
Jensen inequality can be used to establish Nesbitt-type inequalities.

As a consequence of [7, Corollary 8], a new cyclic product inequality is de-
rived below.

Theorem 2.2. Let a, b, c > 0. Then, we have(
1 +

a

b+ c

)(
1 +

b

c+ a

)(
1 +

c

a+ b

)
≥
(
3

2

)3

.

Proof. It follows from Theorem 2.1 that, for any λ ∈ [0, 1],

a

b+ c+ λa
+

b

c+ a+ λb
+

c

a+ b+ λc
≥ 3

2 + λ
.

Integrating both sides with respect to λ with λ ∈ [0, 1] yields∫ 1

0

(
a

b+ c+ λa
+

b

c+ a+ λb
+

c

a+ b+ λc

)
dλ ≥

∫ 1

0

3

2 + λ
dλ,

so that∫ 1

0

a

b+ c+ λa
dλ+

∫ 1

0

b

c+ a+ λb
dλ+

∫ 1

0

c

a+ b+ λc
dλ ≥

∫ 1

0

3

2 + λ
dλ,

and

[ln(b+ c+ λa)]λ=1
λ=0 + [ln(c+ a+ λb)]λ=1

λ=0 + [ln(a+ b+ λc)]λ=1
λ=0 ≥ 3 [ln(2 + λ)]λ=1

λ=0 ,
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which gives

ln

(
1 +

a

b+ c

)
+ ln

(
1 +

b

c+ a

)
+ ln

(
1 +

c

a+ b

)
≥ 3 ln

(
3

2

)
.

Using standard manipulations of the logarithmic function, we get

ln

((
1 +

a

b+ c

)(
1 +

b

c+ a

)(
1 +

c

a+ b

))
≥ ln

((
3

2

)3
)
,

so that (
1 +

a

b+ c

)(
1 +

b

c+ a

)(
1 +

c

a+ b

)
≥
(
3

2

)3

.

This concludes the proof. □

This result may be viewed as a product-type variant of the Nesbitt inequality.
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[5] A. M. NESBITT: Problem 15114, Educational Times, 3 (1903), 37–38.
[6] F. H. WEI, S. H. WU: Generalizations and analogues of Nesbitt’s inequality, Octogon Math.

Mag., 17(1) (2009), 215–220.
[7] S. WU, O. FURDUI: A note on a conjectured Nesbitt type inequality, Taiwanese J. Math.,

15(2) (2011), 449–456.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF CAEN-NORMANDIE

UFR DES SCIENCES - CAMPUS 2, CAEN

FRANCE.
Email address: christophe.chesneau@gmail.com


	1. Introduction
	2. Result
	Acknowledgment
	References

